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THE ROYAL SOCIETY. 


Section A. — Mathematical and Physical Sciences. 


On the Potential of Electromagnetic Phenomena in 
a Gravitational Field. 

By E. T Whittakkr, F R S. 

(Received June II, 1928 ) 

§ 1. Introduction 

In classical electromagnetic theory, the electromagnetic field due to any 
number of electrons moving in any manner is determined by a theorem which 
expresses the scalar and vector potentials of the field in terms of the positions 
and velocities of the electrons The theorem* may be stated thus, Deuoting 
by? the instapt at which radiation was emitted from ail electron e ho as to 
reach a point 1* (x, y, z) at the instant t, by (/', y', ~z') the co-ordinates of the 
electron at the instant t, by r the distance between the points ( x\ y\ s') 
and (x, y, z), and by (v x , v 9 , v,) the components of velocity of the electron at 
the instant 1, then the four-vector of the electromagnetic potential at P, due 
to the electron e , is 

{<h, K ta) W*. - «•«/*. - - «’»/*. - «’./*), (1) 

where 

« — r + {(x' — x)v x 1 (J - y) t>, + (*' - z) e,}/e 

The object of the present paper is to study the extension of this theorem to 
eleotromagnetic fields which contain gravitating masses, so that the metric 
of space-time is no longer Galilean, It is obvious at the outset that there will 
be difficulty in making such an extension, because the quantities occurring 
in formula (l) cannot readily be generalised to non-Gahleun space time , the 
quantities r and s, in fact, belong essentially to action-at-a-distance theories, 
* It was discovered in 1900 by E. Wiechort, ‘ Aroh. New!.,’ vol 5, p. 649. 
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and therefore if a formula exists which expresses the electromagnetic potential 
in a gravitational field in terns of the electric charges and their motions, it 
must be altogether different in type from the formula (1) above. 

The formula which we are seeking must, of course, be a tensor formula 
and must involve only physical quantities which are invariant. Now when a 
point P (*, y, z) is in the electric field generated by a moving electron e, there is 
(in the most general kind of space-time) only one physical invariant of the 
situation, namely, the proper-time r of the electron at the instant when it was 
emitting tho radiation which reaches P at the instant t ; or, as we may say, 
the proper-time of the electron at the world-point where its world-line inter¬ 
sects the null-cone of P. The formula which we are seeking must therefore 
express the electric potential at P by means of tensor-operations performed 
on t, when the field is generated by a single electron. When the field iB 
generated by more than one electron, wo must, of course, add together the 
potentials due to them separately. * 

The first step towards a solution of the electric potential-problem in general 
gravitational fields must therefore be to replace formula (1) in Galilean fields 
by a formula of a purely tensorial character, involving only the fundamental 
tensor and the covenant derivatives of t. This is done in § 2 of the present 
paper, the resulting formula being as follows :— 

Let an electron e be moving m any manner, and let t be its propcr4ime at the 
point where iIs world-line intersects the null-cone of any point P. Then the 
electromagnetic potential-vector at P, due. to the electron e, te 


where 


^=7 s 

C t.r 

a, = t„/ 2 y* t* 

Urn 


( 2 ) 


and where the subscripts p, q, r, l, m, on the right-hand side represent covariant 
differentiations. 

It is remarkable that formula (2) should be so completely different in appear¬ 
ance, from formula (1). 

The question now arises whether the formula (2) is valid also in fields of a 
more general character, where gravitation is present. A complete answer to 
this question has not been found , but some indication may be obtained from 
§ 5, in which it is proved that, although the first derivatives of t involve the 
components of velocity of the electron, and the second derivatives of t involve 
the components of acceleration, yet the combination r 9 / 2 g*or o 9 does 
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not involve either the velocities or the accelerations, and that this result is 
true mi any metric whatever . It seems unlikely (though it is not proved to be 
impossible) that such a remarkable analytical property could be possessed by 
any other simple vector formed covanantivcly from r ; and if this conjecture 
is correot, then the electric potential in the most general gravitational field 
must be some combination of covanant derivatives of <j„ though it may not 
be the expression E sT 0 ** which is given in (2). 

9.9 

In any case, the formula (2) is valid in the “ quasi-uniform ” gravitational 
field, and in § 3 this fact is used in order to obtain the potentials due to the 
motion of an electron in a quasi-uniform field, while in § 4 it ib shown that 
when the electron is at rest, the formulae thus obtained agree with those found 
by direct solution of the partial differential equations for the electroetatio 
potential in a quasi-uniform gravitational field. 


§ 2. Comparison with Classical Electrodynamics. 

We shall now show that when there is no gravitational field, t.e., when the 
ordinary Maxwell’s equations of the electromagnetic field are valid, the formula 
(2) gives the ordinary classical theory of the electromagnetic effects produced 
by a moving electron. 

Suppose the electric field at the point P(x, y, z) at the instant t is due to an 
electron of charge e, whose co-ordinates at the mstaut t are (xf, if, s'); let t 
denote the instant at which the electron emits the radiation which reaches 
(x, y, z) at time t, and let x' (it), if (l), z' (?) (that is to say, the co-ordinates of 
the moving electron at the instant when it emits the radiation) be denoted 
by (xf, y', 5'). Let 

?* = (*'- *)* + (7 ~ y) a + (*' - *)* 

so 

7 = i — fjc. 


Let t denote the proper-time of the electron at the instant l, and let 


„ _di 
V * = Tr' 


At ' 


t =*z, 

* At ’ 




A? 

At 


1,0 (*#> t>i» «t> v ») w the absolute velocity (».e., referred to the proper-time as 
independent variable) of the electron at the instant when it emits the radiation 
in question. Then the above equations give 

0 » - o»(f- <)• + (xf - x)» + (7 - y)* + (*' - *)*. 

B 2 
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Differentiating this equation with respect to t we have 

where 

\l * _ c»(< _ t)v t + (x' - *) »1 + (7 - y )«, + (?- s) Vt, 
and therefore 

3t _ _ c*(i — Q 
5T (i 1 

and similarly 

3 t _ x' — x 3 t _ 7 — y 3 t _ T — i. 

(Ox p ’ 5j/ p ’ 5z (1 


Differentiating again, we have 

3*t __ c* . 2 c 4 «q <r — 0 __ c 4 (f — Q* dji 
37*" |i (i* p* dz ’ 

3*t __ _ 1 , 2 (x' — x) o t _ (x — x)* dp 
tS 8 p p 8 p 8 dr ‘ 


and similar equations for 3*t/3i/* and 3 , t/3z 8 . 
Therefore 


Thus if we write <r F t. 



/ X we have 


2c* 


(®o. <Ti, <x a , o a ) = (- \ (< — t), 1(5' — *)/<*, 1(7 — y)/o*, 1(5' — r)/o*), 


and therefore 


£ (®o)«r — ®000 ~ (®0ll + ®0II + ®0Sj) 



, df_2£ = _£_ 

* dT p c7 + (*' — *) t>, + (7 — y) » f + (5' — *) 



where 
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so formula. (2) gives* 

= - */[' 4- - *K + (7 - jrK + (*' - *)*.}]. 

end similarly 

ti = evj[(& + o {(s' - x) v x + (7 - y) v ¥ + (S' - z) »,}], 

with similar formulae for <f> t and <j > 3 ; that is, we have obtained the equations 
(1) above. Thus, in a field free from gravitation, formula (2) givet the classical 
expressions for the vector potential of an electron moving in any way. 


$ 3. The Motion of Electrons in a Quasi-Uniform Gravitational Field. 

As an application of the formula (2), we shall now obtain the electromagnetic 
vector potential due to the motion of electrons in the kind of gravitational 
field oalledf quasi-uniform, that is, a field whose metric is specified by the 
equation 

^ = ( 1+ ^.->{_^_ +Jj . + 4 (S) 

This is the simplest possible type of gravitational field, being, near the origin 
a " uniform field of gravitational attraction parallel to the axis of x ” in the 
sense of the older physics. Its Riemann tensor is null, and, therefore, formula 
(2), being a tensor formula already proved to be valid for Galilean fields, 
must certainly be valid for this field also. 

Denoting (as always) by r the proper-time of the electron at the instant 
when it emitted the radiation which reaches (x, y, z) at the instant t, the first 
step is to find the equation which gives t as a function of (f, x, y, z). This 
amounts to finding the “ null-cone ” of an arbitrary world-point £, t.e , the 
assemblage of null geodesics through E, or (to put it physically) the locus of 
the world-points which can receive radiation from the world-point E, 

Now in the quasi-uniform gravitational field, whose metric is given by (3), 

* The theorem that in olassioal electrodynamics the veotor potential can be obtained 
by performing the operation 

bt* "°V“ C V *a*v 

on the veotor ft S', y\ t) waa diaoovered by Mr. R. Hargreavea, ‘ Meaa. of Maths.,’ 
voL U, p. 94 (IMS). 

t * Roy. Boo. Proo.,’ vol. 110, p. 722 (1027). 
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it is found without difficulty that any one of the «* null geodesics is given 
by the three equations 

y +j(i + ) ““ t* + x) = p, 

* + f t 1 + ^)* CO" (^ + x) =T. 

where a, p, y, X, p are the five arbitrary constants. 

Writing down the conditions that this null geodesic passes through the two 
world-points (t, x, y, z) and (t, x', y', 5'), and eliminating a, p, y, X, p from 
the six equations thereby obtained, we have 

Thus, in the quasi-uniform gravitational field, the equation of the nuU-eone of 
the world-point (t, H, y', 7) is 0 = 0, where 

n = 1 + 5 +f : +|i< (?-»)*+(?->)•) 

-( I +f)‘( 1 + ? f)‘- k {?«-■»}• w 

The valuee of are obtained by differentiating the equation 

0 = 0 with respect to t, x, y, z, respectively, thus, differentiating with respect 
to t, and writing 

d* ‘*5' d? <Tz' 

-r- = Vo, — = ®i, -~ = 0*, — = V«, 

ix dx dx dx 

we have 

f(* + ^)*( 1+ {? ( ‘-'>}+'“U 

where 

,.- 8n . x 8n „ j 80 . x 8n „ 

l *“'5r' ,+ 3f' I+ 5v' ,+ J?'*' 

Let us now evaluate the quantity 2 y^r*. Remembering that 


*""-*( 1+ *)* -*• I - —* 
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and using the ordinary formula for covariant differentiation, we have 

Now 

3t __ _ 1_3Q 

3 1 (x”5T’ 


3 *r i a*o , 2 / 3 *n. . a*o 
3?—j'3?" t '^l3rK ; '" + 3r3f’" 


, a»o a*a -.an i /3of 
+ 3T5p'’< + 3?3r’ , !-3r _ ? u lir/ 


° = IT'** + ^5 ’■* + W> vf + s^”** 

+ 2 sl^” 1 "' + 2 S§i■ v ' v, + 2 5 fw'‘’’ , +T** 

,311 30 3Q 

+ 3y“'' + 5v”* + 3f”*' 

(the w’s denoting the second derivatives ofl, i', y', ~z\ with respect to v). 
with similar expressions for etc. Substituting m (5), we obtain 


£ tf'-Th, = - 


i f _^_a*ti _ 9 an 


//4 , 9 ,a*n .a*o .a*n\ 


the other terms vanishing in consequence of the equation 


and on substituting for the derivatives of 0 from (4) we have 




Thus, if 



E. T. Whittaker, 


-. r- («) 

-•-V 

z' — z 

"•"■a? - J 

Now by (2), the vector potential of the electromagnetic field produced by the 
moving electron is 

+* ~ l f S r = l {(* + ¥") °’ O0 “° , ( 1 + ^“ * 0 *“}» 

(7) 

and the formula for covariant differentiation is 

- 2 ? {T}^ - ? • 


?.{?}{?}'+?,{?}{?}* « 8 > 


Substituting from (8) in (7), we find that the vector potential of the electro¬ 
magnetic field due to an electron e moving in any manner in a quasi-uniform 


gravitational field is (fa, <f>, fa, fa), where 
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and where (a* o v a v <r 3 ) have the values given in (6), it being understood that 
in the differentiations (F, ~x', y, i') are to be regarded as functions of 
(f, *, y, *); they are known functions, since the motion of the electron is 
supposed given, and the null-cone of any point in this metric is given by 
equation (4). 

The problem of determining the electromagnetic field due to any given motion 
of electrons in a quasi-uniform gravitational field is thus reduced to the mere 
performance of differentiations. 

§ 4. An Electrostatic Distribution in a Quasi-Uniform Gravitational 


As a particular case of the formulae of the last article, let ns suppose that the 
electric charges are all at rest, so that the field is electrostatic; for simplicity, 
let us suppose that there is a single electron, which is at the origin of co-ordinates. 


x' = 0, y' = 0, z' «= 0, 


and equation (4) becomes 




while equations (6) become 



J 

or, replacing (F — f) in (10) by its value obtained from the equation il *** 0, 

*0 = - k {** + »■+** 4 ? (y *+* ,)+ 5 (y *+ 


®i 


2(c* + 2yi) 


-JL 

2c* 


(ID 
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Equations (9) now reduce to 



*. = 0 

rf» = 0 


and substituting from (11) in (12) we find 

*.-«• (l + § + £<** + *l}{<* +*»4 <*) + f <»* + «*>' 

+t* + *r 

X = _« . .9 

91 r c» + Vgx 

^i = 0 
^-0 

which agrees with the solution found earlier* by the present writer for the 
electric potential due to an electron at rest at the origin in a quasi-uniform 
gravitational field. The method of the present paper is, of course, immensely 
more powerful than that of the earlier paper, since our formula (2) enables us 
to find the vector potential of any distribution of moving electrons, provided 
we can integrate the equations of the null geodesics. 


§ 5. Remarks on some Features of the Analysis. 

The co-ordinates (/, ~x, y\ V) of the moving electron at the instant when 
it emits the radiation which reaches (z, y, z) at the instant t, are, as we have 
seen, functions of (t, *, y, z) ; the first derivatives of (l, If, If, z) with 
respect to (1, x, y, s) involve the components of velocity of the electron, while 
seoond derivatives such as 3*5731* involve the components of acceleration 
of the electron, and so on. Since the right-hand side of the formula (2) involves 
fourth derivatives of t, it would therefore seem at first sight as if the vector 
potential would involve the co-ordinates of the electron, the components 
of its velocity, the components of its acceleration, and two still higher deriva- 


1 Roy. Soc. Proo.,’ vd. 116, p. 726 (1M7). 
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tives; whereas, as we know, the vector potential due to an electron depends on 
the co-ordinates and components of velocity of the electron, but not on its 
components of acceleration or on any higher derivatives. It u therefore of 
interest to examine how the accelerations and the higher derivatives disappear. 
This can be seen in the following way :— 

Pot convenience write (y°, x\ jj* x s ) for the co-ordinates of the electron, 
which we have previously denoted by (i, x', y'< *')• Let the equation of the 
null-cone belonging to a world-point (x°, x\ X*> X*) be 

A (x°. Z l . X*. X 8 i 


This equation depends solely on the metric of space-time. In it we regard 
(a?, x\ xt, a?) as the co-ordinates m space-time of the world-point at which 
we are investigating the electric field, while (/ 0 , x J > X*> X*) are the co-ordinates 
of the electron which generates the field, and are functions of the proper-time 
v of the electron, so the equation may be written 

fl (x° ('*■), x 1 ( T )» x 1 ( T )> x*(t); A * *•)} = o, 


and this equation expresses t as a function of (x°, x* x*). 
Differentiating this equation partially with respect to x', we have 




so 

3t _ _ 1 dll 

5? [i (ix*’ 

where 


Thus 

S ^ = 





where the suffix ( ) x denotes that we are differentiating with respect to x" 
not merely in so far as it is contained explicitly, but also in so far as it is 
involved in x°. X 1 * X*> X*> v * v i- V v by reason of the dependence of t on 
(aP, x 1 , x*, x*). 
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We have, therefore, 

S£=s£+(^+|’- + lh + &“* + l"» 


where u>, stands for 


dr * 


8,n _y 8»fl _ U3£l 
Sji" r 3x f 3x" r ji 5?' 

where 

+ 5 s?^- 

Also 

a, iBa\_ 0*n , y 3*n 8 t 3 g n l 3»ii 3n 

3,x" W / Sx' 3x* r 0X 1 3y/ ^ 5x“ clx* 3x" |ir 'Sx* 3x r <5x" 

Therefore 

£'“*■ = " K 1 - r [j7S= “ *, U } §?] 

, 2 v w 3fl 3*12 U v w3ft3Q n ,. 

(18) 

Now the partial differential equation of all the hypersurf aces which touch 
the null-cone at every point is 

srW-' 


and this is satisfied in particular by the equation of the null-oone itself, bo we 
have 

»an 3Q _ 

5? 57“°' 


Sf-j 


and by differentiating this equation with respect to x f , we have 




3fi jjq 

5? 8x" 3x r 


= 0 , 


Thus equation (13) beoomes 
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and therefore our general formula (2) becomes 


Of. r 



and H = 0 is the equation of the null-cone. The differentiations m the last 
equation are true partial differentiations, i.e., they take account only of 
the explicit occurrence of (z°, r 1 , x*, a?) m £1, ignoring the dependence of 
(X°> X 1 * X* X*) 0,1 (®°* x \ *?)> through their dependence on t. Therefore 
a, does not involve the components of velocity or acceleration of the electron, 
and this is true in any gravitational field whatever. 


The Energy of a Body moving in an Infinite Fluid, with an 
Application to Airships. 

By G. I. Taylor, F.R 8. 

(Received May 23, 1928.) 

When a rigid body moves without rotation in an mlinite fluid it sets up a 
flow in the fluid the velocity potential of which may bo represented by a series 
of spherical harmonics in the form 

<f> = (a® + by + c*)r“* + r _, *» + r“*«* + ... r - ""'** + ..., (1) 

where s m is a surface spherical harmonic of degree m and the origin is chosen 
at some point inside the body. The energy of the flow, T, may be expressed 
in the form 

2T/p = Au® + Bv 2 + Cw* + 2A 'vw + 2B 'wu + 2C y uv, (2) 

where u, v, v> are the components of velocity of the body and the six constants 
A, B, C, A', B', C depend only on the shape of the body. It is proposed to 
show that T depends only on the harmonic terms of the first degree in the 
expansion (1) (namely, on (oa?i-|- by + oz) r”*) and on the volume V of the body, 
the other terms in (1) making no contribution to 1. 
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T may be expressed in the form of the surface integral 

(8) 

where the suffix t indicates that the integration is carried out over the surface 
of the body. 

3 <k 

At the surface of the body — — lu + tnv + too, where 1, m, » are the 

direction cosines of the outward-drawn normal, so that 

2T/p = jj (lu + mv + nw) 4 (4) 

Now apply Green’s theorem to the volume oontained between the body and 
a closed surface which completely surrounds it. Using the suffix 0 to represent 
integration over the outer surface. 

(6) 

where the volume integral extends through the space included between the 
body and the outer surface. Another application of Green’s theorem gives 

and 

J]J* s?**' iyit “ ~ (p-+ w )*** 

Hence from (8), (6) and (7) 

+ Jl*( , lf + *^ + *&)*■ (8) 

But at the surface of the body 
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Hence 



Of these integrals 


ds = — JJ x (lu + mv + nw) ds 

— — u jjxlds — cjjawxfo — u> jjxftds. 


where V is the volume of the solid, and 

j j aw ds = j f /n ds = 0 

because the integral is taken over a closed surface. 

Now take the outer surface as a Bphere of radius R. In that case 

l = x/R, M = y[R, n = 1/ R, 

- ILK 1 *£ + m *4 + * £)* ■ _ *■ 

Collecting results (4) becomes 

v ] 

+ V 1 

(9) 

Inserting in each term the expansion (1) for (f> in spherical harmonics, it 
will be seen that 

aU the other terms involving 6, c, * lt s„ ... vanishing because they involve 
integrals of products of conjugate spherical harmonics over a spherical surface. 
Similarly 

Hence from (9) 

2T/p = 4* (ou + + «*) ” V («* + «* + is*). (10) 
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The energy therefore only involves the volume V of the solid and the 
coefficients of the harmonics of the first degree in the expansion of the velocity 
potential. 

It is of interest to notice why the term in V is necessary. Compare, for 
instance, the energy in the fluid in Ihe case (a) of a solid S, fig. 1 a, and (6) of 
the body S' shown in fig 1b, which has the same external form as S except for 




a small opening which communicates with a hollow of volume V' inside the 
body S'. Suppose now that each of these bodies moves without rotation with 
velocity components u, v, w. The motion of the fluid at great distances from 
the body must be identical in the two cases, and since at great distances the 
motion contributed by the terms in the expansion for the velocity potential of 
degree higher than the first becomes negligible compared with that due to the 
terms of the first degree, the part of the total energy contributed by the first 
term in (10), namely, 

2np (ou + bo + eu>), 

is the same in the two oases. The volume of the body S' is less than that of S 
by an amount V'. Hence from (10) it will be seen that the total energy of the 
flow in case (6) exoeeds that in case (a) by an amount JpV' (u* -f- -f- to*). 

This is evidently true if the fluid in the hollow is oarried bodily along with 
solid and the energy of the flow external to the bodies is identical in the two 
oases. 

We have Been that the energy in a fluid due to the translation of a rigid 
body in any direction is known if the terms of the first degree only in the expan¬ 
sion of the velocity potential are known. It remains to solve the converse 
problem, namely, to show that the terms in the first degree in the expansion 
of the velocity potential can be found if the six coefficients A, B, C, A', B\ C' 
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in the expression (2) are known. Evidently a, b, c are linear functions of 
«, v, u> and can therefore be expressed in the form 
a = aiu + a t v + a s w "1 

6 =3 M + = 63W >, (11) 

C — CjM + c u v + c 3 w J 

where the quantities a,, a 2 ,... c s depend only on the external surface of the 
body. 

Inserting these values in (10) and comparing coefficients of u 3 , v 3 , tc 3 , uv, 
vw, uni with those in (2), the following six equations are obtained:— 

A = 4*0! - V "I 

B = 4^62 — V >, (12) 


2A' = 4:t (63 + <*) 1 

2B' — (c| + a») I s . (13) 

2C' = 4n (a* + bi) J 

Hence a„ b 2 and c 8 are determined m terms of A, B, C, but three more equations 
are required before we can determine the other six. These are provided by 
certain reciprocal relationships first given by KirchofT.* 

If 

<i> — (14) 

then <f>v 4s *r« functions of x, y, z which depend only on the shape of the 
body. The coefficient A' in (2) is 

A ' "-*|J.(* w + ^ lh - 

Hence by Green’s theorem, since j> 2 and <f> a are two different velocity potentials, 


At the surface of the body 


_ 

dn 


A ' — jj nfadx = j| mfads. 


“ Ueber die bewegung ei 


» RoUtionkdrpers m einer FHUaigkeit,” ‘ Grelle,* vol. 71 


VOL. OXX.— A. 



18 


G. I. Taylor. 


These integrals are each particular case of equations (8) and can he trans¬ 
formed into the form 


II"** " II. + II’ !r* ~ II,* 


at the inner surface 

^ — — m and also jj rmrfs = 0, 

so that 

Hence 

Jj nfada = jj — z^^Jda, ( 16 ) 

and when the outer surface 0 is a sphere of radius R, 


To evaluate this integral notice that 
<h ~ (a 2 x -f- 6ay + c 2 z) r~ a + 

(hannonics of degree higher than the first). (17) 

When this expression for fa is substituted in (16) all the terms vanish except 
those involving c*. so that 


Similarly 


nfada 


|jtC2 + Stic* = 4™=. 


Jl M * 


da — inb 3 . 


Hence from (15) fa = c t and similarly a, = ^ and fa = a t . 

When, therefore, the expression for the energy due to a translational velocity 
uvw is known in the form 

2T/p — A u* + Bv 2 + Cn 2 + 2k' vw + 2B 'v>u + 2C'ut>, 

the terms of the first degree in the expansion of the velocity potential in 
spherical harmonics are given by 

4tc^ - [(A + V) u + C'v + B'w] xr~ 3 -(- [C'u -f (B + V) v + A'to] yr~* 

+ [B'w + A'v + (C + V) w] sr-». (18) 
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Application to determine the “ Virtual Mass ” of an Atrship in Accelerated 
Motion. 

It is well known that if a number of sources and an equal number of sinks 
are arranged along a line parallel to the direction of a uniform stream of air, 
the flow outside a certain surface of revolution is the same as though this 
surface were the outer surface of a solid of revolution. A number of such 
surfaces have been constructed by Fuhrmann* from various distributions of 
sources and sinks. Suppose that the sources are distributed with line density 
mU along an axis in air moving with velocity U, and that the corresponding 
airship shape or surface of revolution has been found by the method of 
Fuhrmann. Let its volume be V. 

If m is known as a function of x, the distance along the axis from some origin, 
then the contribution, of an element »«U dx to the velocity potential is 

“to 5 (l + r P, + - + (f)’ n+ ")• 

where P, is the zonal harmonic of degree s. 

If the whole distribution of sources and sinks is contained within the length 
z = to * =s ar 2 , the terms of degree 0 and 1 m the velocity potential are 
therefore 

[*" mdx and I mxdx. (19) 

4nr J,, inr 2 J, t 

But I mdx = 0, for there is no flow through the surface of the solid. 

•U 

Comparing (18) with (19) and remembering that P^ - * — xr~ s , it will be Been 
that 

A + V - p mxdx, (20) 

so that the “ virtual mass ” of the airship m accelerated motion parallel to its 
axis is 

pA = p J ‘mxdx — pV. (21) 

As a simple example we may recover the well-known result that the virtual 
addition to mass of a sphere in accelerated motion is half the mass of the fluid 
displaced. If R is the radius of the sphere, the appropriate distribution of 
sources and sinks forms a doublet of strength so that 
j* 1 mxdx =* 2«a*. 

* E. Fuhrmann.' Theorotische u. Expenmenteile Untersuohungon an Ballontnodeilea 
Jahrb. der Motorluftehift Studiengeeelluh&ft.’ 

0 2 
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Hence from (21) 

pA = p (2 V — V) = JpV. 

As an example of the use of formula (21) the virtual mass of the airship 
whose shape is shown in fig 2 has been found. This shape is one of a series 



Fia 2. 


which were worked out by Fuhrmann.* It is No. 4 of that series. It is 
derived from the following distribution of sources and sinks spread over a 
length 31 and placed in a stream of velocity U. 

From x = 0 to x — l the strength of the source per unit length is (l — x) 
From x — l to x = 21 it is — (x— l). From x = 21 to x = 31 it is 


4tcU /«; 

To (Zl ~ 


£ ~ 41 =& [ 2 f. (l - *> - J? (x - 0 * - C<* -*> *] ~ 7 ■ 

Hence from (20), |tcP = V + A = V (1 + a). 

Fuhrmann has determined by graphical integration the volume of this shape 
and finds it V = 0 *33181*, so that 


l + « = ii/9x0-3318 = 1-051, 

and a = 0-051, or the virtual mass is -OBlpV. (22) 

This may be compared with the virtual addition to mass of a prolate spheroid 
of the same ratio of length to breadth, namely, 6-09, moving parallel to it* 
axis, which is 

0-044pV. (23) 

Comparing (22) and (23) it will be seen that the ratio of virtual mass to mass 
of displaced fluid for the airship shape is greater than that of the corresponding 
spheroid with the same “ fineness ratio ” 6-09, At first sight this seems a little 
surprising, but it can easily be Been that if a model with a given fineness ratio 
is cut away and made finer at the nose or tail without altering its length or 
• Ibid., p. 92. 
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max i mum diameter, the ratio a will increase. Suppose, for instance, that the 
model shown in fig. 2 were cut away till it consisted of a spherical centre 
together with narrow pencil-like projections in front and behind, as shown in 
the dotted lines of fig. 2. For this body « has, in the limit when the projections 
are narrow enough, the value appropriate to a sphere, namely, 0-5. The opera¬ 
tion of fining down the nose and tail therefore increases a so that it is to be 
expected that the value of «. appropriate to Fuhrm&nn's shape shown in 
fig. 2, which is pointed at the tail, will lx* greater than the value of a for a 
spheroid of the same length and breadth. 

The expression (21) for the virtual mass of a body in accelerated motion 
parallel to the axis of % is valid for any body, not necessarily a body of revolu¬ 
tion, provided that the appropriate distribution of sources and units is known. 


The Absorption Spectra of Solutions of Cobalt Chloride, Cobalt 
Bromide, and Cobalt Iodide in Concentrated Hydrochloric, 
Hydrobromic, and Hydriodic Acids . 

By Wallace R. Bhodk and R. A. Morton, Liverpool University. 
(Communicated by K. C. C. Baly, F.R 8.—Received March 27,1928 ) 
[Plates 1 and 2.] 

In a recent paper by one of us (W. R. B.)* the selective absorption m the 
region of 600 to 710 mp of cobalt chloride dissolved in concentrated hydro¬ 
chloric acid was shown to consist of a number of superimposed, similarly shaped 
absorption bands. The frequency values at which these component bands 
exhibited a maximum of absorption corresponded with integral multiples of 
a common or fundamental frequency. The analysis of the observed absorption 
curve has now been extended into the blue so as to cover the whole of the 
selective absorption occurring in the visible portion of the spectrum. Similar 
analyses have also been obtained for the absorption shown by cobalt bromide 
when dissolved in concentrated hydrobromic acid and cobalt iodide dissolved 
in concentrated hydriodic acid. 


* ‘ Rojr. Soc. Proc.,’ A, vol 118, p. 280 (1928). 
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Apparatus and Method of Observation. 

The apparatus* previously described was again used. Since the principal 
absorption band of cobalt bromide, as compared with that of cobalt chloride, 
is situated farther towards the red end of the visible spectrum, where the dis¬ 
persion of the apparatus is smaller, the wave-length interval between the differ¬ 
ent sots of observations was increased from 2 to 2-5 mfi in the region of 625 
to 725 mjx. At every wave-length value for which absorption measurements 
were obtained on the principal band, a minimum of 20 observations were made, 
and in the extreme red, where the sensitivity of the eye is poor, the number of 
observations was even larger. The average deviation from the mean absorp¬ 
tion value E (where E *= log I0 1 0 /I, I 0 being the intensity of the radiant energy 
passing through the comparison cell filled with the solvent, and I the intensity 
of the radiant energy passing through the cell containing the solvent and the 
material under observation) was approximately the same as in the earlier work 
on cobalt chloride, t.e., 0 025. * 

In the work with cobalt iodide in concentrated hydriodic acid, it was possible 
to make visual measurements on only a limited portion of the principal absorp¬ 
tion band, and since the region of the spectrum under investigation is near the 
long wave-length limit of visibility, high accuracy was not to be expected. 
The component band at 697-5 m(i was, however, very well defined. In order 
to investigate the system completely it was necessary to employ a photo¬ 
graphic method, using a spectrograph of special design (Adam Hilger, Ltd.), 
showing a dispersion of 5 cm. between 600 and 1000 mp. Special Kodak infra¬ 
red sensitive plates, freshly hypersensitised with ammonia, were used. The 
light source was a cored carbon arc, and the spectrum up to 900 m\L was 
recorded without difficulty. The photometer system was the ordinary Hilger 
rotating sector apparatus. 

The plates were read from a photographic record obtained with a Moll 
registering microphotometer. The density curves for the comparison and the 
solution spectra were thus recorded and the points of intersection represented 
the wave-length values at which the absorptive power of the solute corre¬ 
sponded with the photometer setting (see Plates 1, 2). The data thus obtained 
are independent of the personal factor and extend beyond the red limit of 
visibility. For those wave-lengths accessible to both visual and photographic 
investigation, excellent agreement was obtained both in respect of extinction 
and wave-length determinations. 

* A new model of the Hilger-Nutting spectrophotometer; Adam Hilger, Ltd., London. 
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Solutions. 

Hydrogen bromide was prepared by the interaction of red phosphorus water 
and bromine* and a saturated aqueous solution of the gas was redistilled several 
times in the presence of a small amount of red phosphorus. The hydrobromio 
acid actually used (sp. gr. 1-57) was not fully saturated but was considerably 
stronger than the constant boiling mixture. The cobalt bromide solutions 
wore prepared as follows: 0*2000 g. of a Kahlbaum preparation of nickel-free 
and alkali-free cobalt carbonate was dissolved in 100 C.c. of concentrated 
hydrobromic acid and 25 o.c. of this solution were diluted to 100 o.c. with 
hydrobromio acid. These solutions contained the equivalent of 5-50 g. of 
CoBr 4 .6H,0 per litre in the caso of the concentrated solution and 1*375 g. 
of CoBr 2 .6H g O in the case of the more dilute solution. The concentrated 
cobalt chloride solution was prepared in a similar manner, i e., 0*2000 g. of 
pure cobalt carbonate was'dissolved in 100 c.c. of concentrated hydrochlorio 
acid. The resulting solution contained the equivalent of 4*000 g. of 
CoCl s . 6H a O per litre of solution. 

Hydriodio acid was prepared as follows : the constant boiling mixture was 
obtained by distilling an aqueous solution of hydriodio acid prepared by the 
interaction of hydrogen sulphide and lodme.f The colourless constant boiling 
mixture was obtained by distillation under reduced pressure in the presence of 
a little red phosphorus. Hydrogen iodide, prepared by the interaction of 
iodine and red phosphorus in the presence of hydriodic acid, was then passed 
into the constant boiling mixture, in the dark and in a "ooled container, until 
the solution had become saturated with hydrogen iodide. This concentrated 
hydriodic acid was a pale straw colour (sp. gr. 2*0). The solution of cobalt 
iodide in hydriodic acid was prepared by adding 0*2000 g. of cobalt carbonate 
to 50 o.o. of the fuming acid; 5 c.c. of this solution was then made up to 20 c.c. 
with hydriodic acid. This latter solution contained the equivalent of 1 *77 g. 
CoI s . 6H a O per litre of solution. 

Discussion of Data. 

A mare detailed study of the absorption spectrum of cobalt chloride in 
concentrated hydrochloric acid in the blue and green portions of the visible 
spectrum has disclosed the presence of a number of maxima and inflexions. 
It seems probable that the absorption curve here, as in the principal band, 

* Mellor, ' Comprehensive Treatise on Inorganic and Theoretical Chemistry,’ vol. 2, 
p. 168 (Longmans). 

7 Mellor, toe. eit., p. 170. 
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owes its shape to the summation of overlapping component bands. It follows 
quite naturally that an attempt should be made to extend the analysis pre¬ 
viously applied to the selective absorption between 600 and 720 tnp to the 
whole of the absorption spectrum under discussion. In order to observe fine 
structure in the blue and green regions of the spectrum, it is necessary to use 
concentrated solutions, and as a result of colloidal absorption some of the 
bands are slightly flattened out. This fact, together with the nature of the 
absorption curve on the steep side-of the principal band, makes it very difficult 
to apply direct analytical methods to the entire curve. 



Fio. 1.—Absorption of Cobalt Chloride in Concentrated Hydrochloric Acid. 4-0 g. 

CoCl,. 6H,0 per litre; ooll thioknesa, 10 cm. 

It was found, however, that of all the various systems tried, the only satis¬ 
factory basis of analysis was the original one applied to the principal band,* 
the resolution of the curve into superimposed bands with frequencies of 
maximal absorption at integral multiples of 12-28 f.| The nicety with which 
this analysis applies, as is shown in Table I, leaves little doubt but that these 
bands are a continuation of the same system. Other bands may, of course, 
be present in addition to those indicated in Table I, but, as mentioned before, 
the effects of concentration and adjacent absorption bands have considerably 
reduced the sharpness of many of the weaker bands or possibly totally obscured 
some of them. 

* Loc. tit. 

t f. => fresnels = vibrations -+. seconds x 10**. 
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Table I.—The Analysis of the Absorption Spectrum of Cobalt Chloride in 


Concentrated Hydrochloric Acid, as based on a Frequency Difference of 
12*28 f. between the Component Bands, 



On examining the absorption spectrum of cobalt bromide m concentrated 
hydrobromic acid (figs. 2 and 3) a marked similarity with cobalt chloride is at 
once apparent (loc. ctf.). There is a definite shift of the entire absorption 



Fio. 2.—Absorption of Cobalt Bropiide in Concentrated Hydrobromic Acid. 1 
Cofer,. 6H,0 per litre; oell thickness, 0-5 cm. 


1-375 g. 
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spectrum in the direction of smaller frequencies of vibration. This shift of an 
absorption band in the direction of smaller frequencies, concomitant with an 



Fig. 3—Absorption of Cobalt Bromide in Concentrated Hydrobromlo Acid. 5-6 g. 

CoBr,. 6H a O per litre; cell thickness, 10 cm. 

increase in molecular weight without a marked change in the chemical or 
physical properties of the molecule, is to be expected from the fundamental 
physical concepts involved and has been observed in numerous cases in the 
study of the absorption spectra of similarly constituted compounds of different 
molecular weights. 

Although quite similar in shape to the cobalt chloride absorption band, the 
principal band of cobalt bromide (between 628 and 780 mp) appears to be 
composed of four rather than six component bands. Had not the cobalt 
chloride system been analysed first, it is quite certain that the first attempt at 
analysis would be on what we shall term a “ four basis ” rather than a “ six 
basis." Obviously both systems of analysis must be tried to determine whether 
there are in fact four components or whether the relative intensities of six 
components are such as to give a summation curve corresponding apparently 
with a four-band system. 

The analysis on cither basis is given both numerically and graphically in 
Table II and figs. 4 and 5. A four analysis fits the principal band as well as 
a six analysis, but as can be seen in Table II, the bands in the blue portion of 
the spectrum fit very poorly on the four basis. Not only does the analysis 
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Table II.—The Analysis of the Absorption Spectrum of Cobalt Bromide in 
Concentrated Hydrobromic Acid, as based on a Frequency Difference 
of 11*7 and of 17 • 75 between the Component Bands. 


Multiple 

number. 

Frequency difference of 
17-76 (four bod*). 

Multiple 

Frequency difference of 
11-7 (rix bads). 

Compariaont 

between ohlondn 
and bromide 
*y*tem*. 


Colou. 

Ob- 

Differ. 


r - 

I Calcu- 

Ob- 


Bromide. 

Chloride. 


latione. 

served. 

enoe. 


la ted. 

1 


enoe. 

23 

408 

410 

1-2 

35 

408 

408f 

-i 

\ a.. ' 


24 

426 

428 

+» 

36 

421 

4l8t 

—3 

4~ *e 

+»e 

25 

444 

445 

+ 1 

37 

433 

430f 

-3 

+UH 

+*M 

26 

462 

463 

+ 1 

38 

444 

442f 

-2 

+ » 


27 

478 

480 

+ 1 

39 

450 

455f 

-1 

+U 

+M 

28 

496 

501 

+ 6 

40 

468 

465t 

-3 

+»» 

+ »» 

28 

5)4 

518 

+2 

41 

479 

476f 

-3 

f. 

+• 

30 

532 

535 

42 

42 

401 

492t 

+ 1 

+ 

+ 

31 

550\ 


/4H 

43 

503 

501 

-2 

1- 

-7 

32 

568/ 


\ "7 

44 

514 

516 

4-2 

4- 

+ 

33 

686 



45 

526 





34 

003\ 

810 

/ 47 

46 

538 

535 

-3 

+» 

+«» 


62l/ 

\-ll 

47 

549 







Al« 

48 

561 

561 

0 

+» 

+» 




\ - 8 

48 

673 

—• 

— 

—. 


JO 

twe 

640 

/+10 

50 

584 

-* 


— 

— 

nl tm 


\ -7 

51 

596 

— * 

— 

— | 

- 




/ 48 

52 

608 

610 

+2 

+ 

7 

38 

074/ 


\ -10 

53 

619 





38 

092 

690 

—2 

04 

631 

631 

0 

+*• 

+• 

40 

710 

714 

44 | 

55 

643\ 


/ +6 


)-• 





56 

654/ 


\ -5 

7 






67 

666 

604 

2 

+ 

+ 





58 

878 









59 

690 

690 

0 

+• 






00 

701 









61 

713 

714 

+ l 1 

+• 



* It will bo notioed that from multiple* 38 to 42 the *equen«e of component band* la un¬ 
interrupted, where** from multiple* 43 to SI about half the component* ere muring. The failure 
to deteot the** band* may le«*en the oogency of the oonohuion that all the band* fall into one 
ceriee, bat tho abeenoe of tho ume multiplea in both the chloride and bromide eenee tend* to 
counterbalance this weakne** in the argument, 
t Baaed on onolyna in fig. 4. 

j Relatiye intensity a* compared to adjooent band* n indicated by *,*• ot us. + indicate* 
apparent preeonoe a* indicated by a maximum or inflexion in the absorption curve, r- indicate* 
apparent absence or no indication of a maximum or inflexion 


into six bands fit better than into four, but the integral relations for tho corre¬ 
sponding bands in the chloride and bromide systems are analogous. For 
example, the first band in each system is multiple 35, multiple number 40 
corresponds to the band at the high-frequency edge of the principal band, and 
in the bine end of the spectrum bands 54 and 55 are most prominent in both 
systems. In the bromide analysis the constant difference, on the six basis, 
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Fic. 4.—Analysis of the Principal Absorption Band of Cobelt Bromide in Concentrated 
Hydrobromic Acid into Six Component Bands. O «=• observed points; X « celcu- 
lated points. 



Fio. 5.—Analysis of the Principal Absorption Band of Cobalt Bromide in Concentrated 
Hydrobromic Acid into Four Component Bands. O = observed points; x = calcu¬ 
lated points. 
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is 11*70 as compared with 12*28 for the chloride analysis. On the four basis 
the difference is 17 • 75, an increase in the constant frequency difference, whereas 
the contrary is to be expected. The am aller frequency difference in the bromide 
system means that the components will be closer together and more difficult 
to resolve. This fact, together with the smaller spectral dispersion and the 
location of the band in the far red portion of the visible spectrum may to Borne 
extent explain the failure to effect a direct experimental resolution of the 
principal bromide band into its six components. 



Fie. 6 . —Absorption of Cobalt Iodide in Concentrated Hydriodio Add. 1-77 g. 
Col!. 6H|0 per litre; oell thickness, 0 125 and 0 5 cm. (centre curve obtained from 
the other two). • = visual j O — photographic. 


Table III.—The Analysis of the Absorption Spectrum of Cobalt Iodide in 
Concentrated Hydriodio Acid, as based on a Frequency Difference of 
10*79 f. between Component Bands. 


Multiple or band No. 

Wave-length. | 

Frequonoy. 

a 35 

796 mg ' 

377-6 — 35 x 10-79 f. 

b 36 

771 

388 4 - 36 X 10-79 

e 37 

752 

399-4 - 37 x 10-79 

d 38 

732 

410-0 =- 38 X 10-79 

e 39 

713 

420-8 =■ 39 X 10-79 

i 40 

696 

431-5 - 40 X 10 79 




80 


W. R. Brode and R. A. Morton. 


Tho absorption curve of cobalt iodide in concentrated hydriodio acid is 
similar to that of cobalt bromide in concentrated hydrobromic acid; it lies 
still farther in the direction of lower frequencies and extends appreciably into 
the infra red. From inspection of the curve, direct evidence of only four 
components is available. The curve has been analysed as before into four and 
six components (figs. 7 and 8), and each method satisfactorily reproduces the 



Fio. 7.—Analysis of the Absorption Curve of Cobalt Iodide in Concentrated Hydrlodic 
Acid into Six Component Banda. O — observed points; X calculated points. 

experimental results The choice between the six and four alternatives in 
the case of cobalt bromide in hydrobromic acid was made as a result of the 
detection of numerous additional bands in the blue region of the spectrum. 
For cobalt iodide in bydnodic acid such additional evidence could not well be 
obtained because fuming hydnodic acid inevitably contains a little free iodine 
which absorbs in the blue. Considerable absorption is shown by cobalt iodide 
in this portion of the spectrum, but tho high general absorption prevents the 
observation of fine structure. Accordingly, any preference for either the six 
or four alternative in the case of cobalt iodide m hydriodic acid must rest 
entirely upon argument from analogy, the absorption of cobalt halides in 
concentrated halogen acids being considered as a whole. 

Observations made at various concentrations and thicknesses on all the 
halogen solutions confirmed the validity of Beer’s law over a considerable 
range. In any of the three concentrated halogen acids the seleotive absorption 
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corresponded with that of the cobalt salt of the same acid, even if the cobalt 
had been introduced originally as another halide. Cobalt fluoride in concen- 



Fio. 8.—Analysis of the Absorption Curve of Cobalt Iodide in Concentrated Hj dr iodic 
Acid into Four Component Bands. Q — observed points; X — calculated points 

trated hydrofluoric acid exhibited only the pink colour given by cobalt halides 
in aqueous solution. 

General Discussion. 

Cobalt halides dissolved in the corresponding halogen acids exhibit selective 
absorption markedly different from that usually associated with cobalt salts 
in water. In the latter case the absorption is ascribed to the cobalt ion and is 
considered to be largely independent of the anion. On the other hand, the 
absorption of the systems investigated in this work is clearly influenced bv 
the nature of the anion. As far as the frequency is concerned, the replacement 
of a lighter by a heavier halogen atom results in a shift of the absorption bands 
in the direction of lower frequencies, whilst as regards intensity, an increase 
in molecular weight increases the intensity of the low-frequency components 
as compared with the high-frequency components of the principal band. 

For the solutions of cobalt chloride in concentrated hydrochloric acid, the 
resolution of the principal absorption band into its components can only be 
made on the assumption of six constituents, and although the four alternative 
would appear plausible for the principal band of the bromide, consideration of 
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the selective absorption outside the principal band leads definitely to the 
rejection of the four basis in favour of the six basis for both the bromide 
and chloride systems. We know of no evidence for regarding the solutions 
of cobalt iodide in hydriodio acid as in any significant sense different from 
solutions of cobalt bromide in hydrobromic acid, and therefore an analysis 
proved to be valid for both the ohloride and bromide solutions might reasonably 
be extended to include the iodide solutions. In addition, it is found that such 
an analysis reproduces the data with considerable accuracy, and reveals in 
the three systems the same integral relationships and a uniform trend in the 
fundamental frequency. By this method of analysis the principal band is 
composed in all cases of component bands, the frequencies of which are from 
36 to 40 times the constant frequency difference between these components, 
this constant frequency difference being 12-28 for the chloride system, 11*70 
for the bromide and 10*79 f. for the iodide. 

The relative intensities of the components corresponding with even integral 
multiples of the fundamental frequency arc less influenced by exchange of 
the halogen than are those of the components corresponding with the odd 
multiples. In the even series, the intensities of the components increase to 
approximately the same extent with increasing molecular weight, whereas in 
the odd series the first component (a) increases much more rapidly and bands 
(c) and (e) less rapidly than the other components. 


Summary. 

1. The absorption spectrum of cobalt chloride in hydrochloric acid has 
been determined between wave-length values of 400 and 000 *»(i. 

2. It has been shown that the fine structure observed in this region is a 
continuation of a vibrational system which has previously been shown to 
apply to the absorption spectrum of cobalt chloride in hydrochloric aoid, 
between 000 and 720 mp. 

3. The absorption spectrum of cobalt bromide in hydrobromic acid has been 
determined throughout the visible portion of the spectrum. The curve has 
been analysed into a series of component bands, the oentres of which are 
multiples of the frequency difference (11*70 f.) between the bands. 

4. The absorption spectrum of oobalt iodide in hydriodio add, between 600 
and 900 m|i, lrns been determined by a combination of visual and photo¬ 
graphic methods, and has been analysed into a series of component bands, the 
oentres of which are multiples of the frequency difference (10*791) between the 
bands. 
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5 The same system of analysis applies to the cobalt chlonde bromide and 
iodide data An increase in the molecular w lgbt of the < obalt halide complex 
causes a decrease m th< frequency differen e The similarity of the curves 
indicates a similar constitution for the three cobalt halide complexes investi 
gated 

Our thanks are due to Prof E C C Baly IRS for his interest and advice 
in this work One of us (W R B ) ib indebted to the J >hn Simon Guggen 
heim Memorial Foundation for a Fellowship 


I XPLANATTON Ot PLATES 
Plats 1 

Absorption Spectrum Plate and Miorophotometer Record showing the hint t vo \pparent 
Maxima w the Absorption Spectrum of Cobalt Iodide in Concentrated Hj Inodio 
Acid 1 77 g Col, 0H,O per litre cell thickness 0 5 cm (microphotometer record 
that of the photographs marked X) 

Plats 2 

Absorption Spectrum Plato and Miorophotometer Re ord showing the Inflexion and 
Last Maximum in the Absorption Spectrum of Cobalt Iodide in Concentrated Hydriodic 
Acid 1 77 g Ool, 0H,O per litre cell thickness 0 120 cm (miorophotometer 
reoord that of the photographs marked X) 
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The Characteristics of a Karman Vortex Street in n Channel of 
Finite Breadth. 

By H. Glaukrt, M.A. 

(Communicated by G. 1 Taylob, F.R.S.—Received April 4, 1928 —Revised 
May 18, 1928.) 

1. Introduction. 

It is well known that the classical potential flow of a perfect fluid paBt a 
bluff body is not a satisfactory representation of the actual flow, and that, 
in particular, it fails to give any indication of the resistance or drag which is 
experienced by the body. If the body is of a long cylindrical shape with axis 
normal to the direction of motion, the flow will be the same in all planes normal 
to the axis, and may be conceived as proceeding in two dimensions only. In 
this case it is found experimentally that thin sheets of vorticity Bpring from the 
two sides of the body and enclose a dead-water region behind it, but owing to 
their essential instability these vortex sheets rapidly disintegrate and give rise 
to a succession of independent vortices which pass down stream in the form of 
a double vortex row. The characteristics of such a vortex street in its 
ultimate form far behind the body have been examined by Karman,* who 
derives an expression for the drag of the body in terms of the strength of the 
individual vortices and of the breadth of the vortex street. More recently the 
results of a comprehensive series of experiments on the flow past a flat plate 
have been published by Fage and Johansen.f and these results have been 
compared with Karman’s theory. In view, however, of the fact that the 
experimental results are of necessity obtained from experiments in a channel 
of finite breadth, the present investigation has been undertaken to determine 
the constraint of the channel walls on the characteristics of the vortex street. 

2. Karman’s Theory of the Vortex Street. 

Karman considers the behaviour in a perfect fluid of a double row of point 
vortices in the configuration shown in fig. 1, deducing the relationships which 
are necessary for the stability of the system, and the corresponding drag force 
on the body to which the vortex street is due It appears that the only stable 

* ‘ Gttttingen Nadir.,’ p. 600 (1011), and p. 647 (1012). 
t ' Roy. Soo. Proc.,’ A, vol. 116. p. 170 (1927). 



35 


Karman Vortac Street in Channel of Finite Breadth. 


configuration is that in which each vortex of one row is opposite the point 
mill-way between two successive vortices of the other row. Moreover, if h is 



Fio. 1. 


the breadth of the vortex street and a the distance between successive vortices 
of each row, the ratio of these two lengths is governed by the equation 


sinh nh/a = 1, 

(1) 

or numerically 

h/a — 0 2806. 

(2) 

Choosing the origin of co-ordinates and the axes as m fig 

1 , the potential 

function of the flow due to the vortex street, expressed in terms of the complex 

co-ordinate z = x + ly, is 


^ l°K ^ (*.. ~i)j sin | (z 0 j)], 

(») 

where 


z 0 = J a 1- J hi 

(4) 

and the corresponding velocity distribution is 


it — it’ — ~ ~~~ ( '°sh ^ hj[ t sinh ^ A 4. cos 



Finally, due to the mutual interaction of the vortices, the whole vortex 
system of fig. 1 moves to the left with the velocity 

~ ]r tauh — • (0) 

2 an ' ' 


and for the stable system this equation becomes 

K = '2\f l 2au 0 . (7) 

The drag of the body which gives rise to the vortex street is calculated by 
Karman in two parts in the following manner : The first part, D t , is derived 
by bringing the vortices to rest, so that the body is advancing with the velocity 
(V — u 0 ) while the general mass of the fluid has the velocity m 0 in the opposite 
direction. Assuming the flow to be stationary with the potential function to, 
the force on the body is obtained by evaluating the integral 

D 2 
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round a large contour enclosing the body. This calculation leads to the value 
i) t = pK*,/27tfl - puoK/i/o. (8) 

The Hecond part of the drag is due to the fart that in tune «/(V — « 0 ) the body 
advances such a distance that a new pair of vortices is formed, and by calculat¬ 
ing the consequent increase of momentum this second part of the drag is 
obtained as 

I),-— p(V-« 0 )K/i/«. (9) 

The total drag is therefore 

D = p (V - 2u 0 ) K hla + pK l /2:ni, (10) 

and by virtue of equation (7) the drag coefficient of the body, assumed to be 
of breadth b, is 

*" <»> 

The drag coefficient therefore depends mainly on the value of uJifWb, and 
only to a small extent on the value of m 0 /V independently. 

Karman’s theory, as expressed in the preceding equations, determines the 
configuration of the vortex street and the ilrag of the body in termB of the. 
strength and spacing of the vortices, but the theory is incomplete, Binee it 
provides no criterion for determining the values of the ratios h[b and uJY. 
An attempt to complete the theory in the case of a flat plate has been made 
by Heisenberg * The arguments used are by no means conclusive, but the 
final numerical values appear to be in good agreement with the experimental 
results. Heisenberg’s analysis leads to the values 

« 0 /V = 0-2295, uJifVb = O’3535, (12) 

and hence to the drag coefficient 

A d = 0-909. 

The actual conditions for a flat plate cannot differ greatly from those deduced 
by Heisenberg, and bis values will therefore be used subsequently to obtain 
numerical estimates of the constraint due to the walls of a channel of finite 
breadth. 

3. Vortex Sired in a Channel. 

Consider now a vortex street of breadth A in a channel of breadth H. The 
boundary conditions on the walls of the channel are satisfied by the introduction. 
• • Phys. Z.,’ vol. 23, p. 363 (1922). 
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of the infinite aeries of images of the vortex street as illustrated in fig. 2, and 
the constraint experienced by the vortex street can be estimated as the velocity 



field of this series of images. In developing the analysis it, is convenient, to 
write 

a = 2nHja, (13) 

and to note that iu any practical application the breadth h of the vortex street 
will not exceed one-sixth of the breadth H of the channel.* Thus e r is at least. 
40,000, and it. is legitimate to develop the analysis on the assumption that e r 
is very large. 

The velocity field due to the vortex street itself is 

cosh - h IU sinh 2 h + cos M) , 
dz a a / \ a a / 

and to obtain the effect of the image of fig 2 we may use this same formula 
with the following modifications - 

a odd, Az = $a + nH», 
n even, A z = nHt; 

* The flow function for a vortex street of any breadth and the corresponding velocity 
of the vortioea have been given by Q. Jaffi: ' Ann. d. Phys.,* vol. 81, p. 173 (1920). 
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with « odd, therefore, we obtain for a single image of the vortex street 

^ = — — cosh - ft lit sinh - ft - cos ( — 4- not')} , 

dz a all a \ a n 

and as e r is large, this expression becomes approximately 

<bn 2tK , 7t, / 2712 . '2m\ 

— =- e "'cosh -ft cos-1-tsm — . 

dz a a \ a a ' 

Then, combining positive and negative values of a and retaining only the term 
involving the first power of e~ 9 , we obtain as the effect of the system of 
images 

dw„ 4»K _ , it, ’2nz /t i» 

—* -c cosh - h eos — , (14) 

dz a a a 

which is, m fact, simply the effect of the first pair of images 
At the vortex z — z 0 of the vortex street, the interference of tfte image giveB 

n — w — er 9 cosh — ft cos (- + t —) 
a a \2 a ' 

— — e~* eosh - ft smh n ft, 
a a a 

anti hence the velocity « 0 of the vortices ih reduced by the factor 

{l-8e-'cosh*^J. (15) 

This reduction is at most 0*04 per cent., and is quite negligible. 

It appears, therefore, that the constraint of the channel walk does not exert 
any noticeable effect on the vortex street, and hence it is legitimate to assume 
that the stability criterion will be the same as m an unlimited fluid, and that 
Harman’s equations (1) and (7) remain valid for the vortex street in a channel 
of finite breadth. 

The potential function of the flow m the channel can be expressed as 

tp = v>i + w t 

where 

^ lag j(«. + «)} (1 „ 

and 
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On the wall A'B' of the channel the stream ftmction is now obtained as 

so that 

Thus iji is constant along the wall A'B' as reqtured, and there is a backward 
flow from right to left in the channel of amount Khja in unit time across any 
section such as BB'. 

Hitherto we have considered only the conditions m the ultimate wake far 
behind the body, but it is now necessary to consider the flow as a whole. This 
flow may be represented diagrammatieally as in fig. 3, and it is evident at once 



Fig 3. 


that the condition of continuity requires that the flow across AA' shall be 
equal to the flow across BB'. At AA' there is the undisturbed velocity V, and 
hence the flow VH. At BB' in the distant wake there is a backward flow 
Khja due to the vortex street, and hence the general stream, on which this 
vortex system is superimposed, must have a velocity W greater than V. The 
vortices therefore pass down the channel with the velocity (W — m 0 ), and the 
velocity W is determined by the equation 

W = V f JUi/aM. (17) 

It is perhaps rather paradoxical that the constraint of the channel walls should 
cause no interference on the stream V far in front of the body, and no inter¬ 
ference on tho vortex street far behind it, and should yet lie capable of producing 
the necessary increase of velocity to maintain the continuity of tho flow. 

The final stage of tho calculation is to obtain a formula for the drag of the 
body. • Following Karman’s method, this drag force will be calculated in two 
parts, and will be based on a consideration of the flow relative to tho vortices 
of the wake. The fluid is then streaming past the vortices with the velocity u 0 , 
the body is advancing in the opposite direction with the velocity (W —u 0 ) 
and the fluid in front of the body is coming to meet it with the velocity 


K h K , w* 2 tm: , K 

=--- c cosh — sin —, 6 , — — e 
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(n 0 — W + V). The first part of the drag is obtained by evaluating the 
integral 

x — 

round the contour ABB'A' of fig. 8. On AB and A'B', since dic/dt is real, the 
integral gives no contribution to X. On AA' we have 

w = (u 0 — W -f- V) z 
and so this part of the integral gives 

x = jpK-w + vpii, 


or, by virtue of equation (17), 


X = £p« u s H - p«„KA/a + pK%*/2o*H. 


On BB', neglecting terms proportional to e - *', we have aa in aif unlimited 
fluid 


»r = n 0 z 4- tTj, 

where 

-*)/«»*<* + *)). 

and so 



But 

K* d_/ sin 2m fa _\ _ _ /dtcA* ^ dwj 

2w» dz\i snih nh/a + cos 2 m/a) \ ds I 0 dz ’ 


and so 

/dw\ a _ m j _ £/_ sin 2mja _\ 

\dz\l ~ 0 27«f ds\i Hinh nkfa 4 cos 2 tcz/o/ 

Hence for BB' 


X-»T = Jip[u fl *s 


Jil sin 2 t raja ~I B ' 

2 na t sinh nhja + cos 2mfaJn ’ 


and for the second term the limits of integration may be regarded os infinite. 
Then 

X — = 

or 

X = -Jp« 0 «H + pK»/27w», 

and so the total for the first part of the drag is 

D, = f K*/2 th» - pw 0 KA/o + pK , A*/2a*H. 


(18) 
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For the second part of the drag we have simply 
D* = p (W - m 0 ) KA//» 

- p(V-« 0 )K*/o \ pK»/*»/ffl*H, (19) 

and finally the total drag is 

D = p(V — 2«„) K h/a + pK*I'lm f JpKW/o*H. (‘20) 

which gives the drag coefficient 

*» - - +»(#)■£■ < 21 > 

This result is comparable with Karman’s equation (11), and sullers from the 
same limitations that it is necessary to determine experimentally the values 
of m 0 /V and h/b Moreover, there is no justification for assuming that these 
two ratios have the same values in a channel of finite breadth and in an 
unlimited) fluid. The equation, therefore, cannot be used to determine the 
increase of drag of a body in a channel of finite breadth until some criteria have 
been established for determining the values of the two fundamental ratios. 
In the following section an attempt is made to develop the necessary extension 
of the analysis, but this further development is only of a tentative nature, 
and is based on rather uncertain hypotheses. 

4 The Genei atwti of Vorlinty 

To proceed further with the analysis, it is necessary to consider thn conditions 
close to the body itself. From each side of the body there arises a sheet of 
discontinuity of velocity, but owing to their essential instability these sheets 
of discontinuity soon break up to form the separate vortices of the vortex 
Street. Now let g t and q t be the velocities ou opposite sides of the sheet of 
discontinuity, let p 1 and p t be the corresponding pressures, and let R lie the 
rate of generation of vorticity at one side of the body. Then 

pR = (jq + iWi*) - (p» -1 ip?,*), 

^ iP (?i* - fa*) + (Pi - Pi), 

and this result may also be expressed in the form 

P R = ip(V*- gi *) + (p 0 -p s ). 
where j> 0 is the pressure of the undisturbed stream 

The velocity q t in the dead-water region immediately behind the body may 
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be assumed to be zero, and for a thin vortex sheet the pressure difference 
(Pi ~~ P») ma 7 also be neglected. On this basis the rate of generation of vor- 
ticity becomes 

R/V* * ?I */2V* -- i + (p 0 - p,)/pV*. (22) 

Now the rate 8 at which vorticity passes down the wake in one row of the 
vortex street is less than the rate R at which the vorticity is generated at the 
side of the body, for some part of the positive and negative vorticity which is 
generated at the two sides of the body is annulled by partial mingling of the two 
streams of vorticity in the turbulent region behind the body. This view is 
expressed by Prandtl in an appendix to Heisenberg’s paper,* and is confirmed 
by the experiments of Page and Johansen.f 
We shall write therefore 

S=AR, (23) 


where A is less than unity anil the value of 8 according to the previous analysis 
is 


or 


8 = K (V — u 0 )/«, 


£ = 4 ,( 1 - 


v/* 


(*> 


The analysis for the flow m a channel of finite breadth will now be developed 
on the basis of the following assumptions • - 

(1) The increase of the suction in the dead-water region behind the body, 
due to the constraint of the channel walls, is equal to the drop m pressure 
outside the vortex street far behind the liody. This assumption is based on 
the conception that the vortex system behind the body is capable of maintaining 
a certain pressure difference between the fluid immediately behind the body 
and the fluid outside the vortex street far behind the body, and that this 
characteristic of the vortex system is not modified by the constraint of the 
channel walls. 

(2) The values of K, VR, and V®, which are proportional to V in an 
unlimited fluid, will be assumed to be. proportional to a certain effective velocity 
in the channel, and this effective velocity will be assumed to be the arithmetic 
mean of the velocities far in front of and far behind the body. This assumption 
implies that the factor A has the same value in the channel and in an unlimited 
fluid. 

* hoc. cit. 
t Loe.cit. 
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Denoting values in the channel by accented letters, the first assumption leads 
to the equation 

(R' - R)/V* - (p 2 _ ?a ')/pV» - (W* - V 2 )/2V S = KA/oVH, 
while the second assumption gives 

R'/R = {(W + V)/2V} 2 - 1 + KA/wVH, 
and hence it appears that 

R = V*. (25) 

Thus the assumptions as to the flow in a channel imply a definite value for the 
rate of generation of vorticity in an unlimited fluid, and hence the assumptions 
will be valid only for bodies which give rise to this rate of generation of 
vorticity. The validity of this conclusion will be examined more closely at 
a later stage of the analysis, but it may lie stated here that this value of R 
appears to be correct for a body of bluff form. For a body of elongated Bhape 
the assumptions appear to break down, the weak point of the argument 
probably being the value assumed for the mean effective velocity. The 
subsequent analysis should be regarded therefore as applying to bodies of bluff 
form only. 

The second assumption has led to the equation 

(K'/K)* = S'/S = R'/R = 1 + KA/aVH, 
and from the previous analysis we have 

S' _ qK'(W -»„') __ u 0 '(\V- »„' ) 

S o'K (V — «„) n 0 (V — m„) 

from which it follows that 


11 n i "o _K_ h_ 

u 0 V — 2u 0 «V H * 

From these results we deduce the following equations for determining the 
characteristics of the vortex street in a channel of finite breadth .— 

i _ 2 Vi uj\ (uoh\ b 'l 
no 1 — 2u 0 /V YV6 / H I 

r- l+vi 

V2 I'uph) b_ 

1 - 2u 0 /V\V6/ H 


f = f = 1 + 


'VT)B 


( 26 ) 
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and it also appears that the value of the factor X is 

X = 'iV2*(l-5«). (37) 

Finally, the drag coefficient of the body, as given by equation (21), becomes 
V = (2-828 - M2 »i' 0 /V) (u>7Vf>) 12 (u>'/V6)» 6/H, 

and by means of equation (26) we derive 



The second term of this expression is quite negligible in practice, and we may 
therefore accept finally the value 

V = (29) 

5. Comparison with Erfieri modal Results 
In the case of a flat plate, Fage has obtained the following values of the 
drag coefficient as affected by the constraint of the channel walls : 

H/6 - 42 21 14 10* 

= 0-964 1-025 1-065 1-072 

but the value of fc D at the lowest value of H/6 appears to be so unreliable that 
it will be neglected in the subsequent discussion. 

A detailed examination of the flow was made in the case H — 146, and the 
following values were deduced.— 

a'lb = 5-25, b (W - « 0 ')/o'V = 0-146, R'/V* « 1 -07.* 

To obtain corresponding calculated values we shall start with Heisenberg’s 
values 

«o/V — 0 • 2295, » <0 A/V6 = 0 • 3635, A/6 = 1 • 54, 
and then by means of equations (11) and (29) wo calculate the following values 
for the drag coefficients • 

H/6 = oc 42 21 14 

* D = 0-909 0-967 1-004 1-052 

Also by means of equations (26) we derive the following values in the special 
case H = 146:— 

u 0 '/v = 0-222, h'/b = 1-64, W/V = 1-071 

and hence 

o'/6 = 5-84, 6 (W — u 0 ')/o'V = 0-145, R'/V* = 1-071. 

* Fage and Johansen. ■ Phil. Mag., 1 vol. 6, p. 417, Uble 5 (1928). 
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The agreement with the experimental values is quite good, except as regards 
the spacing of the vortices ( a'/b ), and in this case it may be noted that Karman 
and Rubaoh* found the value 5 •60, which is higher than that given by Page 
and Johansen. 

In view of this numerical discussion it would appear that the assumptions of 
the previous section arc valid for a flat plate In the case of bodies of other 
shape, some results are given by Page and Johansen,f but they arc inadequate 
to Bervc as the basis of a detailed analysis. The following values for the rate 
of generation of vorticity have been extracted from Table V of their paper.— 


Body. 

H /&. 

R'/V 2 . 

Flat plate . 

U 

1-07 

Circular cylinder. 

. . 25 

1 01 

Wedge . 

.... 30 

0*97 

Ogival model . 

30 

0-64 

Long ogival model.. 

30 

0*71 


The values of R' for the flat plate and circular cylinder are consistent* 
approximately, with the conclusion that R V*, but it is evident at once that 
the assumptions of the previous section have broken down in the case of the 
longer models The cause of this failure is almost certainly the assumption 
as to the mean effective velocity Por an ogival model of sufficient length, 
the velocity along the surface, apart from the effect of viscosity, must tend to 
the value V (l f 6/H), and hence the rate of generation of vorticity will be 
approximately 

R' = JV* (1 + 26/H). 

Por the ogival models this would imply R' = 0*63 V 1 , and the values actually 
obtained in the experiments are intermediate between those which would be 
expected for a Bhort model (1 *02 V*) and for a very long model (0-53 V*). In 
the case of these long models, however, it is doubtful whether it would be 
possible to develop a satisfactory theory without taking account of the 
viscous boundary layer along the surface. 

6. Summary and Conoltuiiong. 

By examining the conditions of flow in a channel of Unite breadth a formula 
(21) has been developed for the drag due to the vortex street.formed by a bluff 
body, but to apply this formula it is necessary, as in the case of Karman’s. 
* • Phyii Z.,’ vol. 13, p. 49 (1912). 
t ‘Phil. Mag.,’ vol. 5, p: 417 (1928). 
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formula itself, to determine experimentally the valueB of two fundamental 
ratios. 

An attempt to overcome this difficulty is made by means of certain assump¬ 
tions as to the flow in a channel, which enable the constraint of the channel 
walls to be calculated from the flow in an unlimited fluid The Anal equations 
so obtained lead to conclusions in close agreement with the experimental 
results for a flat plate, but it appears that the assumptions are valid for bodies 
of bluff form only, and break down for bodies of elongated shape 
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For the investigation of soft X-rays, Richardson and Baxzoni* employed 
the method of ejection of photoelectrons from a metal plate under the action of 
the rays Subsequent investigations in this region were carried out by Richard¬ 
son and Chalklin, Kurth, Mohler and Foote, Horton, Davies and Andrewes, 
Thomas. Compton and Thomas,f and also by others by the same method, 
with the view of determining voltages at which excitations of characteristic 
soft X-rays occur. More recently Richardson and RobertsonJ have employed 
this method for studying the relative soft X-ray emissivities of a large number 
of elements 

Other methods have also been employed, among which the spectroscopic 
method of analysis may be mentioned.§ In this method, a pressure lower than 
10' 3 mm. can in the present state of things be hardly secured. It has been 

* ‘ Phil. Mag.,* vol. 42, p. 1015 (1921) 

t Richardson and Chalklin, ‘ Roy. Soc. Proc,,’ A, vol. 110, p. 247 (1920); Kurth, 
‘ Phys. Rev.,’ vol. 18, p. 401 (1921); Mohler and Foote, ‘Soi. Papers Bur. 
Standards,’ No. 425 (1921), Horton, Andrewee and Davies, 1 Phil. Mag.,’ vol. 46, p. 721 
(1923), and vol 110, p. 64 (1926); Thomaa, 4 Phys. Rev.,’ vol. 25, p. 322 (1925); Compton 
and Thomas, ‘ Phys. Rev.,’ vol. 28, p. 601 (1926). 

{ 4 Roy. Soc. Proc.,’ A, vol. 115, p. 280 (1927). 

| Millikan and Bowen, * Phys. Rev.,’ vol. 23, p. 1 (1924); Sioghbahn and Thorsnis, 
4 Joura. Opt. Soc. Amerioa,’ vol. 13, p. 235 (1926); DanvilHer, 4 J.de Physique,’ voL 8, 
p. 1 (1927); T. H. Osgood, 4 Phys. Rev.,’ rol 30, p. 567 (1927), etc. 
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found* that the radiation from the residual gas at a pressure of 1. 10" G mm. is 
approximately equal to that of soft X-rays from a carbon target Further, the 
gas radiation increases linearly with pressure. So it can be easily understood 
what an important rfile the residual gas may be playing in the present spectro¬ 
scopic methods. 

At present, the photoelectric method of soft X-ray analysis seems to be 
most suitable. Though much work has been done in connection with deter¬ 
minations of characteristic excitation voltages, very little is known about the 
yield of photoelcctrons, due to the same beam of soft X-rays, from different 
elements under similar conditions An investigation of this character may 
be of great importance to the soft X-ray worker and may throw some light 
on the mechanism of the liberation of photoelectronB by soft X-rays. Quite 
recently Miss Daviesf has employed four different elements, iron, cobalt, 
nickel and copper, as photoelectric plates with the view of testing whether 
the nature of the photoelectric plate has any connection with the relative 
soft X-ray emissivity of different elements The present investigation is a 
continuation of Miss Davies’ work with the improvement of a device for 
outgassing the photoelectric detectors. The quash apparatus was made by 
the Thermal Syndicate, Ltd , Wallsend-on-Tyne. 

The tube is shown in two sections in figs. 1a and In, while fig 2 shows the 
more important parts and the circuit arrangements 

All the joints and seals were made with tightly fitting brass-caps and a small 
quantity of hard sealing-wax. To get rid of occasional cracks in wax joints 
shellac varnish was employed, but this was avoided as far as possible. 

A tungsten filament F (fig. 2) was glowed to a temperature of about 1800° 0., 
and the electrons liberated were drawn to a copper plate by the application 
of positive potentials ranging from 200 volts to 500 volts. A part of the soft 
X-rays so generated passed between two copper plates c t and o 2 , tapering from 
4 mm. to 6 mm. in distance between them. A high potential difference of 
about 200 volts was maintained between them, which preliminary experiments 
showed to lie more than sufficient to filter off ions and electrons from the beam. 
The filtered radiation fell on a photoelectric plate P, the electrons thus liberated 
were dragged to a hollow copper box B, on which a positive potential of about 
50 volts was maintained. The positive charging up of the photoelectric 
plate P was recorded by a quadrant electrometer having a sensitivity of about 
230 mm. per volt. 

* Riohardson and Chalklin, Ice. cii. 
t ‘ Roy. 8oc. Proc.,’ A, vol. 119, p. 643 (1928). 
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The photoelectric plate was mounted on a nickel framework with four vertical 
nickel pins 1 mm. in diameter. The elements employed were 2 • 5 cm. by 1 ■ 8 cm. 
and 1 mm. thick, with grooves 1 mm. wide along their lengths. Thus four 



Fio. 2. 


different element* could bo fitted into the framework P (fig. 1a). The frame¬ 
work had attached to it two small iron pieces p t and p t , so that the plates could 
be rotated with an auxiliary electro-magnet and any one of the four {dates might 
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be brought in front of the beam of soft X-rays emanating from the copper 
plate. The whole body of the frame rested over a brass rod R as indicated by 
dotted lines in the diagram. There was a filament inside P which could be 
glowed to a very high temperature, and by applying a positive potential to 
P through the support R, the elements could be heated to a red heat and thus 
degassed. The X-ray copper plate was also mounted similarly and degassed 
in the same manner. 

The apparatus was pumped by a mercury vapour pump (bottle type) backed 
by a first stage Volmer pump and a Ilyvac pump. Further reduction in 
pressure was secured by putting liquid air over a charcoal tube. Auxiliary 
liquid air traps were also employed to trap mercury vapours. 

Having obtained a preliminary pressure of about 10 -B mm , the tube was 
thoroughly heated and metal parts degassed in the manner mentioned before. 
The method of heating the elements by an internal electronic current was 
found very satisfactory because the external surfaces were not at all con¬ 
taminated. The operation of degassing was continued a large number of 
timeB till the evolution of gas practically ceased. 

All tho readings of photoelectric currents recorded in this paper were taken 
at a pressure decidedly below 10“ 8 mm., probably at a pressure of tho order 
of 10 -7 mm. Twelve elements, carbon, aluminium, iron, cobalt, nickel, 
copper, molybdenum, silver, tantalum, tungsten, platinum and gold, were 
employed. These elements were commercially pure and all, with the excep¬ 
tion of molybdenum and tungsten, which were obtained from the Tungsten 
Manufacturing Co. (London), were very kindly supplied to us by Johnson 
Mathey k Co. 

The readings were taken in four settings of the apparatus, in each setting 
no alteration other than a change of the photoelectric plates was made Thus 
the geometry of the tube was kept constant throughout. Besides this, the 
copper plate used for the production of X-rays was sparingly used so as to 
avoid contamination as far as possible. 

The electrical connections are indicated in fig. 2. The thermionic current 
was recorded with a micro-ammeter (Onwood Patent) shunted with a small 
resistance box. The micro-ammeter used was carefully cabbratcd with the 
help of suitable standard resistances and the calibrated values were used 
instead of the direct ones. Photoelectric currents were measured with an 
electrometer by the ordinary timing method. The voltages employed for 
the production of X-rays were supplied by small storage cells and were measured 
with a Weston voltmeter. 


VOL. CXX.—A. 
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In Table I, values »,/»,* or photoelectric/thermionic currents observed with 
different elements by the action of X-rays from a copper plate at voltages 
ranging from 200 to 500 are inserted. These investigations were earned out 
in four settings labelled A, B, C and D. The dates are put down so as to 
Bhow the reliability of tho values on different days and uLbo after a fresh setting. 
A small amount of correction must be applied to the voltages recorded by the 
voltmeter for (1) tho work necessary to drag an electron out of the filament, 
and (2) the potential drop across the filament due to the heating current. 
To evaluate the magnitude of the correction to be applied duo to source (1), 
one must know the temperature of the filament.| This was determined from 
the filament current, the potential difference between the two ends of the 
filament and the surface area of tho filament. The temperature thus deter¬ 
mined is approximately 2000° absolute. Tho value of the work function calcu¬ 
lated from this as outlined by Richardson and Chalklin (loc. cut.) is equal to 
-f- 4-9 volts approximately. t 

Tho potential drop across the filament was approximately 4-10 volts through¬ 
out tho wholo investigation. The filament being a long one, about 12 cm., 
practically the whole of it was equally bright. Thus the average potential 
retarding the escape of electrons may roughly be taken to be 5 volts. 

Hence the net correction factor ih equal to — 0-1 volt, which may be omitted 
as being within the source of error of reading the voltmeter. 

As has been mentioned before, a very small fraction of tho X-rays generated 
was incident on the photoelectric plates. If we assume (1) that soft X-rays 
are generated equally in all directions, and (2) that the number of electrons 
striking tho anticathodc per unit area is constant throughout the whole surface 
of the anticathodc, then we can make an estimate of tho fraction of the rays 
incident on the photoelectric plate. This has been worked out graphically and 
the fraction incident is 6 • 50.10 -4 . Ilencc to get the values of tho photoelectric 
currents that would have been recorded had the entire beam been utilised, the 
observed values have to be divided by 6-5.10""*. It may be mentioned here 
that both the assumptions are improbable. In course of our earlier experi¬ 
ments with a design of tube similar to the one employed by Richardson and 
Chalklin, we found that the intensity of tho beam normal to the anticathode 

* It was found that for small thermionic currents of the order of 10“* amp. such aa 
were used in this investigation, ip/t, is a constant when the voltage is kept constant and 
i'i j» varied. This was also found by Richardson and Chalklin and Richardson and 
Robertson (lee. tit). 

f Worthing and Forsythe, ‘ Phys. Rev.,’ vol. 18, p. 144 (1921). 
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Table I (A).—Values of Current for a Copper Anticathode. 


(Photoelectric plates thoroughly degassed.) 


Setting 

No. 

PhotoeVeotrio 

Elements. 

Dates 

Values of tpjn X 10*. 

600 volts. 

400 volts. 

300 volts. 

200 volts. 



1027. 





A. 

Carbon .. 

September 20 

3-10 

2-50 

2 11 




September 21 

3 07 

2 45 

2-00 




September 22 

3-14 

2 07 

214 

— 




(3 12) 

(2 40) 

(211) 


D. 

Aftiwunjnm 

Deoember 15 

30 5 

22 8 

_ 

100 



Deoeinbcr 10 

30 1 

22-7 

15-5 

10-1 



Deoember 17 

20 3 

220 

14 9 

9 35 




(30 O) 

(22 5) 

(15 2) 

(9-82) 

D. 

Iron 

Deoember 15 

8-21 

0 21 

4 41 

2-05 



Deoember 16 

8 38 

0 23 

4 25 

2-82 




(8 30) 

(6-22) 

(4 33) 

(2-73) 

B. 

Cobalt 

Ootohor 21 

3'32 

2 71 

2OS 

_ 



Ootober 20 

3-55 

2-91 

2 02 




October 27 

3-47 

— 

2 15 

— 




(3 46) 

(2 81) 

(2 07) 


A. 

Niokol 

September 20 

8 33 

0 44 

4-66 

3 04 



September 21 

7-79 

5 90 

4 23 

2-68 



September 22 

7-69 

0 S3 

4 31 

(2-04) 




(7 94) 

(0 08) 

(440) 

(2-79) 

B. 

Copper 

Ootober 21 

5-74 

4 24 

3 30 

2-00 



October 20 

5 01 

4 43 

3 20 

2-00 



Ootober 27 

5 90 

438 

3 09 

2-00 




(5-87) 

(4-35) 

(3 20) 

(2-05) 

C. 

Copper 

November 11 

5-71 

4'46 

3-13 

1-95 



November 12 

5-98 

4 28 

8-11 

1-98 



November 19 

5-56 

412 

2-97 

1-89 




(friTO) 

(42«) 

(3~07) 

(DM) 

D. 

Silver ... 

Deoember IS 

9-83 

7-33 

5-14 

3-31 



Deoember 17 

9-50 

710 

4-80 

3-01 




(9^7) 

(7^2) 

(4-97) 

(!M0) 

C. 

Tantalum .... 

November 11 

0-01 

3-69 

3-06 

1-72 



November 12 

0-86 

4-24 

2-94 

1-84 



November 19 

0-32 

3-86 

2-09 

1-72 




1 (5^37) 


(*7«) 

(1-70) 


1 2 
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Table I (A)—(continued). 






Values of »,/t| X 10*. 


Setting 

Mo. 


Date*. 





elements. 

500 volte. | 

400 volts. 

| 300 volts. ' 

200 volts. 


1 



1927. 





C. 

Molybdenum 

November 11 

4 22 

3-15 

2 15 

1-40 


November 12 

4 30 

3-20 

2-26 

1-41 



November 10 

4 03 

3 32 

1 '99 

1-33 




(4 IS) j 

(3 22) 

(2-13) 

(1 38) 

B. 

Tungsten 

Ootober 21 

4 64 

3 53 

2-73 

1 77 


Ootober 26 

4 07 

3 41 

2 02 

1-75 



Ootober 27 

4'76 

3-52 

2-43 

— 




(4 69) 

(3-49) 

(2-56) 

(1-78) 

A. 

Platinum 

September 20 

5 47 

4 18 

3 12* 

1-95 



September 21 

5 41 

4 14 

3'04 

1-94 



September 22 

5 35 

4 13 

2 92 

1 91 




(iTil) 

(4 10) 

(3 03) 

(1*03) 

B. 

Platinum 

October 21 

A 13 

3-88 

2'90 

104 



Ootober 20 

A 30 

4 00 

2 99 

1-98 



Ootober 27 

0 32 

3 80 

— 

— 




(A 25) 

(3-91) 

(2-05) 

(M*>) 

A. 

Gold 

September 21 

A S3 

4'50 

3 19 

2 03 



September 22 

584 

4 45 

3-13 

209 




(A 84) 

(4 48) 

(S-10) 

(2^08) 

D. 

Gold 

September IS 

A 93 

4'36 

3-07 

_ 



September 16 

A-83 

4-50 

3 02 




September 17 

A 73 

4-22 


— 



_ 1 

(5 89) 

(4 13) 

(3 06) 



was approximately twice of that of grazing angle. As in that tube there was 
no device for recording angles, no systematic readings were taken. In the 
present investigation a normal beam was employed, and computations of total 
intensities deduced from this will lead to slightly larger values. Our main 
object has been to test relative values. 

Values of »„/»( inserted m Table I (A) are for thoroughly degassed photo¬ 
electric plates and those in Tabic I (B) for entirely undegassed elements. It 
will be seen that the latter values are higher, in general, except for al uminium. 
Also it will be seen that degassing affects relative values. Ab very little impor- 
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Table I (B).—Values of ^^°°^ ectric Current for a Copper Anticathode. 

Thermionic 1 r 

(Photoelectric platen not degassed.) 


No. of 



Values of ip/it Y 10* 

(iettfng. 



(500 volte, j 

400 volte, j 

300 volte. 

| 200 volts. 

D 

Aluminium 

1027. 

November 22 
November 23 

IS 29 

10 72 

12-70 

12 87 

» GO 

9 33 

0 80 

0 92 




(IS 01) 

(12-79) 

(9-42) 

(5-80) 

D. 

Iron 

November 22 
November 23 

1.1 01 

13 61 

9 87 

10 30 

7 38 
7-47 

4 41 

4 60 




(1.1 31) 

1 (10 09) 

(7 43) 

(4-49) 

A. 

Nickel. 

September 9 

16 14 

I 12 76 

9 29 

- 

A. 

Carbon 

September 9 

7 09 

5 59 

4-12 

- 

D. 

Silver 

November 22 
November 23 

11-31 

10 90 

8 40 

8 29 

0 21 
6-24 

3-81 

3-74 




(IHT) 

(8-30) 

(8-23) 

(3-78) 

A, 

Gold 

September 9 

13 40 

10 40 

7 71 

- 


Gold 

November 22 
November 23 

14-70 

16 15 

11 47 
11-34 

8-33 

8-24 

6-07 

0-10 




(14 93) 

(Iwl) 

(8-29) 

(5-09) 

A. 

Platinum 

September 9 

14-40 

U 20 

8-60 



tance can be attached to values of photoelectric currents from a gas-laden 
surface, I have determined this for 7 only out of the 12 elements that have 
been employed. In the last setting D, a plate of aluminium was present and 
this did not permit a strong heating operation. The procedure of degassing 
employed in this case was to bombard the plates with a smaller electronic 
current for a much longer period lasting over several hours for two or three 
days. 

To show the experimental results more clearly, the values of i,[i t for different 
elements (the photoelectric efficiency) are plotted against atomic numbers 
of the various photoelectric plates, for X-rays from a copper anticathode at 



Ill 
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500 volts and 400 volts in figs 3 and 4 respectively. The emission from 
aluminium, being very high, is omitted in the graphs. A glance at the figure 



Fio. 4. 


show that there is no simple relationship between photoelectrio efficiency 
atomic number. It will be seen that the relative sensitivities are not 
Erom what is observed under ultra-violet light. Thus aluminium, which 
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is by for the most sensitive of all the twelve elements, is also so under ultra¬ 
violet light. Platinum and gold differ very little in sensitiveness while silver 
is decidedly more sensitive. Similar results have also been found by Suhrmann* 
under ultra-violet light. Again, carbon is only slightly sensitive to ordinary 
ultra-violet lightf and to soft X-rays. Thus the results obtained in the present 
investigation do suggest there is a great deal of similarity in sensitiveness 
under soft X-rays and under ultra-violet light. 

Bichardson and ChalklinJ have from their experiments inferred that the 
energy in a beam of soft X-rays is proportional to the square of the voltage. 
Miss E. Laird§ has confirmed this point from the duration of thennoluminesconce 
caused by soft X-rays. This is analogous to ordinary X-rays and suggests 
strongly that the energy ma beam of soft X-rays is also approximately linearly 
distributed between the different frequencies according to 

I,dv = K (v 0 — v) dv, (1) 

where K is a constant, I,the intensity for frequency v, anil v 0 the high frequency 
limit imposed by the voltage V on the tube and governed by Einstein’s Law 

V. = Av 0 . (2) 

We do not at present know the value of the constant K for soft X-rays, 
but we can take it as a definite constant for a particular anticathode. The simple 
formula (1) holds for ordinary X-rays, but systematic departures from it occur 
in the lower frequencies!! duo to largo absorption in tho target itself. In the 
case of soft X-rays the factor of absorption in the target is expected to play 
a very great part even with a low atomic radiator like carbon, so much so that 
the energy emitted towards the low frequency side may be negligible. How¬ 
ever, we will, as a first approximation neglect this effect for the sake of 
simplicity. 

Let us consider the problem of ejection of photoelectrons. When a radia¬ 
tion of certain frequency v is incident on a plate, it can knock out on electron 
from any orbit, having energy less than Av. Consequently, if we go on increas¬ 
ing v by increasing the tube voltage we expect to get a number of discontinuities 
in the photoelectric current corresponding to the energies of the electrons in 
the photoelectric element itself. A large number of experimenters have tried 

• • Z. f. Phyrik/ vol. 33, p. 63 (1626). 

t Roy, • Roy, Soo. Proo.,' vol. 112, p. 699 (1926). 

{ Loe.nl. 

| * Phy». Rev.,’ vol. 29, p. 41 (1927). 

|| Compare, for initanoe, Kulenk&mpff, * Ann. d. Physik,’ vol. 69, p. 648 (1922). 
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to investigate the characteristic excitation voltages of different anticathodes 
by the photoelectric method. It is likely that some of the breaks obtained 
by them may be due, not to the anticathodc, but to the photoelectric plate. 
We may, however, find the breaks due to the latter factor in a simple way. 
Suppose, for instance, we determine the breaks duo to two different anticathodes 
with the same photoelectric plate. There will be a number of common brealre 
due to the energies of the different electronic orbits of the photoelectrio 
plate. 

Kurth* has investigated soft X-rays from 12 to 1,000 voltB for carbon, 
oxygen, aluminium, silicon, titanium, iron and copper, using a platinum 
photoelectric plate. There is no break common which may be attributed 
to platinum, Horton, Davies and Andrewes* have analysed five elements, 
aluminium, iron, nickel, copper and zinc, using a platinum plate. They have 
not got any break common. In a subsequent attempt, they increased their 
accuracy, and tested a few more elements, but no common break is present. 
Richardson and Chalklin have studied four different elements, carbon, iron, 
nickel and tungsten, at voltages ranging from 30 to 500 using a copper plate. 
None of the breaks ore common to the four elements within the source of experi¬ 
mental error. Richardson and Chalklin have recently increased their accuracy 
very much, but their results, which aro to be published soon, do not support 
our expectations. 

Thomas, and Compton and Thomas* have investigated iron, cobalt, nickel, 
copper, carbon and tungsten between 1,000 volts to 10 volts. The breaks 
obtained by them are extremely numerous, but if we confine our attention to 
the critical potentials of iron, cobalt and nickel, then we find a regular sequence 
in all the breaks for the three dements in order of increasing atomic number. 
There is no common break such as we arc looking for, although the degree 
of accuracy is of the order of one-thirtieth per cent. 

From all these results, it seems likely that the characteristics of the photo¬ 
electric plate are not at all marked for tube voltages ranging from 1,000 to 
10 volts. It is therefore probable that by far the greater number of photo¬ 
electrons come from the outermost valency orbit or from one or two orbits 
close to it. 

The sensitiveness of different elements for the same beam of soft X-rays 
is to a great extent similar to ultra-violet light. Further, the photoelectric 
current per unit thermionic current is approximately proportional to voltage 


Lot. tit. 
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for voltages ranging from 50 to 500.* This suggests Btrongly some simple 
law governing the ejection of photoelectrons under soft X-rays. We will 
provisionally assume this law similar to the law of ejection of photoelectrous 
under ultra-violet light. 

Prof. 0. W. Richardsonf has shown that the number of photoelectrous 
ejected by ultra-violet light per unit intensity can bo expressed as 

N — C (v — v t )/v®, (3) 

where N is the number of photoelectrons liberated, v the frequency of the 
incident light, v, the threshold frequency, and 0 a constant. BeckerJ has 
proposed an alternative formula, but it Buffers from a serious drawback in 
as much as it does not explain the maximum effect at a frequency equal to 
■J v,. Dr. 8. C. Roy (loc cit.) has investigated this point more closely and 
his results confirm equation (3). Combining equations (1) and (3) we get 
for the total number of photoelectrons generated 

N -- CK j" (v 0 —v) (v — vdv^dv. 

Assuming v 0 = 300 volts, v, = 5 volts; v 0 > v ( , and consequently the 
integral (4) reduces to 

N = | CK v 0 /V| approximately. 

Since 

Av o = Ve, 

we have 

N = JCK.Ve/Av,. 

Thus the number of photoelectrons liberated should be proportional to the 
voltage, a fact which is found to be approximately true. 

When ordinary X-rays are thrown on a plate, the electrons come from a great 
depth and consequently there is a good deal of probability of compound 
photoelectric effect as has been found by Dr. Simons.§ In the case of soft 
X-rays, I found in the course of my investigations on absorption in gold and in 
aluminium that the intensity of soft X-rays at 350 volts falls to 0-6 per cent, 
by transmission through 1 -36.10" 5 cm. of gold and to 0 -1 per cent, by trans¬ 
mission through 7*9 .10 -6 cm. of aluminium. So by far the greater number 
of electrons come from the first few layers, and consequently the probability 

* Richardson and Chalklin, loc. cit. 

f * Phys. Rev.,’ vol. 34, p. 119 (1912); ‘Phil. Mag.,’ vol. 23, p. 015 (1912), vol. 24, p. 070 
(1912), eto. 

t * Ann. d. Physik,’ vol. 78, p. 83 (1925). 

f ' Proc. Phys. Soo.,’ vol. 37, p. 08 (1920). 
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of an electron already ejected undergoing a fresh inelastic encounter and thereby 
ejecting another photoelectron must be very small in comparison with primary 
electrons. Recently Mr. E. Rudberg* has studied the velocity distribution 
of photoelectrons ejected under soft X-rays, and has found that about 70 per 
cent, of the electrons liberated have energies less than 10 volts when the tube 
voltage is 700. This may imply either that softer radiations in the beam of 
soft X-rays are more effective in producing photoelectrons, or that the liberated 
electrons get their velocities diminished as a consequence of elastic encounters 
with atoms in course of their passage, or both. The data available at present 
are insufficient to ascertain the photoelectric effect of these radiations without 
ambiguity. 

In conclusion, I wish to express my deep sense of gratitude to Prof. 0. W. 
Richardson for instructing me so kindly throughout the course of work. I 
wish also to thank my friends Dr. S. C. Roy and Mr. S. N. Ghosh W helping 
me in drawing the design of the tube, and the Government of Bihar and Orissa 
for the award of a scholarship. 


‘ Nature,’ vol. 119, p. 704 (1927). 
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The Electrolytic Behaviour of Thin Films. Part I.— Hydrogen. 

By F. P. Bowden and E. K. Rideal. 

(Communicated by T. M. Lowry, F.R.S.—Received May 9, 1928.) 

Introduction. 

Few investigations have been made on the electrolytic behaviour of very 
thin metallio films. Whilst the work of Obcrbeck* and of Pringf reveals the 
fact that a deposited layer of metal but a few atoms thick will produce an 
electrode possessing all the electromotive properties of the massive metal, yet 
information is lacking on the alteration of the electromotive force as these 
layers are built up. It might be anticipated that the behaviour of the electrode 
during the deposition of the first few layers would lead to interesting results, 
giving some insight into the mechanism of electrode processes and the range of 
action of forces of adhesion. In view of this it was considered a matter of 
some interest to investigate how far it might be possible to obtain data on the 
electrode potential and the rate of solution of the deposited atoms during the 
building up of the first atomic layer. 

The problem of metal ion deposition from aqueous solutions is complicated 
by the presence of other ions, such as the hydrogen ion, which can deposit 
simultaneously with the metal and affect the potential. For this reason the 
deposition of the hydrogen ion was first studied. It is well known that, in 
general, in order to bring about the continuous deposition of hydrogen ions at 
a metallio cathode, the potential must be maintained at a value considerably 
more negative than that of a reversible hydrogen electrode in the same electro¬ 
lyte. The view most generally accepted is that this overpotential is due to 
an accumulation of electromotively active material on the electrode, and it 
has been suggested by various workers that it may consist of metallic hydrides, 
hydrogen atoms or negative hydrogen lons.J With the exception of a paper 
by Knobel,§ little work has been done in determining the actual quantity of 
hydrogen accumulated on the cathode during the establishment of over¬ 
potential. Knobel, making the assumptions that the material was atomic 
hydrogen, that the relation between the solution pressure of the hydrogen P 
and the surface concentration of atoms C a is given by the relation P = kC a m , 
• * Wied. Ann.,’ vol. 31, p. 337 (1887). 
t ‘ Z. Elektrochem.,’ vol. 19, p. 253 (1913). 
t ‘ Hoyrovaky, ‘ Tran*. Faraday Soc.,’ vol. 19, p. 785 (1924). 

}' J. Amer, Chem. Soc.,' vol. 46, p. 2613 (1924). 
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and that the potential is related to the pressure lay the Nernst expression, 
calculated this quantity from the rate of growth of overpotential and found 
that for most metals it was considerably less than an atomic layer. 

It is generally assumed that the relation between the potential and the 
concentration of active hydrogen iH given by the Nernst expression 



where C u is the concentration of active hydrogen on the cathode surfaoo and 
/C„ + is the activity of hydrogen ions in the solution. This assumption is open 
to criticism, for there appears little doubt that the electromotive behaviour 
of a substance in the form of n thin film at an interface differs in many respects 
from its behaviour in the bulk phase The work of Guyot* and of Frumkinf 
on the change of potential at an air-liqmd interface on the addition of a uni- 
molccular film to the surface has shown that, over a considerable range, the 
alteration in potential is to a first approximation directly proportional to the 
surface concentration of the film forming material. Again, LangmuirJ has 
shown that for the emission of electrons from a tungsten surface coated with a 
single layer of caesium atoms, the logarithm of the saturation current is directly 
proportional to the surface concentration of caesium atomB. In this investi¬ 
gation it is found that the relation between the electrode potential and the 
surface concentration of active material is a linear one, viz , 

— E — pr H- const., 

where E is the electrode potential and T is the true surface concentration of 
active hydrogen ou the cathode surface. Moreover, the constant (3 is the same 
for all metals; thus the overpotential depends only on the surface concentra¬ 
tion of the added hydrogen and is independent of the nature of the underlying 
metal. This quantity is very small indeed, the deposition of sufficient hydrogen 
to form only 1 /3000th of an atomic layer raising the potential of the cathode 
100 millivolts. Also it is shown that the rate of decay, — dT/dt, of the active 
material is not proportional to P as usually assumed, nor to T as supposed 
by Heyrovsky,§ but is an exponential function of the potential, viz., 



* ‘ Ann. d. Physique,’ vol. 11, p. 606 (1924). 
t ‘ Z. Phys. Chem.,’ vol. 109, p. 34 (1924). 

X ‘ Science,’ vol. 67, p. 67 (1923). 

| ‘Trans. Faraday Soc.,' vol. 18, p. 786 (1024); ‘ Reo. Trav. Chim.,’ vol. 46, p. 682 
(1927). 
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&nd thus also of tho surface concentration 



This relation holds for all the metals investigated It is shown that the 
behaviour of the electrode potential and the magnitude of the quantities 
involved is compatible with the assumption that the potential of the electrode 
is due to the presence of electric doublets on its surface, the electric moment of 
these doublets being equal to that given by a proton and a negative hydrogen 
ion separated from each other by a distance equal to tho diameter of a 
hydrogen atom. 

Apparatus. 

The experimental method involved the measurement of the rapidly changing 
electrode potential during the initial deposition of active material on a cathode 
and during its subsequent decay. The usual commutator method was rejected 
as unsuitable since it measures the average of a large number of cycles and not 
the initial growth and decay ; a cathode-ray oscillograph waB unsatisfactory 
for the same reason. An oscillograph of the Duddell type could not be 
employed since no appreciable current must be drawn from the tost electrode. 
The instrument finally adopted and which gave satisfactory results was an 
Einthoven string galvanometer supplied by the Cambridge Instrument Co. 
The sensitivity could be varied by altering the tension on the fibre, and as 
generally used was greater than 100 mm. per micro-ampere. The period 
could be decreased to 1 /300th of a second. Electrode potentials were usually 
measured to the nearest millivolt. The general arrangement of the apparatus 
is shown in fig. 1. 

Light from a 500-c.p. pointolite lamp A was focussed by a large condensing 
lenB B on to the galvanometer, where it was further condensed by C on to the 
fibre D. The shadow of the fibre was magnified by the microscope E and fell 
on the camera H ; with the camera at a distance of 1 metre the magnification 
effected was 600. The cylindrical lens F increased the intensity of illumination 
by condensing the light into a narrow band without affecting the horizontal 
magnification of the fibre. Another cylindrical lens I on the camera focussed 
this on to the sensitive paper. This lens had gradation markB scratched on 
it so that lines 1 mm. apart were reproduced on the photographic paper. The 
camera, as constructed, consisted of a light tight box and within this another 
compartment containing a 60-yard roll, J, of rapid bromide paper 6 cm. wide. 
The paper was fed through a spring slit K which maintained a constant tension 



Fig. 1. 


screwing fans of different size on to the fly wheel so that paper speeds varying 
from 0-5 to 60 cm per second could be obtained. The timing was given by 
an electrically driven tuning fork N of period 1/64 second vibrating in front 
of the lens I and throwing a shadow on the paper. At low paper speeds a 
rotating disc driven by a Wilberforce synchronous motor was employed 
instead. The galvanometer and the camera were mounted on concrete columns 
to diminish mechanical vibration. The, circuit for exciting the magnetic field 
of the galvanometer is not shown, but the current was supplied frqm a 
constant e.m.f. of 220 volts. 

The potential of the test electrode P was measured against a saturated calomel 
electrode Q, a resistance of 10® Q being included in the circuit so that the current 
drawn from the electrode was always very small. The galvanometer was 
calibrated by a potentiometer. The polarising current for the cell was supplied 
by a 60-volt battery of small accumulators with a variable resistance of several 
milli on ohms in the circuit. The larger currents were measured by a milli- 
ammeter R and the smaller by a uni-pivot micro-ammeter S (1 div. = 6 X 10“ 8 
amps.). The apparatus was insulated by blocks of paraffin wax which rested 
on an equi-potential metal shield. 

Preliminary Experiments. 

It is necessary to consider the factors which determine the potential of a 
metal plate in a solution containing none or very few of its ions. For example, 
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if a silver plate be immersed in N/5 . H,S0 4) the potential being defined by the 
expression 

i? RT, Pa, 

- e -t 


should be infinitely negative at the moment of immersion, since /C Ag + — 0. 
There will, however, be rapid attainment of equilibrium between the electrode 
and all the ions in the solution, so that hydrogen ions will be deposited and the 
potential should remain constant at a value which is governed by the solution 
pressure of hydrogen on the electrode and the activity of the hydrogen ionB in 
solution. Smits* has shown that if a silver or a copper electrode be immersed 
in pure water in the absence of oxygen or hydrogen, the potential attains the 
same value as would a hydrogen electrode in the same solution, indicating that 
the hydrogen pressure on the plate comes into equilibrium with the external 
pressure, vis., one atmosphere. In N/5 sulphuric acid, the hydrogen electrode 
potential on the saturated calomel scale is ca. — 0 ■ 3 V.; if at this potential 
the silver is in equilibrium with its ions m the solution, the concentration of 
the latter required by the above relation is I0" w N. If for any reason the 
number of silver ions present in solution is greater than this, the potential will 
be more positive and will be determined by the value of this silver-ion 
concentration. 

Experimentally it was found that for a silver plate immersed raN/5. HjSO* 
which had not been freed from oxygen, the potential was -f- 0-25 V. on the 
saturated calomel scalcf and gradually became more positive on standing. If 
this potential were due to equilibrium between the silver plate and silver ions 
m the electrolyte, the necessary concentration of the latter would be 10" 6 N. 
It was-considered probable that silver ions were present in the electrolyte in 
the vicinity of the cathode in sufficient quantity to cause this potential, their 
solution being brought about by the oxygen dissolved in the electrolyte. To 
test this point N/5 . H a S0 4 was freed from oxygen by prolonged boiling of 
the solution under reduced pressure, and cooling in a hydrogen atmosphere. 
The silver electrode (area 4 cm.*) was cleaned in dilute nitric acid, washed, 
made cathodic in dilute sulphuric acid to reduce any oxide, removed, rapidly 
washed in distilled water, placed in a hydrogen atmosphere and oxygen-free 
electrolyte then admitted. The potential was now constant at a considerably 


• * Bee. Trav. Chim.,’ vol. 44, p. 63S (1025). 

t Unless otherwise stated, all potentials are given on the saturated oalomel scale (hydrogen 
electrode — — 0-25 V. on sat. cal.), and the oell is at room temperature ca. 15 s C. Nega¬ 
tive potentials are spoken of as “ high,” positive as " low.” 
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more negative value, viz., +0*03. This would correspond to a silver-ion 
concentration of less than 10“° N at the electrode. It is probable that silver 
ions could still be present in this amount due to a trace of oxide on the electrode 
or to residual dissolved oxygen. If this were so, passage of a small current 
should deposit this silver and cause the potential to rise, i e., become more 
negative. A current density of 25 x 10 -6 amps, cm 2 was passed and the poten¬ 
tial rose in 0-35 second to — 0-7G V. This corresponds approximately to 
9 X 10 -8 coulombs per cm *, or enough to deposit ca. 9 X 10 -10 gm. ions of 
silver. On opening the circuit the potential did not fall rapidly to that of the 
hydrogen electrode, as might be expected at first sight, but fell very slowly, 
taking 25 minutes to fall from — 0-76 to l). 

This behaviour is very different from that observed in solutions from which 
oxygen has not been rigorously excluded. In fig 2, curve I shows the growth 



Fio. 2. 


of potential at the silver cathode in oxygen free N/5 sulphuric acid on pannin g 
a current density of 25 X 10~ 8 amps. cm*. Curve II shows the growth when 
the electrolyte has not been freed from oxygen, all other experimental con¬ 
ditions being identical. In fig. 3 is shown the decay of potential on open circuit, 
curve I for oxygen-free electrolyte, curve II for ordinary electrolyte. 
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The marked effect which even a small amount of oxygen has on the apparent 
rate of growth and decay of hydrogen overpotential shonld be emphasised, 
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since a very considerable number of experiments have been carried out in 
solutions which are open to the air or which contain dissolved oxygen. The 
fall of potential is in this case determined by the rate of supply of oxygen to 
the cathode and is not a measure of the natural decay of hydrogen over¬ 
potential. In ordinary solutions, photographs similar to those of Newbery* 
have been obtained showing a very rapid fall in the back electromotive force, 
the initial drop being too rapid to be recorded on the film. If, however, the 
solution be freed from oxygen, the decay rate is very much Blower and can be 
followed from the moment of opening the circuit.f The bearing of this on the 
work of OberbeckJ should also be considered. For example, Oberbeck in one 
of his experiments placed a piece of silver in copper sulphate solution, made it 
cathodic, and determined the number of coulombs which passed before the 

* ' Roy. Boo. Proo.,’ A, vol. Ill, p. 182 (1926). 

t An air solution laturated with hydrogen behaves in an identical manner to an ordinary 
•ir solution, showing that the observed effects are due to the absence of dissolved oxygen 
and not to the presence of hydrogen. 

$ 1 Ann. der Phyiik/ vol. 31, p. 337 (1887). 
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silver cathode rose to the potential of copper. This was taken as a measure 
of the number of copper atoms deposited. It is apparent that this conclusion 
is unjustified: the initial potential of the silver {date in the copper sulphate 
solutions is that corresponding to equilibrium between the Bilver plate and the 
silver ions present in the solution, and before the potential can rise to that 
characteristic of copper these silver ions have to be deposited. If precautions 
were taken to prevent the occurrence of these silver ions in solution, the 
characteristic potential of the silver would initially be more negative than that 
of copper, and copper ions would deposit on the plate, causing the potential 
to fall without passage of any external current. 

Measurement of Quantity of Material deposited on Cathode Surface during 
Establishment of Hydrogen Overpotential. 

Two experimental methods were employed. 

Method (a ).—If the test electrode be made cathodic and a constant current 
I amps./cm.* passed for a time T, the amount of material m gm. ions which 
accumulates on the cathode surface during the time T is given by 



where » denotes the current which is equivalent to the loss of material at each 
instant due to natural decay. This rate of loss is a function of the potential. 
E is the electrode potential and R the resistance of the galvanometer circuit. 
Experimentally » can readily be determined for each value of E by measure^ 
ment of the current density necessary to maintain the potential at that value. 
The last term represents the current drawn off through the galvanometer 
circuit and is in general negligible. It is not included in the second term, since 
during the determination of * there is no deflection of the galvanometer. 

By plotting the observed rate of growth of potential and correcting for the 
natural loss during time of growth, the amount of material actually on the 
cathode can be determined. 

A modification of this may be used. Since i falls off very rapidly with E 
(see later), by making I large, the last two terms become negligible if the 
potential change is measured for low values of E, so that over this range the 
current passed is a direct measure of the amount of material on the cathode. 

Method (b ).—In general, if the test cathode be polarised and the circuit then 
opened, the potential, in the absence of traces of oxygen, falls quite slowly. 
If now a current be passed in the reverse direction, the deposited material is 
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removed from the cathode surface by electrolysis and the potential falls rapidly, 
the current passed being a direct measure of the amount of material removed. 

These two methods, (a) that of depositing material on the cathode and 
measuring the growth of potential and ( b) of forcing the material off the cathode 
and measuring the fall of potential, have been carried out on a number of 
metals. It was found that both methods gave the same result if the solution 
was free from dissolved oxygen. If, however, any oxygen were present, there 
was a large discrepancy between the two measurements, method (a) giving 
a value for the amount of material on the cathode which may be several hundred 
times greater than that given by method (b). 

During the fall of potential on open circuit, arrests are frequently observed 
in the defcay curve. These have been attributed to the formation of metallic 
hydrides,* but the work of one of usf has shown that they are in realitydue to 
very small quantities of negative metal impurities which deposit on the cathode 
during electrolysis. Even in carefully purified solutions, if the cathode be 
subjected to prolonged electrolysis, this deposition can occur and affect the 
potential. Arrests in the decay curve due to this cause were occasionally 
observed in this work. The behaviour of the cathode under these conditions 
was erratic and methods (a) and (6) gave different values. In general, the 
excellent reproducibility of the results under widely varying experimental 
conditions and the agreement between methods (a) and (6) indicate that both 
oxygen and negative metal impurities are absent and that the growth of thp 
potential of the electrode and its back electromotive force on open circuit is 
actually caused by the deposition of hydrogen. 

Experimental. 

The cell (see fig. 1) consisted of tw o glass bulbs each of 200 c c. capacitv 
connected at the base by a U-tube which could be closed by u tap. In the top 
orifice of each bulb was fitted a stopper, one carrying a platinum anode and 
inlet for hydrogen and the other the test cathode, a glass tube leading from the 
immediate vicinity of the cathode to the calomel electrode, and an outlet for 
hydrogen. 

The cell could be evacuated and filled with hydrogen and the oxygen-fre* 
electrolyte blown in under hydrogen pressure through another inlet in the 
base of the cell, without coming into contact with air. Hydrogen from a 
• cylinder was purified by passing through caustic potash and a long train of 

• Newbery,' Roy. Soe. Proc.,’ A, vol. 111. p. 182 (1929). 
t Bowden, ‘ Trans. Faraday Soo.,’ vol. 23, p. 571 (1927). 

r 2 
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heated palladinised copper to remove oxygen. The water was purified by 
redistillation in a silica still and the sulphuric acid by redistillation in pyrex 
glass. The glassware was cleaned with chromic acid and distilled water 
before use. 

Mercury. 

The mercury electrode was contained in a glass cup and the procedure was 
either to run the purified mercury (withdrawn from the interior of a mass of 
mercury so as to be free from oxide) into the cell in an atmosphere of hydrogen 
and then admit the electrolyte, or to allow the liquid metal to flow in under the 
electrolyte. 

In either case the initial potential of the electrode depended on the freedom 
or otherwise from traces of oxygen. It was generally about 0*0 volt but has 
been obtained as negative as — 0*15. Under similar conditions in ordinary 
solutions not freed from oxygen it is + 0 • 3 volt. The passage of a very small 
current is sufficient to deposit this mercury and establish a high hydrogen 
overpotential, e.g., with a current density of 5 X 10 -7 amps, cm. 1 the potential 
is maintained at — 0-8 volt and on open circuit it falls only very slowly from 
this value. 

Method (a).- -In fig. 4 is shown the observed rise of potential on now passing 
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a current density of 4 X 10 -s amps, cm.* The dotted line shows this cor 
rected for loss during the period of growth. The current density/potential 
curves used for this correction will be considered later. 

Method (6).—Kg. 5 shows the behaviour of the potential on opening the 
polarising circuit and passing the current in the reverse direction, making the 



test electrode anodic: the current in this case is 4 - 6 X 10"* ampe. cm.*. At the 
point A the circuit is opened and the slow fall in potential is due to the natural 
decay of the material from the surface, at B the circuit is closed in the reverse 
direction so that the material is removed electrolytically from the surface. 

Both methods show clearly that if AT be the amount of material added 
to the surface and AE the increase in potential, then 
- AE/AT = K, 

where K is constant, or 

— E = Kr + const., 

where T is the amount of active material on the cathode surfaoe at the potential 
E. Thus the relation between the inorease of potential and the amount 
of hydrogen added is a linear one and not logarithmic as might be expected 
if the deposited hydrogen behaved as an amalgam electrode of finite bulk 
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concentration. Moreover, the amount of material deposited per square 
centimetre for every 100 millivolt rise in potential iB very small indeed. 
Method («) gives 6-7 X 10" 7 coulombs /cm. 1 */l 00 m.v. Method (6) gives 5*9 
X 10 -# coulomb6/cm.*/100 m.v., or approximately 6 X 10" u gm. ions. Taking 
the diameter of the hydrogen atom as 1 x 10~ 8 cm.*, the number of coulombs 
required to deposit a monatomic layer is ca. 1*7 X 10"* coulombs/cm. 1 . If, 
then, the deposited material is atomic hydrogen, the potential is raised 100 
m.v. for every 1 /3000th of an atomic layer added. If the hydrogen is regarded 
as being adsorbed by the metal atoms, then (taking the diameter of a metal 
atom as 3 x 10"* cm.) approximately 1/300th of the metal atoms in the 
surface is covered for a potential rise of 100 m.v. This linear relation is found 
to hold accurately over a potential range of — 0 ■ 2 volt to — 1 ■ 0 volt, and there 
is no evidence of deviation at more negative potentials. In the following 
table are given the results of a number of determinations of this quantity 
using both methods (a) and (b) under widely varying conditions of cathode 
area, current density, time of electrolysis and strength of solution. Con¬ 
sidering the magnitude of the quantities involved the agreement is good, and 
within the limits of experimental error is independent of the above factors. 


Are* of 




Jf in oonlomba/cm * 

cathode 
in square 

Solution. 

‘vif 

Method. 

X 10’ to ohmnge 
potential 

centimetre*. 




100 millivolt*. 

0 5 

N /6 . H r S0 4 

8 

(“) 

8 7 

0 0 


8 

(6) 

5 0 

0 6 


8 


0-0—Moan 6 9 

0 33 

N/800. H r N0 4 

8 

(«) 

7 0 



1 

(«)• 

60 


•» 

3 

(6) 

6-2—Mean 8 3 

314 

N/eoo . h,so 4 

24 

(6) \ Few minute* elec- 

5-3 



24 

(b) j trolysw 

6-4 



64 

(6) 3 hour* electrolysis 

6-2 



24 

(6) 1 46 hour* electro- 

6-3 


_» 

126 

(6)/ lysis 

6-1—Mean 5-8 

3-14 

N/8 . H,b() 4 

24-8 

(b) 

6-1 

3 14 


24-8 

(b) 

6-2 

14-4 


18 

(«) 

7-1 



680 

(«> 

6-7 



640 

(»> 

8-8 



300 

(6) 

8-8—Mean 6-2 





Mean value 6 0 X 10** 




Electrolytic Behaviour of Thin Films, 


71 


SUver. 

The cathode consisted of a sheet of pure silver, area 4 ■ 3 cm.*, and the electro¬ 
lyte was N/5 sulphuric acid. The behaviour was in all respects similar to that 
of mercury, the same linear relation being found between AT and AE. The 
magnitude of the quantities was, however, different and depended on the 
nature of the silver surface. This iB shown in the following table; the values 
in the last column are the mean of several determinations using different current 
densities, and the maximum deviation from this mean is given. 


Nature of surface. 

Potential at CD 
of 1 X 10"* amps, 
cm.*. 

Method. 

dr in ooulomba/om.* 

X 10» to change 
potential lOOmTlii- 
volt*. 

(i) Freshly etched with dilate 
HNO,. tine orjmUlline itruo- 
twe. 

Volta. 

0 465. 

2 by (a) 

4 by <*) 

310 ±40 

^jli) Same aa (i) but 20 hours 

0 523 

1 by (a) 

2 by (6) 

226±13 

(ill) Pbhshed with “flour” sand¬ 
paper. Shows very scratched sur¬ 
face under the mioroaoope. 

0-60 

2 by (a) 

2 by (6) 

100 ±10 


It will be seen that the amount of hydrogen added per apparent square 
centimetre of an etched silver surface to raise its potential 100 m.v. is about 
50 times as great as that found for mercury. Wo must conclude that cither 
the free energy of hydrogen deposited or adsorbed on silver is very much less 
than that of hydrogen on mercury, or else the accessible area of the silver 
cathode is very much greater than the apparent area. 

Amalgamated Silver. 

To investigate this point the surface of the sand-papered silver cathode was 
amalgam ated with a very small amount of mercury, the surface being rubbed 
with another piece of silver for 30 minutes, giving a bright surfaoe resembling 
mercury. The results were as follows:— 
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Nature of iurfaoe. 

Potential for apparent 
CD of 1 X 10-* amps, 
cm,* 

jr in eoulomba/om.' 

x 10' to change 
potential 100 millivolt*. 

Amalgam 1 hour old. Surface bright 
resembling memory 

-0-73 

7 3±0 8 

Amalgam 20 hour* old. Surface uni¬ 
form grey and solid. 

-1 06 

7-9±0 7 

Amalgam ISO hour* old. Surface 

•olid. Dull grey and under nuoro- 

of original land papering. 

-09 

10 S ±0 8 


The electrolyte was N/5 . H,SO* as before, and the values given are the mean 
of several determinations using both methods (a) and (b) and with varying 
current densities. Since the amalgam is solid, the number of silver atoms in 
the surface must be high, yet it is seen that Ar is practically the same as that 
found for pure mercury (6 X 10~ 7 ), and only increases slightly as the surface 
becomes obviously rougher. 

This indicates that the quantity of hydrogen which must be deposited on 
a metal plate to raise its potential 100 milh-volts is not a specific property of 
the metal atom, but depends only on the physical structure of the surface. 
The large differences found in the value of AT for etched, for polished and for 
amalgamated silver is due to the fact that the accessible area of the etched 
or polished surface (i the total area of the metal which is accessible to 
hydrogen atoms and on which they can deposit or be adsorbed) is very much 
greater than its apparent area. 

If A cm.* is the accessible area of a metal cathode per apparent square centi¬ 
metre, we may write equation (1), p. 73, 

- E = KT/A + const. 

or 

— E = pT -f const., (2) 

where p = K/A and is a constant, having the same value for all metals. 

It appears that the magnitude of the hydrogen overpotential depends 
only on the true surface concentration of the added hydrogen and is inde¬ 
pendent of the underlying metal. The rate of removal of this added hydrogen 
(as measured by the current necessary to keep the surfaoe concentration con¬ 
stant) does, however, vary greatly with the nature of the underlying metal. 
The behaviour of platinum lends strong support to these conclusions. 
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Platinum. 

The following table shows the behaviour of platinum aud platinised sur¬ 
faces. The electrolyte was N/5.HjSO«, and the values given are the mean 
of several determinations. 

The platinum was deposited on the mercury electrolytically by adding 
known amounts of a platinum salt to the electrolyte. 

It is seen that the accessible area of platinum foil is about twice, while 
that of platinum black is about 2000 times, its apparent area. If, however, 
the platinum be deposited not on to solid platinum hut on to the liquid mercury, 
the atoms cannot form a sponge having a large area but lie in a plane surface 



Potential for an 

Jr in coulombs/cm * 

Nature of surface. 

apparent C.D. of 10~* 

X 10 T to change 


1 amps, om *. 

potential 100 millirolls. 

Bright platinum foil 

i 

-0 80 

13 (±1) 

PlatmiaedpLatinnm “ platinum black " 
a* used for H, electrode. 

-031 

11 000 (±2000) 

Platinised mercury— 



(i) Pure mercury . 

(ii) Mercury surface oorered with 
about 1/100 of an atomic layor of 

-1 19 

6(±1) 

-1 09 

If 1(_<;0 5) 

platinum. 

(iii) Mercury surface oorered with 

several atomic layers of platinum. 

-0-74 

5 0 (±0 8) 


having practically the same accessible area as the liquid mercury and giving 
the same value for AI\ The rate at which such a surface can catalyse the 
evolution of hydrogen is, however, many thousand times greater than a pure 
mercury surface. 

Relation between Surface Concentration of Hydrogen and its Rate of 
Decay. 

In fig. 6 the logarithm of the apparent current density in amps, per 
cm.* X 10 -7 is plotted against the observed electrode potential for the 
metals investigated. The electrolyte is N/5 sulphuric acid, so that the 
potential of the reversible hydrogen electrode is — 0-3 volt on this scale. 

It is seen that over a wide range of current density the points lie accurately 
on a straight line. In fig. 7 the logarithm of the true current density, i.e., 
the current per nnit of acoessible area, is plotted against the potential. The 
curves are marked with the same numbers as in fig. 6. 

If E be the electrode potential and i the true current density, then 
— E = 6 log * -f const., (1) 


where 6 is a constant. 
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O -5 to 1-5 20 2-5 3 0 35 40 4'5 

LOGARITHM Of ^APPARENT CURRENT DENSITY IN AMPS C>*>* XlO* 7 J 

FlO. 0. 

Curve I. —Mercury. Curve V.—Etched silver, old. 

Curve II.—Platinised mercury, 1 /100 covered. Curve VI.—Polished silver. 

Curve III.—Platinised mercury, thin film of Pt. Curve VII.—Bright platinum. 

Curve IV.—Etched silver, new. Curve VIII.—Spongy platinum. 

(In Curve VIII the current density is expressed in amps. X 10”* in order to bring 
it on the figure. It should be displaoed two divisions to the right.) 

Also it has been shown on p. 72 that 

— JS = (ir + const., (2) 

where (1 is a constant and where T is the true surface concentration of active 
hydrogen at the potential E. 

Combining (1) and (2) • 

6 log i = pT + const. (8) 

But * ib a direct measure of the velocity of the reaction by which the active 
hydrogen disappears from the plate or — dTjdt = i. Therefore equation (8) 
becomes 


log (— dTjdt) = $TJb + const. 
-dTjdt = kt* Tlb , 
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80 that the rate of removal of the active hydrogen is an exponential function 
of it* surface concentration. 

The logarithmic relation between the current i and the potential hold* 
accurately for all metals over a wide range of current density. In the case of 
high overvoltage metal* such a* mercury, deviation from this only occurs at 
very low current densities (less than 5 x 10~ 7 amps, cm 8 ), and it is probable 
that this break is due to a trace of dissolved oxygen still present in the electro¬ 
lyte, its rate of diffusion up to the cathode at this point becoming comparable 
with the current density, so causing the potential to fall below its equilibrium 
value. The supply of oxygen necessary for this is less than 5 x 10 -1 * gm. 
ions per second, and if any oxygen be admitted, the break occurs at much 
higher current densities. With low overvoltage metals such as platinum, 
hydrogen can be evolved at an appreciable rate without any overpotential, 
and it» only when this is exceeded that overpotential occurs. 

In fig. 7 the graphs for mercury, polished silver and smooth platinum are 
extrapolated until they intersect a line drawn through the reversible hydrogen 
potential. The points of intersection are a measure of the maximum rate at 
which hydrogen can deposit reversibly on the respective metalB. On mercury 
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it is approximately 3 X 10“ M coulombs/scc., on polished silver 2 X 10" # and 
on smooth platinum 2 x 10“'. If for each metal the current be reduced 
below this value, no further decrease will occur in the cathode potential. If this 
maximum reversible current be denoted by t 0 , then the overpotential tj is given 
by 

71 = b (log i - log t 0 ), 

where b is a constant. 

This may be written 

t] = a + B log i, 

where a — — 6 log 

This last relation between overpotential and the current density was first 
noted by Tafel* and has been confirmed by other workers.f These investiga¬ 
tors found it to hold accurately for mercury but only approximately for other 
metals. In fig. 7 the value of b is practically the same for mercury, for silver, 
and for smooth platinum, viz., 0-120. The value obtained by Tafel for 
mercury was 0-110. 

Since i represents the rate at which hydrogen is removed from the cathode 
surface per unit of accessible area, it is a measure of the specific catalytic 
activity of the surface for this reaction. It is seen that the curves in fig. 7 
for the pure metals fall into three groups characteristic of mercury, silver and 
platinum, indicating the specfic activity of a particular atom; for example, 
platinum is not very different whether it exists in the form of platinum black 
or bright platinum, the apparent increase in activity being due mainly to the 
increase in the accessible area. For the respective metals, however, it differs 
very greatly, the rate at which platinum catalyses the deposition of hydrogen 
being 10“ times greater than mercury per unit of accessible area of the surface, 
the surface concentration of hydrogen being the same in each case. 

It is apparent that this experimental procedure gives an interesting method 
of investigating the areas of metallic surfaces and correlating it with their 
catalytic activity, and this will be considered in more detail later. 

Mechanism of the Electrode Potential. 

If the potential across the interface be due to a number of electric doublets, 
each possessing a finite electric moment, then the interfacial potential is given 
by 

— E = 4ffn(i, (1) 

• ‘ Z. Phyi. Chem.,’ vol. 60, p. 641 (1906). 

f Lewis and Jaakeon, ‘ Z. Phye. Ohem.,' vol. 66, p. 193 (1906); Herker and Adams, 
• J. Pfeye. Ohem.,' vol 29, p. 206 (1926). 
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where E is the absolute potential difference, n is the number of doublets per 
square centimetre, and p is the electric moment contributed by each doublet. 
If the number of doublets on the surface is increased, then the increase in 
potential is given by 

— AE — 4r:Anp. (2) 

Experimentally this linear relation is found, the cathode potential becoming 
100 millivolts more negative for every 6 x 10 7 x 6*06 x 10 °-+- 96640 = 
3*7 x 10 1 * hydrogen ions deposited per square centimetre of accessible surface 
and independent of the nature of the cathode. Substituting these values in 
(2) we obtain 

i X 0-1 X 10"* = 4rr 3-7 X 10“ [x, whence p = 7-2 X lO" 18 E.S.U. 

If the electric moment be produced by a doublet consisting of an electron 
separated from a proton by a distance 8, we obtain 

(A = eJ, whence 8 = 7-2 X 10" 18 /(4-77 X 10" 10 ) = 1*5 X 10~ 8 cm. 

This value is in agreement with that given for the diameter of the hydrogen 
atom, namely, 1 X 10~ 8 cm. 

It is also significant that the rate of discharge of hydrogen is an exponential 
function of the potential 

- dr/dt = kjc- 1 '*, 

a relationship which is similar to that governing the emission of electrons across 
the double layer at a metallic surface. 

It is found experimentally that if the deposited hydrogen be removed by 
electrolysis to a value below that corresponding to the reversible hydrogen 
electrode, the potential continues to fall with exactly the samo gradient until 
well below the reversible potential, and only deviates from this when the number 
of metallic ions which go into solution becomes appreciable. For example, 
on polarising a silver electrode and then making it anodic, the linear relation 
between the amount of material removed and the fall of potential held over 
a range of — 0*9 to + 0*20; beyond this it fell more slowly and exponentially 
to the silver value. 

We are led to infer that the mechanism of the reversible hydrogen electrode 
is similar to the case of overpotential just considered, the number of doublets 
on the surface being here dependent only on the pressure of the gas. Whilst 
the absolute value of the hydrogen electrode potential is not known, the dropping 
electrode gives a value of — 0*28 volt, which is equivalent to 1 X 10“ doublets 
per square centimetre, thus covering approximately 1 per cent, of the metal 
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atoms in the surface. On deposition of hydrogen ions, doublets are formed 
which in turn must be discharged to form molecular hydrogen. The rate at 
which the discharge of these doublets can occur at the concentration corre¬ 
sponding to the reversible hydrogen potential vanea from metal to metal. 
On mercury it is 2 X 10 7 , on silver 1 x 10 10 and on platinum 1 X 10“ doublets 
per second. Unless this rate of discharge be exceeded there is no overpotential. 
If this rate is exceeded, the surface concentration of the doublets increases and 
the electrode potential becomes more negative, the overpotential being directly 
determined by the number of doublets added to the surface. Since the equili¬ 
brium concentration of doublets is now exceeded, changes in the gas pressure 
will not affect appreciably the electrode potential.* 

A possible mechanism by which these doublets are brought into existence 
may be suggested. The linkage between the metal and the deposited hydrogen 
atom is of such a nature that the hydrogen atom (possessing an electron 
affinity) 1 ) behaves as a negative ion which attracts to it a hydrogen ion 
from the solution, thus forming a doublet of a positive and negative hydrogen 
ion orientated on the surface. Discharge of this doublet involves the loss of 
an electron from the metal surface, and the rate at which it occurs is a function 
of the potential, viz., — dTjdt = which is the same relation as that 

governing the emission of electrons from metals. When the doublet is dis- 
-charged. the two hydrogen atoms unite to form a neutral hydrogen molecule.^ 
Heyrovskyf on very different grounds has proposed a mechanism for 
hydrogen overpotential which is somewhat similar to the above in that it 
involves the formation of negativo hydrogen ions on the electrode surface. 
It, however, involves the assumptions that the potential is proportional to the 
logarithm of the surface concentration of negative hydrogen ions and that the 
rate of removal of these ions is directly proportional to their surface concentra¬ 
tion. The above experimental work does not support these assumptions. 


* Knobel,' J. Amer. Chem. Soc.,’ vol. 46, p. 2761 (1024); Biroher and Harkins, ibid., 
vol. 45, p. 2890 (1923). 

f Joos and Huttig, ‘ Z. f. Physik,’ voL 89, p. 473 (1926). 

{ Alternatively the potential change whioh occurs may be regarded as due simply to a 
flux of electricity across the boundary. Taking the dielectric capacity across the interface 
as unity, the thickness of the double layer is 1-5 A.U., whioh is approximately the 
diameter of a hydrogen atom. 

| 4 Bee. Tray. China.,’ vol. 44, p. 499 (1925), and vol. 46, p. 582 (1927). 
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Summary. 

A quantitative investigation is made on the changes of electrode potential 
at the surfaces of metallic cathodes during the electrolytic deposition and 
removal of very small quantities of hydrogen. It is found that the electrode 
potential is a linear function of the surface concentration of the hydrogen; 
moreover, the potential of the polarised cathode depends only on the true 
surface concentration of the added hydrogen and is independent of the nature 
of the underlying metal. Apparent differences observed are due to differences 
in the real areas of the cathodes, and this gives a method of measuring the 
accessible area of metallic surfaces. The amount of hydrogen deposited is 
small, sufficient to form 1/3000th of an atomic layer, causing a change of 100 
millivolts in the electrode potential. The rate of decay of the electromotively 
active hydrogen from the cathode surface is an exponential function of the 
potential. The general behaviour and the magnitude of the quantities involved 
can be explained on the assumption that the electrode potential is due to the 
presence of electric doublets on its surface, the electric moment of these doublets 
being that given by a proton and an electron separated from each other by a 
distance equal to the diameter of a hydrogen atom 

Out best thanks are due to the Commissioners of the 1851 Exhibition for a 
Scholarship granted to one of us (F. P. B.) which made it possible to carry out 
this work, to Prof. T. M. Lowry, F.R.S., who communicated this paper, and 
to the Imperial Chemical Industries and the Cambridge Instrument Co. for 
assistance in obtaining the necessary apparatus 
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On the Electrolytic Behaviour of Thin Films. Part II .—The Areas 
of CatalylicdUy Active Surfaces. 

By F. P. Bowden and E. K. Ridkal. 

(Communicated by T. M. Lowry, F.R.S.—Received May 9, 1928.) 

In a previous communication it was shown that by measurement of the 
quantity of hydrogen electrolytically deposited on a cathode surface in order 
to cause a given change in the electrode potential, it was possible to evaluate 
the accessible area of the surface, this area being defined as the total area 
accessible to hydrogen atoms and on which they can deposit or be absorbed. 
This procedure thus provides a third method, in addition to that of the examina¬ 
tion of the thickness of oxide films by conductivity or interference toethods or 
of the adsorption of suitable substances, for the determination of the areas of 
catalytic surfaces. Also, by measurement of the currents required to maintain 
the plates at a definite potential, the catalytic activities of the metals for the 
discharge of the hydrogen ions can be compared. In this paper the behaviour 
of electrolytically deposited and amagamated surfaces is considered in more 
detail, and the effect of different methods of treatment Buch as activation, 
annealing, rolling and electroplating on the area and catalytic activity is 
studied for a number of metals. The experimental procedure was in all details 
similar to that described in the previous communication. 

Silver. 

The behaviour of a silver cathode under changing surface conditions is shown 
in fig. 1, in which the logarithm of the apparent current density is plotted against 
the electrode potential. The electrolyte was oxygen-free N/5 sulphuric acid 
and the experimental conditions identical with those previously described. 

For each surface the points lie accurately on a straight line and, with the 
exception of the graph for freshly amalgamated silver, the lines have the same 
slope. The reason for this change in gradient with a particular amalgam is 
not clear, but a similar effect is observed with a platinum /mercury surface. It 
is possibly occasioned by an alteration of the surface composition due to a 
change of the surface tension on increasing the interfaoial potential. Thus 
the relative proportions of silver and mercury in the surface will change through¬ 
out the experiment so that the slope of the line will be different from that of 
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a solid or nearly solid amalgam, where the concentration of the surface cannot 
alter during the period of the experiment. 



Curve I.—Silver, etohed, new. 

Curve II.—Silver, etched, 0 hours old. 
Curve III.—Silver, polished. 

Curve IV.—Puro men ury. 


Curve V.—Silver amalgam 1 hour old. 
Curve VI.—Silver amalgam 20 hours old. 
Curve Vlf.—Silver amalgam 150 hours old. 


By measurement of the quantity of hydrogen per apparent square centi¬ 
metre deposited on the cathode surface in order to cause a given change in the 
electrode potential, the areas of these surfaces are determined. These are 
given in the following table (p. 82), the accessible area of a mercury surface 
being taken as equal to its apparent area. 

Since, as has been shown, the electrode potential of a polarised cathode is 
determined solely by true surface concentration of hydrogen and is independent 
of the nature of the cathode, at any arbitrary potential the surface concen¬ 
trations of hydrogen on all electrodes will be identical, and the rate of hydrogen 
evolution divided by the true area of the cathode will be a measure of the 
specific catalytic activities of the surfaces for hydrogen discharge. With the 
exception of curve V the slopes of the lines in fig. 1 are identical, so that the 
VOL. OXX.—A. G 
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Nature of surface. 

Ar coulomb/ 
cm.* x 10» 
to change 
potential 

100 milli¬ 
volts. 

Accessible 
area per 
apparent 
square 
centimetre. 

Hydrogen j 
evolution per 
apparent 
square 
centimetre 
at 0 6 volt 
ooul /sec 

X 10’. 

Hydrogen 
evolution per 
true square 
centimetre 
at 0 0 volt 
coul./soc. 

X I0». 

I —Ag freshly etched with 
dilate HNO t . Fine crystal- 
line structure 

310 

SI 

1700 

38 

II.—Same as I but 20 horn* 
old 

22S 

37 

440 

12 

III,—Polished with “ flour ” 
sand-pa per 

LOO 

ill 

110 

7 

IV. —Pure mercury 

V. —Ka amalgam I hour old. 
Surface bright resembling 

Hg 

6 0 

1 0 

0 01 

0 01 

7 3 

1*2 

350 

30 

VI.—Amalgam 20 hours old. 
Surface grey and solid 

7 9 

1*3 

0-02 

* 0 016 

VII.—Amalgam ISO hours 
old. Surface solid and 
rough 

10 8 

1 7 

0, 

0-4 


ratio of the catalytic activities will bo the same whatever the potential chosen. 
Values for these at 0-6 volt are given in the last column of the table, and it 
will be noted that the catalytic activity of silver atoms is several thousand 
times that of mercury. In the caso of pure silver a small variation (fivefold) 
in the specific activity with the treatment of the surface is observed, indicating 
that the configuration of the metal atoms as well as their nature and true area 
affects the total catalytic activity. 

Platinum. 

Fig. 2 illustrates the behaviour of platinum and platinised surfaces under 
similar experimental conditions. 

Curve I was obtained with a piece of bright platinum foil. Curve II for 
platinum black was employed for a hydrogen electrode (the rate of hydrogen 
deposition was very rapid on this substance, necessitating the employment of 
a different scale, the current density in this case being given in amps, x 10 -8 ). 
Curve m was obtained for pure mercury, the area of the cathode being 14*4 cm.*. 
Curve IV shows this same cathode on which sufficient platinum has been 
deposited to cover about 1 per cent, of the surface. This was effected by adding 
a definite small amount of platinum salt to the electrolyte and electrolysing 
until the platinum was plated out. The appearance of the mercury surface 
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was unchanged. Sufficient platinum was then added to form a thin bright 
film over the mercury, curve V. The surface now had a “ still ” appearance 



LOGARITHM OF (APPARENT CURRENT DENSITY IN AMPS XIO -7 ) 
FlO. 2. 


Curve I.—Bright platinum. 

Curve II.—Platinum block. 

Curve III.—Pure mercury. 

Curve IV.—Mercury with 1 per cent, 
platinum. 

Curve V.—Mercury with film of platinum. 


Curve VI.—Mercury with film of platinum 
after 3 days. 

Curve VII.—Mercury u ith film of platinum 
after 0 day*. 

Curve VIII.—Mercury with film of platinum 
after 18 days. 


and was covered with large bubbles of hydrogen which adhered to it tenaciously. 
On open circuit the potential fell to — 0 ■ 3 volt, at which it remained constant 
so that the surface was functioning as a hydrogen electrode. On continued 
electrolysis at low current density the surface gradually changed, the platinum 
apparently dissolving very slowly in the mercury. Curve VT shows the surface 
after 3 days; the activity has decreased and the slope has changed. Curve 
VII after 5 days : there is a further decrease in the activity and the slope is 
becoming more normal. Curve VIII after 18 days: the slope is now nearly 
normal and the activity has decreased considerably. 

The accessible area of each of the surfaces is given in the following table 
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Nature of surface. 

J7 1 co ul. 

X 10* to 
raise 
potential 

100 milli¬ 
volts. 

Accessible 
area per 
apparent 
square 
centimetre. 

Hydrogen 
evolution per 
apparent 
square 
oentimetre 
at 0-0 volt 
couL/seo. X 
10*. 

Hydrogen 
evolution per 
true square 
oentimetre 
at 0 0 volt 
coni./see. 

X 10*. 

I.—Smooth platinum 

13 

2 1 

11000 

5000 

II.—Platinum black 

11000 

1830 



III. —Pure mercury 

IV. —Hg aurface with about 

6 

1 0 

0 01 

0-01 

1 per oent. Pt 

V.—Hg aurface covered with 
thin layer of Pt 

61 

0 9 

3 9 

4-4 

5 0 

0 9 

500 

020 

VI.—Platinised Hg after 3 





days 

VIII.—Platinised Hg after 5 

o 0 

09 

1000 

1100 

days 

VI1L—Platinised Hgafler 1H 

7 0 

1 1 

100 

140 

days 

4 8 

0 8 

31 

, 40 


The accessible area of bright platinum is about twice while that of platinised 
platinum is about 2000 times its apparent area. If, however, the platinum 
is deposited on a mercury surface, the area is sensibly the same as that of mer¬ 
cury ; actually it is found to be very slightly less, and this may be a real effect 
duo to the platinum atoms “ freezing ” the mercury and so preventing ripples 
which are normally present on the surface or else to the hydrogen bubbles 
adhering to the surface and decreasing the effective area. It is seen from the 
last column that the catalytic activity of platinum is very much greater than 
.that of mercury (almost a million-fold) and the presence of relatively few 
platinum atoms on a mercury surface greatly increases the activity. At a 
potential of — 0-36 volt the rate of evolution of hydrogen on platinum black 
is 6-6 X 10 -3 coul./sec. per apparent square centimetre, while on bright 
platinum it is 1 X 10 -s coul./sec. The rate of evolution per square centimetre 
of accessible surface is, however, 3 X 10 -a coul./sec. on platinum black and 
5 X 10 -8 coul./sec. on bright platinum, so that the specific catalytic activity 
of both forms of the metal is very nearly the same, the apparent increase in 
the activity of platinum black being due mainly to the increase in accessible 


The electrode consisted of a piece of dense carbon rod 0-5 cm. diameter, as 
employed for carbon arcs, and was polished with flour sand-paper before use. 
The electrolyte was N/B sulphuric acid and the experimental procedure as 
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before. The relation between the potential and the logarithm of the apparent 
current density is given by curve C, fig. 2, and it is seen that in this case the 
points lie approximately on a straight lino and that the slope iB considerably 
greater than that observed for the metals, 6 = 0*84. The accessible area of 
the surface was determined in the usual way, hut the measurements are only 
approximate, since in the case of carbon the relation between the amount of 
hydrogen deposited and the potential is not linear over a »ide range of potential. 



dr ooul /cm. 

X 10’ to 
; change 

potential 

100 milli- 

Accessible 

lfvdrogon 
evolution per ' 
apparent 
square 
centimetre 

Hydrogen 
evolution per 
true square 
centimetre 
at 0-6 volt 


volts. 


toul./so c. 

«- 10’ 

X 10’. 

Carbon rod after 2 bourn 

1970 

I 328 

rn 


Carbon rod after 20 hours 

2200 

306 

j 100O0 

| 27 


This method would measure the area of the carbon, which is wetted by the 
electrolyte, and it is found to be three to four hundred times the apparent area. 
The increase which occurs on prolonged electrolysis is probably due to electro¬ 
lyte oreeping farther into the capillaries in the carbon. 

In the case of carbon a direct comparison has been made between the area 
as measured by the electrolytic method and that given by the adsorbtion of 
methylene blue. Pieces of the carbon rod were immersed in an aqueous 
solution of methylene blue and the amount adsorbed measured colorimetri- 
cally.* On the assumption that the methylene blue forms a unimolecular 
layer, the areas were as follows: - 

Accessiblo area after 24 hours’ immersion, 100 cm.* per apparent cm.*. 

Accessible area after 48 hours’ immersion, 140 cm.* per apparent cm.*. 

Accessible area after 72 hours’ immersion, 160 cm * per apparent cm.*. 

Accessible area after 96 hours’ immersion, 165 cm * per apparent cm*. 

The accessible area shows a steady increase with time, again indicating that 
the liquid is slowly penetrating the carbon. After 24 hours the area is 100 
times the apparent area, which is about one-quarter of that found by the electro¬ 
lytic method. Since the methylene-blue molecule is considerably larger than 
the hydrogen ion and diffuses more slowly, such a result might be expected. 

* These surface* were kindly measured by Dr. W. M. Wright. 



86 


F. P. Bowden and E. K. Rideal. 


Nickel 

A piece of hard nickel sheet 5 ■ 5 cms. in area was employed as the cathode 
and was subjected successively to different methods of treatment, polishing, 
activating, annealing, electroplating, etc., and the behaviour of each surface 
studied. The results are summarised in fig. 3 and in the following table. The 
experimental conditions were identical with those previously described and the 
values in the second column of the table are the mean of several determinations 
using different current densities. For any one surface the experimental 
variation was not more than 10 per cent. 



LOGARITHM OF^PlPPARtNT CURRENT DENSITY IN AMPSK 10-7) 


FlO. 3. 

Curve I.—Polished Ni 30 minutes old. Curve VI.—Annealed Ni 20 hours old. 

Curve II.—Polished Ni 20 hours old. Curve VII.—Eleotroplated Ni 1 hour old. 

Curve III.—Activated Ni 15 minutes old. Curve VIII.—Electroplated Ni 27 hours old. 
Curve IV.—Activated Ni 20 hours old. Curve IX.—Rolled Ni 1 hour old. 

Curve V.—Annealed Ni 3 hours old. Curve X.-RoUed Ni 20 horns old. 
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Nature of surface. 

df coul /cm.* 

- 10’ to 
ehmiftc 
potential 

loo milli¬ 
volt* 

tlCTSMlblu 
area per 
apparent 
square 
j centimetre 

Hydrogen 
evolution per 
apparent 

centimetre 
at 0 55 volt 

Hydrogen 
evolution per 
true square 
centimetre 
at 0 55 volt 
ooul./scc. 
y 10». 

T -Policed \1, new 

75 

13 3 

10500 

700 

11.—Polished Ni, old 

58 

it 7 

| 3390 

350 

III.—Activated N>, new 

276 

46 

| 11200 

240 

IV.—Activated Ni, old 

176 

29 

| 8010 

290 

V.- -Annealed Ni, new 

65 

10 8 

3550 

330 

VI.—Annealed Ni, old 

46 

7 7 

1780 

230 

VII.—Klectmplated Ni, n< w 

72 

12 

2340 

180 

VIII.---Electroplated Ni, old 

57 

9 5 

1300 

140 

IX. -Rolled Nl, new 

as 

5 H 

3550 

610 

X.—Rolled Nl, old 

1 21 

1_ 

3 5 

14)0 

400 


It is sera from fig. 3 that when the logarithm of the apparent current density 
is plotted against the potential, the points lie accurately on a straight line, and 
that, with the exception of the electroplated nickel, the slope is the Bame for 
all the surfaces (b — 0*095). For electroplated nickel b = ()• 110. 

Initially the cathode was polished with flour sand-paper, the surface was 
bright and under a low-power microscope showed many scratches. The 
accessible area of this surface was 13 times its apparent area (compared with the 
value of 16 obtained for silver), and on electrolysis for 30 hours decreased to 
9-7. This decrease of approximately 30 per cent, in the accessible area with 
ageing of the cathode is quite general for all surfaces. The cathode was then 
activated by alternate oxidation and reduction m an electric furnace. An 
oxide film 1-2 X 10 _i cms. thick (as measured by interference colours) was 
formed on the surface three times at a temperature of 560° C., being alternately 
reduced by hydrogen; the nickel was finally activated by reduction at 350° C.* 
The appearance under the microscope was unchanged except that the metal 
was slightly duller. The accessible area of this surface was now 46 times its 
apparent area, so that this treatment caused an increase in the surface in the 
ratio 9*6:46 or 1:4*8 With ageing of the cathode tho accessible area 
decreased to 29. The cathode was then annealed by heating for 1 hour at 
690 ° C. in an atmosphere of hydrogen. This caused tho accessible area to 
decrease to 10 • 8, and after 20 hours’ electrolysis to 7 • 7. After repolishing the 
* This electrode was kindly activated by Dr. F. H. Conatable. 
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cathode, it was electroplated in a buffered nickel sulphate bath with a current 
density of 0-002 amp. cm.* for l£ hours so that a thin bright coating of metal 
was formed, through which the marks of the sand-papering were still visible. 
The accessible area was approximately the same as that of a polished cathode. 
The effect of cold rolling on the nickel was to reduce the accessible area to 5*8, 
which on ageing further decreased to 3*5. It is evident that the accessible 
area of a metal surface can be altered very greatly by different methods of 
treatment from 3*5 times its apparent area for rolled nickel to 46 times for 
activated nickel. Accompanying this change there is little alteration in the 
appearance of the surface; if, however, a metal sponge is formed, as in the 
case of platinum black, the area can be increased some thousand times. 

The last column in tho above tabic gives the rate of hydrogen evolution per 
square centimetre of accessible surface and is a measure of the specific catalytic 
activity of the surface for this reaction. In the case where the njetal is not 
mochanically treated there is little change in the specific activity of the 
different surfaces ; the increase in the total rate of catalysis which occurs on 
activation is due mainly to an increase in the accessible area. Moreover, the 
specific activity docs not chango appreciably on ageing of the cathode. If, 
however, the surface be mechanically treated by sand-papering or rolling, 
the specific activity is much greater and on ageing falls considerably. This 
indicates that the effect of alternate oxidation and reduction, the usual 
process of activation of metallic catalysts, is chiefly to increase the accessible 
area of tho surface by altering the grain size. Violent mechanical treatment, 
however, although it increases the surface to a much less extent, increases 
the proportion of surface atoms which are out of the crystal lattice and 
which are cataiytically the most active. Under tho forces operating during 
the discharge of the hydrogen these atoms, which have been torn out of the 
crystal lattice, slowly return to it and the specific activity of the surface 
decreases. The activity of an electro-deposited surface is low. 

Of the more recent work on the measurement of the true areas of metallic 
surfaces might be mentioned that of Constable,* in which a film of oxide is 
formed on the metal and its thickness measured by interference colours. The 
values found for the areas by this method are considerably less than those 
found by tho electrolytic method described above. Such a result might be 
expected, since, in the interference method, a layer of oxide many thousand 
atoms thick is formed on the metal, and this would not be capable of detecting 
fine irregularities of the order of atomic size in the metal surface, while in 
* ‘ Nature,’ vol. 119, p. 349 (1927), and vol. 120, p. 760 (1927). 
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the electrolytic method the area measured is that which is accessible to 
hydrogen ions.* 

Summary. 

The evaluation of the accessible area of cathode surfaces, by measurement of 
the amount of deposited hydrogen required to raise the potential by a definite 
increment, and a comparison of the catalytic properties of these surfaces by 
observation of the rate of hydrogen evolution, has been extended to silver 
platinum, carbon and nickel. The effect of amalgamation as well as of treat¬ 
ment of the surfaces by alternate oxidation and reduction, annealing, etching 
with acid, electroplating, sand-papering and rolling have been examined. 

It is shown that the accessible area o! a metal sponge such as platinum black 
may easily attain a value of 2000 times its apparent area. The accessible area 
of a sand-papered metal is about 10 times its apparent area, and in the case of 
nickel activation by alternate oxidation and reduction causes an increase of 
nearly fivefold. Rolling reduces the accessible area. The specific catalytic 
activity of the various metals for the electro-deposition of hydrogen differs 
very widely, but for any one metal the specific activity of the surfaces only 
suffer small variations by chemical or thermal treatment. Violent mechanical 
treatment, however, such as sand-papering or rolling, causes a marked increase 
in the activity, and this gradually diminishes with ageing of the cathode. 

* The reference by Constable (‘Roy.Soc. Proc A, vol 110, p. 197 (1928)) to this method 
rests on a misconception, since it docs not. in\ olve the assumption that the cathode is 
covered with a complete unlmolecular film of hydrogen, but simply that the quantity of 
eleotrioity passed in order to cause a given change in the mterfacial potential is pro¬ 
portional to the accessible area of the surface — (Ad/lrd, Jvly 11, 1928.) 
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The Detonation-Wave in Gaseous Mixtures and the Pre-Detonation 
Period. 

By William Payman, D.Sc., Ph.D. 

(Communicated by H. B. Dixon, F.R S—Received May 11, 1928.) 

[Plates 3-7.] 

When an inflammable gas mixture, contained in a long horizontal glass tube 
closed at one end and open at the other, is ignited at the open end, a flame 
begins to move at a uniform rate towards the closed end. This initial spread 
of flame, which has been termed the “ uniform movement,” persists for some 
distance along the tube, but soon gives place to an accelerating movement, 
sometimes, but not always, vibratory, the mean speed of the flame increasing 
rapidly until finally, with certain mixtures, the detonation-wave is set up, 
the speed of the flame being extremely high but again becoming constant during 
this last phase. The speed of the uniform movement of flame and that of 
the detonation-wave both being constant, these phases of the propagation of 
flame lend themselves particularly well for measurement and observation, 
and have in consequence received much attention. The most striking differ¬ 
ence between the two modes of propagation is in the order of speed attained. 
Thus, with a methane-oxygen mixture containing 50 per cent, of methane, 
the speed of the uniform movement of flame in a horizontal glass tube, 2-5 cm. 
m diameter, is only 2 metres per second, whereas the speed of the detonation- 
wave when set up in the same mixture is 2530 metres per second. There is 
good reason to believe that the difference between the two modes of 
propagation is not merely one of degree, and that they are, both physically 
and chemically, distinct. 

During the intermediate phases the influence of either or both types of 
propagation may be observed. We may regard as “ normal” that propaga¬ 
tion (including the uniform movement) which takes place by conduction 
of heat, assisted by those factors which may increase conduction by 
increasing the efficiency of contact between hot and cold gases, namely, con¬ 
vection and turbulence.* In the detonation type of propagation the transfer 
of heat may still take place partly by conduction, but a new factor also enters, 

* It has been suggested to me by Prof. C. H. Lees that this type 61 propagation is more 
properly described as propagation of flame by transfer of heat than by conduction. 
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namely, the heating of unburnt gases by shock or pressure waves generated 
by the burning gases during their rapid inflammation. According to these 
definitions, during the true uniform movement of flame the transfer of heat 
Bhould be effected by conduction alone between burning and unburnt gases. 
In the true detonation-wave itself, unbumt gases should be heated adiabatieally 
to or above their temperature of instantaneous ignition by the pressure-wave 
produced by the burning gases, without conduction coming into play m the 
Bame sense. Though it is probable that neither of these conditions is attained, 
or is theoretically attainable, they may be taken as defining the ideal modes 
of propagation during what we may term the true uniform movement of flame 
and the true detonation-wave. The conditions under which the one type of 
propagation gives place to another so dissimilar are naturally of great theoretical 
interest. 

A purely arbitrary and approximate, but nevertheless useful, distinction is 
to regard all flames the speed of propagation of which is appreciably less than 
that of sound in the gas mixture at ordinary temperatures (330 metres per 
second in air) as belonging to the normal type, whilst, those in which the speed 
of propagation is of the same order or above this belong to the detonation type 
of inflammation. 

The experimental investigation of the detonation-wave and the pre-detona¬ 
tion period has been limited mainly to the examination of the movements of 
the flame, photographic methods having been found particularly useful for 
this purpose.* The study of the detonation type of propagation of flame, and 
more particularly of the conditions under which detonation is set up and 
maintained, must, however, be incomplete without some knowledge of the 
mode of production and propagation of the shock- and pressure-waves, whose 
action mainly determines the typo of propagation, and of their effects. Such 
waves have been studied mathematically, but have received comparatively 
little experimental treatment. 

The present investigation has been carried out for the Explosives in Mines 
Research Committee of the Safety in Mines Research Board, with the primary 
object of ascertaining the effect on the external atmosphere of the detonation 
of a mining explosive in a shot-hole, since the compression-wave or “ shock- 
wave ” (Vonde de choc) thereby produced is one of the possible sources of 
ignition of firedamp in coal mines. The results of the work, in so far as they 
bear on the problems of the safety of explosives used in coal mines, are described 

* Mallard and Le Cha teller, ‘ Ann. dee Mines,' vol. 4, p. 274 (1883); Dixon, ' Phil. 
Trans.,' A, vol. 200, p. 315 (1903). 
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in a series of publications of the Safety in Mines Research Board, of which two 
parts have already appeared.* The experiments have also given information 
with regard to the production of such waves and of their behaviour and effect 
during the pre-detonation and detonation periods with explosivo gas mixtures, 
and it is this bearing of the work which will be discussed in this paper. An 
adaptation of an old optical device, the “ Schlierenmethode ” of Topler, has 
enabled photographic records to be obtained of the Bhapc and appearance of 
the shock-wave, and of its speed of propagation, and these have been used 
to supplement and extend the information obtained by other workers using 
direct methods of photography only. The work already published deals with 
the propagation of the shock-wAve through the atmosphere. It has shown that 
intense compression-wuves may be sent through the air by detonating or rapidly 
burning explosives or gas mixtures, and that these may travel at speeds much 
greater than that of sound at the initial temperature of the air. 

The momentary heating effect of these waves, resulting from the rapid com¬ 
pression of the gas mixture through which they pass, and the movement 
imparted to the gas mixture on their passage through it may have an appreciable 
effect on the propagation of flame through the mixture. During the pro¬ 
pagation of what has been termed the detonation-wave (Vonde explosive) in 
gaseous mixtures, for example, it has been suggested that the hoating effect 
of the shock-wave produced by rapidly burning gases is sufficient to raise the 
temperature of adjacent unbumt gases to their instantaneous ignition-point 
in the extremely short interval of time during which the shock-wave acts 
on these gases. The detonation-wave in a gas mixture is thus considered to 
‘ be a shock-wave, produced by the rapid combustion of the gas mixture, and 
sufficiently intense to cause ignition of the gas mixture through which it passes, 
whilst being continuously maintained by the combustion thereby started, 
the latter fact explaining the constant rate at which the wave is propagated. 
This suggestion, due to Mallard and Lo Chatelier,f is now generally accepted 
to explain the mode of production and propagation of the detonation-wave. 
The present paper is devoted to an examination of the waves produced before 
detonation, and to a study of tho behaviour of these waves and of the flame during 
the pre-detonation period, in particular to examine the mode of inception of 
detonation in a gaseous mixture. 

* " The Pressure Wave sent out by an Explosive," Part I, by W. Payman and H. 
Robinson. Part II, by W. Payman and W. C. F. Shepherd. ‘ Safety in Mines Research 
Board Papers,' Mo, 18 (1986), Mo. 29 (1927). 

t 1 C. R.,’ vol. 95, p. 1854 (1882). 
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The initiation of detonation in gaseous mixtures presents a problem of great 
interest and complexity. Our main knowledge of the subject is based upon 
the classical researches of Mallard and Le Chatelier and of Dixon (he. cut.), 
though their work has been supplemented recently by Laffitte* and by Egcr- 
ton and Gates, f The photographic method with a rapidly moving plate or 
rotating film first adopted to study the movements of flame in gaseous explosions 
by Mallard and Le Chatelier was used by all, the gas mixtures being enclosed 
in a cylindrical tube of suitable material. 

Mallard and Le Chatelier employed mixtures of carbon disulphide with oxygen 
or nitnc oxide in their researches, these mixtures having been found to yield 
highly actinic flames. Then apparatus, in which the photographic paper 
could not be moved faster than 1 metre per second, failed to analyse the 
more rapid movements of the flame, but their conclusions are of interest. 
They are summarised by Prof. Dixon (loc. cit.) as follows:— 

“ When the gases were ignited by a flame at the open end of a long tube, 
the flame was propagated along the tube for some distance with a uniform 
slow velocity which Mallard and Le Chatelier regarded as the true rate of 
propagation by conduction. In the case of mixtures of carbon disulphide 
with nitric oxide, this period of uniform movement was succeeded by oscil¬ 
lations of the flame, which sometimes became of larger and larger amplitude 
and then died down, and sometimes gave rise to the detonation-wave. When 
carbon disulphide was mixed with oxygen the preliminary period of uniform 
movement was shorter and was immediately succeeded by the detonation- 
wave. These two mixtures appeared to be typical of other gaseous mixtures, 
carbon disulphide with oxygen resembling oxygen mixtures generally, carbon 
disulphide with nitric oxide resembling air mixtures generally. 

“ In the explosions starting at the open end of the tube the development of 
the detonation-wave was not progressive, but always instantaneous. On the 
other hand, when the mixture of carbon disulphide and nitric oxide was fired 
near the closed end of the tube the movement of the flame was uniformly 
accelerated, until the detonation-wave was set up.” 

The initiation of the detonation-wave and the initial phases of the explosion 
have been examined very thoroughly by Prof. Dixon, using many different 
inflamma ble gases.. Perhaps his most interesting observation was that the 
detonation-wave starts suddenly, throwing back a strongly luminous wave 
(the retonation-wave) through the still burning gases, and leaving a dark space 

* ' Ann. de Physique,’ vol. 4, p. 687 (1926). 
t ‘ Roy. 8oc. Proc.,’ A, vd. 114, pp. 187,162 (1927). 



94 


W. Payman. 


where it started The intensity of the retonation-wave led him to consider 
that the period before the detonation is distinguished “ not only by a slower 
propagation of the flame, i.e„ of ignition, but also by a Blower process of com¬ 
bustion. In the initial period the molecules of the gas might meet many times 
before chemical reaction occurred ; in the detonation-wave the molecules 
might be so intensely agitated that most collisions between chemically opposite 
molecules would result in chemical change. At the point of detonation the 
rise of pressure must be exceedingly rapid owing to the increase of chemical 
action, and this pressure would produce not only the forward wave of detona¬ 
tion, but also a sudden backward wave of compression into the gases still 
slowly burning behind it.” 

A peculiarity was exhibited by many photographs at the point where detona¬ 
tion commenced, detonation apparently being set up Borne distance in front of 
the advancing flame. Le Chatelicr suggested that this was due to the fact 
that the wave of detonation started in front of the flame and originated in an 
invisible wave which was proceeding in front of the flame. Dixon brought 
forward evidence which indicated that the discontinuity observed at the 
point where detonation was set up was due to halation on the photographs, 
the brighter record of the detonation-wave being enlarged. 

During the imtial phases of the explosion, however, before detonation was 
set up, Prof. Dixon showed that the movements of the flame were greatly 
affected by compression-waves, and obtained evidence that such waves ad¬ 
vanced in front of the flame at the beginning of the explosion. His description 
of the origin of these waves iB as follows: “ When an explosive mixture is 
fired by a spark, the suddenly ignited gases must expand and transmit a com¬ 
pression-wave in both directions. This travels with the velocity of sound in 
the unbumt gas. The propagation of the flame from the firing point i& in 
most gaseous mixtures less rapid than the velocity of sound in the unburnt gas, 
but the rate of propagation of the flame augments, much more rapidly in some 
mixtures than in others. If the tube is a long one the flame will overtake 
the sound-wave after a more or less prolonged chase, according to the nature 
of the mixture.” 

The work of Laffitte and of Egerton and Gates was devoted mainly to the 
examination of the effect of change of conditions, physical and chemical, on 
the duration of the pre-detonation period ; or, alternatively, on the distance 
travelled by the flame before detonation was set up. 

The present research provides visible evidence of the movements of the 
hitherto invisible compression-waves, the character of which has been previously 
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postulated from their effects on the flame. A brief account of the experimental 
methods used will be necessary in order to explain the records obtained and 
reproduced here. For a detailed description, reference may be made to the 
‘ Safety in Mines Research Board Papers ’ previously mentioned. 

Rays of light from a suitable source are brought to a focus by means of a 
concave mirror on the objective of a camera, and the latter is focussed on the 
mirror so that on examining the ground-glass camera-screen one sees an image 
of the mirror illuminated by the source of light. If a straight-edged opaque 
screen is brought down gradually in front of the camera objective, the image of 
the mirror becomes darker and darker, as more of the light is cut off, until at 
the “ critical position ” the light is just cut off entirely The screen or diaphragm 
is set slightly in advance of this critical position and the optical setting is such 
that, when set, the diaphragm covers about half the camera objective. 

Each point on the mirror will have a corresponding position on the image on 
tie ground-glass screen. Hence, if the path of a ray be deflected at any 
particular point, the diaphragm will be in the critical position for all points 
but that one. If the deflection w in the right direction the ray of light will 
pass beyond the edge of the diaphragm and into the lens, so that the given 
point will be made visible (or brighter than its surroundings) in its true position 
in the image on the screen. It will be evident that the passage of a preBSure- 
wave across the mirror will result, if the diaphragm is correctly placed, in the 
passage of a band of light across the camera image, and the shape of the moving 
band will be the shape of the advancing wave. 

The camera is focussed on the mirror if the deflection takes place at the 
mirror. If it takes place some distance from the mirror, as in the present 
experiments, the camera is focussed on the plane in which the deflection occurs, 
though it must always point directly at the mirror. 

A record of the movement of the wave as it travels along a tube is obtained 
by photographing the front of the shock-wave, moving horirontally, on to a 
film moving rapidly downwards, using a powerful mirror-arc lamp as the source 
of illumination. 

The diaphragm in front of the objective is set so that a certain amount of 
light enters the camera when the gaseous medium between the mirror and 
camera » undisturbed. Deflections of light in opposite directions then have 
an effect on the camera image, in one direction increasing the amount of 
illumination at the point on the camera image corresponding to the point of 
deflection, in the other direction decreasing the amount of illumination. Thus 
if the passage of a band of increased density {e.g., a shock-wave) across the field 
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of view results in a record as a bright white line, the passage of a band of 
decreased density in the same direction will result in a record as a dark black 
line. Similarly, if a shock-wave travelling across the field of view in one 
direction is reoorded as a bright white line, a shock-wave travelling in the 
opposite direction will be recorded as a dark blaok line.* This reversal may 
also be effected by covering different halves of the camera objective. 

The optical nature of the experimental method renders it impossible to take 
photographs of the wave moving along a cylindrical glass tube. A tube with 
two optically flat and parallel glass windows along opposite sides would have 
served, but the expense of such an arrangement, which would be frequently 
shattered, rendered its adoption impossible. Instead of glass the thinnest 
obtainable sheets of transparent'' cellophane ’ ’ were used for the windows. Ex¬ 
periments showed that such windows remained intact until an appreciable time 
after the detonation-wave bad passed. The explosion tube used in the 
majority of the experiments was an iron tube 1 metre long and 2T-5 cm. in 
internal diameter. Along opposite edges were cut two parallel slots 30 om. 
long, the maximum length which could be photographed with the optical 
arrangements used, and 4 mm. wide. These slots were dosed with a sheet 
of cellophane wrapped tightly round the tube and gummed so as to be gas- 
tight. The tube was filled with the gas mixture by displacement, the volume 
of gas mixture used being about 10 times the capacity of the tube. 

In order to obtain greater detail in the photographs a lens of long focal 
length, 43 cm., was used, a Teleros of aperture f/5*5. In addition to giving a 
larger magnification this was found to reduce the effects of halation. It must 
be remembered m comparing the records reproduced in this paper with those 
of earlier workers* that the present ones cover a shorter rim of the flame. 
The length of tube photographed was 30 cm. and the speed of film approxi¬ 
mately 70 metres per second throughout. Ordinary orthochromatdc film was 
found to give sharper and more detailed records than specially sensitive 
bromide paper such as Lumidre. 

Photographic Records of the Detonatwn-Wave— The difference between the 
photographs obtained by the method of Le Chatelier and those obtained by 
the present method is illustrated by figs. 1 and 2, which show the record, 
obtained by each method, of a detonation-wave in a CH* + 20, mixture 
traversing the last 30 cm. of a horisontal iron tube 1 metre long and 2*0 cm, 
in internal diameter, and closed at both ends. In both, photographs may be 
seen the record of the detonation-wave advancing from left to right and being 
* It is assumed that the wavtia always oonvex fronted. 
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reflected from the dosed end of the tube, but the Schlieren photograph shows 
very dearly in addition the movements of the burnt gases behind the wave. 
The diaphragm in front of the camera objective for the Schlieren photograph 
ia placed on the side which allows light refracted by a compression-wave 
moving from left to right to enter the camera, so that the detonation-wave 
shows up as a bright line compounded of the light so refracted and the light 
emitted by the burning gases themselves. The reflected wave is also a wave 
of compression, but as it moves from right to left, light from the arc, which is 
refracted, is sent off the camera lens on to the diaphragm, so that the front of 
the reflected wave tends to show as a darker line. Whether it does so or not 
depends upon the relative amounts of light refracted by the wave and emitted 
by the gases m the wave, this being illustrated *as the gases lose their self- 
luminosity in the reflected wave as the latter proceeds farther away from the 
dosed end of the tube. 

It was found experimentally that the cellophane window remains intact for 
a period of about one five-thousandth of a second after the detonation-wave 

has passed. 

Comparison between the Detonation-Wave and the Uniform Movement .— 
Stress was laid in the opening paragraphs of this paper on the great differences 
between the two modes of propagation of flame at constant Speed in gaseous 
mixtures, during the uniform movement and during detonation.* These 
differences, which are mainly in the density or pressure in the flame front, in 
its luminosity, and m its speed, are illustrated by the two Schlieren photographs, 
figs. 2 and 3, showing records of flame movement in the same mixture, CH4-f-20 a . 
Kg. 2, to which reference has already been made, is a record of the detonatkm- 
w%ve; fig. 3 of the uniform movement, set up on igniting the mixture at an 
'open end of the tube, the far end being closed. Only a portion of the record 
obtained is reproduced in fig. 3, which records the movement of the flame near 
the open end. 

■ The Schlieren method itself brings out the difference in density. The flame 
daring the uniform movement can be regarded as almost non-aotmio in its 
effect on a photographic film moving at the high speed of the experiment. 
Being hot and free to expand, the gases in this flame have a density less than 
that of the unburnt gases, and, as the flame moves from left to right, refract 
light out of the camera lens on to the diaphragm, showing up as a black line. 
The difference between the speed of the detonation-wave (2320 metres per 
■tooond) and that of the uniform movement (50 metres per second) in this 
• 8w also Payman and Walk, ‘ J. Cham. So*,’ voL 1M, p. 4S0 (IMS). 
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mixture of methane and oxygen is brought out in a striking manner by these 
two photographs. 

The effect of three factors on the initial movement of the flame in gaseous 
mixtures fired in a tube closed at both ends has been examined—firstly, the 
position of the point of ignition (an electric spark); secondly, the presence 
of restrictions; and, thirdly, the intensity or type of the source of 
ignition. 

The Effect of the Position of the Spark on the Initial Movement of the Flame 
in a Closed Tube. —To trace the effect of the position of the igniting spark a 
mixture of methane and oxygen, again of the composition CH* + 20,, was 
first used. The iron tube was 1 metre long and was closed at each end with 
rubber stoppers. One stopper held the electrodes, pieces of stout brass wire 
of the required length bent over and pointed at the ends. The exposure was 
timed by the dropping shutter of the camera, a knife-edge on which broke a 
wire in the primary circuit of an X-ray coil whose secondary was connected 
to the sparking electrodes. A small Leyden jar was connected in parallel 
with the electrodes, this being found to give a more uniform and reliable 
discharge, and also, a more actinic spark. 

For the first photograph, fig. 4, the spark was passed at a point 6 mm. from 
one end of the tube, and in this, as well as in most of the succeeding photo¬ 
graphs, only the first 30 cm. of the tube was photographed. The end of the 
tube corresponds with the left-hand edge of the photograph. (In order to 
assist the description which follows of this photograph the details are repro¬ 
duced diagrammatically in fig. 6.) The flame front advancing from left to 
right is again defined as a black line, whilst that portion of the flame which 
travels the short distance towards the near end of the tube, and therefore from 
right to left in the photograph, shows as a white line.* The oompression-waves 
sent out by the burning gases are seen as a series of almost straight lines inclined 
across the film. Fig. 0 shows the reversal effect obtained by changing round 
the diaphragm on the front of the camera lens. 

Leaving the consideration of the compression-waves till later, it will be 
observed that the flame appears immediately the spark has passed, and 
accelerates as it moves along the tube. After a short time the acceleration 
diininishes, and though a second flame appears to push through in advanoe 

* The aeries of parallel vertical lines seen in all the Sohlieren photographs are instru¬ 
mental and have no significance. The position of the point of ignition is shown below 
each diagram by a black dot, and the direction of movement of the flame by an arrow. 
The film is moving upwards throughout. 
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and to (progress at roughly constant speed, the initial flame front is seen to be 
retarded. 

A flame arrest has frequently been noted by investigators examining the 
movements of flame in gaseous mixtures contained in closed vessels, and two 
different explanations have been offered to account for it. The first is that the 
arrest is due to the compression-wave from ignition, moving at the speed of 
sound in the unburnt gases, and being reflected back from the far end of the 
tube.* This cannot be the explanation of the arrest recorded in fig. 4, since 
such a wave would only have travelled about half way towards the end of the 
tube when the flame was arrested. Further, as we shall see later, the flame 
moves outwards and is arrested almost symmetrically when the point of 
ignition is asymmetric. 

The second explanation involves assumptions of gas surging or gaseous 
movements en manse, it being held in general that the arrest marks a point 
at which pressure behind the flame becomes equal to the pressure in front. 

Two experimental observations may be referred to in this connection. 
Firstly, the gas surging or gaseous movement theory fails, just as did the wave- 
motion theory, to explain the simultaneous arrest of the flame, when the gas 
mixture is ignited asymmetrically in the explosion-tube. Secondly, when the 
mixture is fired at or close to one end, the point of arrest is the same whether 
the far end of the tube is opened or closed in a tube 1 metre long. 

A more probable explanation is now offered. When an inflammable gas 
mixture is ignited at a point within a closed vessel, flame spreads simultaneously 
in all directions. During the first stage of propagation, before the flame 
touches the walls of the containing vessel, little heat will be lost by the flame, 
save to unbumt gases, except for that by radiation. When the flame touches 
the walls of the tube a second phase commences, heat being lost to the walls 
by conduction as the flame travels along in contact with them, and the flame 
speed being reduced. In the same way we may suppose that when a methane- 
oxygen mixture is ignited under the conditions of the present experiments, 
that is, in a closed tube 2-5 cm. in diameter and 1 metre long but some distance 
from one end, the flame starts outwards, first being spherical then becoming 
egg-shaped,f so that the most forward portion of the flame in each direction has 
travelled some distance along the tube before its equatorial belt touches the 

* Such an explanation was offered by Dixon for the retardation of the flame observed 
when a gas mixture was fired in short narrow tubes, and waves were seen crossing the 
burning gases from the points where the flames were oheoked (toe. eit., figs. 64, 50, 64, 
74, 75). 

t Ellis and Wheeler, 1 J. Chem. Soc.,’ vol. 131. p. 313 (1027). 
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walls. The distance between the two ends of the flame may be quite large 
compared to the diameter of the tube before the portion touching the walls 
first is extinguished by them at that point. This extinction at the sides of 
the egg-shaped flame will result in propagation being now carried on solely 
by the two ends, that is, by two separate flames moving in opposite directions. 
Retardation probably commences as soon as the flame touches the walls or 
comes close enough to lose an appreciable amount of heat to them. The 
definite arrest of the flame would correspond to the moment of separation of 
the flame into two portions, so that the arrest would necessarily be simultaneous 
on each side of the point of ignition. This simultaneous arrest is shown in the 
next photograph, fig. 7, for which the point of ignition was moved to a point 
IS cm. from the end of the tube. A similar simultaneous arrest of the flame 
front takes place not only under the conditions of the present experiments, but 
also under conditions such that the flame moves at appreciably different speeds 
towards the two ends of the tube* 

A separate series of experiments is being carried out in order to test the 
validity of this explanation under varying experimental conditions, but a 
photograph taken during another distinct investigation, and reproduced in 
fig. 8, shows an instance in which the break-up and arrest are simultaneous, 
in accordance with this suggestion. In this experiment a mixture of acetylene 
and air containing 4*2 per cent, of inflammable gas was ignited at the centre 
of a closed cylinder, the internal dimensions of which were length 20 cm. 
and diameter 5 cm., and which had a glass window along its whole length. 
The photograph was taken on bromide registration paper, so that the flame 
shows up black on a white background.! 

The flame may be regarded, before it breaks, as a shell enclosing a non- 
luminouB space. The outer edgeB of the flame, that is, the portions of the 
flame advancing towards the ends of the tube, are in line with the axis of the 
camera, which therefore records a considerable depth of flame, and shows up 
as a dark black line whose width gives some indication of the thickness of the 
flame front. The portions near the side of the tube are at right angles to the 
camera axis, and the depth of flame recorded is much less, so that the sides of 
the flame do not appear so black. 

At any one instant the position of the flame behind the slit is indicated by a 
narrow horizontal section of the photograph. Three such sections are shown 

• Kills, ‘ J. Chem. Soo.,’ voL 123, p. 1440 (1923). 

t Hie tube wm supported with it* axis in a vertical position, but this has been shown 
horisontal in fig. 8 in order to compare directly with the other photographs. 
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in the diagram fig. 9. At the instant shown in the uppermost Beotion the flame 
is a complete spherical or egg-shaped shell. From the moment of ignition 
until the instant corresponding to the middle section the flame front has been 
accelerating, and the shell has been unbroken. Now, however, the flame is 
breaking and the break is rapidly increasing in size. At approximately the 
same instant the flame front begins to slow down. At the instant shown in 
the third section two distinct flames are observed, travelling in opposite 
directions.* 

In our discussion of fig. 4 only the primary flame has been considered. A 
second flame appears to push through the first in the region where it begins to 
slow down. This flame has no longer the clear-cut continuous outline of the 
initial flame, but resembles more the vibrating flame noted particularly with 
methane-air mixtures by Mason and Wheeler.f Since this second flame is 
undoubtedly helped along by compression-waves, which have their origin 
behind the flame front, the records of these waves may now be considered. 

One of the most important observations from figs. 4 and 7 is that the shock¬ 
wave from the spark itself has little influence, probably none, on the propaga¬ 
tion of the flame. This is evident from the photographs, and is still more so 
from the original negatives on which the faint spark-wave can be definitely 
seen. An idea of its position may lie given. It starts out from the spark at 
an angle of approximately 46° to the edge of the film in both directions, its 
speed being slightly greater than that of sound in the mixture used. It 
appears to move almost immediately out of significant range of the burning 
gases. 

The compression-waves which have such a marked effect on the flame, an 
effect from which their existence has previously been inferred, are shown to be 
much more marked than the spark-wave and to travel at a much greater 
speed, from which it can be safely concluded that their intensity is much 
greater. Their origin, however, is by no means clear. It is evident that they 
start in the still burning gases behind the flame front. Such marked 
compression-wavee as the photographs disclose must arise from a sudden 
discontinuity in the conditions obtaining behind the flame front. Such a 
discontinuity can only arise from renewed chemical activity. There must, 
therefore, be renewed chemical activity behind the flame front. 

Some observations by Prof. Dixon bear on this deduction. He has stated 

* The further reillumination in the oentre of the record will be oonaidered later in this 
Tj. Cham. Soo.,' rol 111, p. 36 (1W0). 
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that “ the collision of two flames in which detonation had not yet been deter¬ 
mined gives rise to reflected waves more rapid and more luminous than the 
incident waves. Now these reflected waves cannot owe their increased 
velocity to the mechanical impact, which could only result in the reflected 
waves being copies of the incident waves. It is evident that chemical action 
must occur to assist these reflected waves, and therefore the combustion is 
obviously not complete when these waves return.” Further, the retonation- 
wave sent back by a mixture on detonation was found to be “ faster and more 
luminous when no other bright waves had been thrown back by the advancing 
flame before the point of detonation was reached.” 

More positive evidence that there can be and is renewed chemical activity 
some distance behind the flame front has been recently obtained by Ellis and 
Wheeler (foe. cU.). They have shown that in comparatively slowly burning 
mixtures this renewed chemical activity after the flame has passejl through a 
mixture is indicated by a recrudescence of luminosity. ThiB effect is also 
shown in fig. 8. In some of the later experiments of the present research, in 
which mixtures of hydrogen and oxygen were ignited by a fuse-head or a powder- 
fuse, the almost noil-actinic flame suddenly became luminous a short distance 
behind the flame front, juBt before a strong compression-wave was sent out 
into the unburnt gases. 

It can thus bo regarded as established that the strong compression waves 
are caused by renewed chemical activity behind the flame front, that is, in 
gases in which the process of combustion has begun some time previously. 
What exactly this renewed activity is, activity renewed bo rapidly as to send 
out. strongly marked compression or shock-waves, remains to be discovered. 

In some of the photographs obtained, for example fig. 5, the first shock- 
wave sent out by the flame can be observed as a single wave emerging from the 
flame front. In many others, for example fig. 14, the wave does not become 
visible until some distance in advance of the flame front. Close examination 
of the negatives leads to the conclusion that the apparently blank space is 
occupied by a faint triangle, composed of a mass of feeble compression waves, 
the later ones successively faster than the earlier, and so finally coalescing 
to form one strong wave which is visible on the print. This is indicated in a 
later photograph, fig. 24, whilst the joining of only two waves, a faster wave 
with a slower one in front of it, is shown in fig. 22. 

The single wave in fig. 4 travels at a mean speed of approximately 600 
metres per second. The minor waves from which this wave is produced do 
not appear to affect the initial flame as they pass through it, but later waves 
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which follow the single wave, and travel at approximately the Bame speed, 
evidently assist the second flame, The undulations in the front of this flame 
appear to be due to a given wave or set of waves reaching the flame front, 
carrying it forward for a short distance and then leaving it behind, when 
another wave arrives and continues the process. 

The Initial Movement of Flame icith a Ilydrogen-Oxygen and with an Ethylene- 
Oxygen Mixture %n a Closed Tube. —When a mixture of hydrogen and oxygen, 
2H, + 0, was ignited at (5 mm. from) the closed end of the experimental 
tube, a record was obtained similar in all respects to the one in which a methane- 
oxygen mixture was used, except that the flame throughout was faster. The 
distance of the point of arrest from the end of the tube m approximately the 
same as with the methane-oxygen mixture, despite the difference in speed of 
the flame, indicating that its position is determined merely by the Bhape and 
size of the containing vessel. The photograph obtained is reproduced later in 
the series (fig. 27) for comparison with another set of experiments. 

Fig. 10, for which a mixture of ethylene and oxygen, CsH* + 30,, was 
used, shows an additional feature, namely, the setting up of the detonation- 
wave. The initial flame starts out in much the same manner as in the methane- 
oxygen and hydrogen-oxygen mixtures, but detonation iB set up suddenly 
whdst the flame is still accelerating. The cause of the detonation-wave being 
set up lies behind the advancing flame front, the increased chemical activity 
in the gases through which the flame-front has passed being sufficiently pro¬ 
nounced to produce a wave whose speed and intensity are of the order of those 
of the detonation-wave, which is set up immediately after the initiation- 
wave has passed through the flame front. The suddenly enhanced combustion 
in the initiating-wave at this moment, by reason of its passage through unburnt 
gas, results in a wave of rctonation (which is a shock-wave) being sent back 
along the tube. The formation of the two waves, of detonation and rctonation, 
at this point can be regarded as taking place on similar lines to the formation 
of the two flames moving in opposite directions from the point of ignition in 
a narrow tube ; for where the shock-wave breaks through the flame-front, a 
new centre of disturbance is produced resulting in the formation of a spherical 
wave which impinges on the walls of the tube, two portions continuing to 
expand in opposite directions along the tube, giving the two separate waves of 
detonation and retonation. 

In the Bame way the initiating-wave, the forerunner of the detonation-wave, 
and which has its origin at a position within the burning gases, sends out a 
wave travelling in both directions along the tube, as is shown more clearly 
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when the point of ignition is moved some distance from the end of the 
tube. 

The observation with this mixture that the setting up of the detonation- 
wave, as well as that of the preliminary shock-waves, is due to renewed chemical 
activity in gases through which the flame had passed some time before, led 
to a series of experiments to find under what circumstances the detonation- 
wave might be set up in advance of the flame, presumably by the strong com¬ 
pression-wave which the photographs show. Though this appeared quite 
jKissible, it was not observed in any mixture tried unless an obstruction was 
placed in the path of the flame, whether Schlicren or direct photographs were 
taken. "When Schlieren photographs were taken the setting up of detonation 
was usually similar to that shown in fig. 10, and both detonation and retonation- 
waves always started quite definitely from a point behind the advancing 
compression-wave. The direct photograph reproduced m fig. 11 and obtained 
with the same mixture and jioint of ignition as that shown in fig. 10 ako shows 
that the detonation-wave is set up within the burning gases. The apparent 
setting up of detonation in advance of the flame frequently recorded would 
appear to be an illusion due mainly, as suggested by Prof. Dixon, to the effects 
of halation, and partly due to the faintness of the flame record at this point. 
The use of a lens of long focal length with the resulting magnification is the 
probable explanation of the effect not being apparent in the present experi¬ 
ments, even when direct photographs were taken. This was confirmed by a 
repetition of the experiment recorded m figs. 10 and 11 using a wide aperture 
lens of much shorter focal length. The result was a photograph which 
indicated that detonation was set up in advance of the flame, though the effect 
was obviously one of halation 

The photographs shown in figs. 10 and 11 show another feature of great 
interest. The flame starts out from the spark in much the same way as iu a 
methane-oxygen mixture, but the Schlieren photograph shows the first com¬ 
pression-wave actually passing through the gases behind the flame-front. 
The wave starts in the gases and is not a wave reflected from the end of the 
tube, as is clearly shown by photographs to which reference has already been 
made for which the spark was moved farther from the end of the tube. The 
direct photograph offers more definite confirmation of the suggestion that the 
compression-wave is set up by renewed chemical activity behind the flame 
front, this renowed chemical aotivitv being now evidenced by renewed 
luminosity. There is an important difference between the renewed luminosity 
observed in this experiment and that observed with comparatively slowly 
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moving flames in air mixtures (compare fig. 8), for here the luminous effect is 
a growing one and spreads outwards, whilst with the slower flames the lumi¬ 
nosity contracts. The two photographs, figs. 10 and 11, do not correspond 
perfectly, it having been found difficult to obtain exactly the same spread of 
flame in repeat experiments when ethylene was the inflammable gas. 

The Effect of Restriction s.—The propagation of flame before detonation is 
set up is affected to a marked degree by the presence of restrictions in the 
experimental tube along which it has to pass. With comparatively slowly 
moving flames, Huch as those of methane and air, the usual effect of a con¬ 
striction is to increase considerably the rate of propagation of flame * With 
more rapidly moving flames in mixtures of inflammable gases with oxygen, 
the presence of a restriction in advance of the flame often results in a flame 
starting from the obstruction before the original flame reaches it, an effect 
which has been assumed, correctly as we shall see, to be due to adiabatic 
ignition by a pressure-wave which had preceded the flame f 

The record of an experiment -vyith a mixture of methane and oxygen, 
CH* -f 20,, is reproduced in fig. 13. The mixture w as ignited close to one end 
of the experimental tube, in which had been placed an annulus of steel, 2 mm. 
thick, which reduced the diameter of the tube from 2-5 to l*2 cm. at a point 
10 cm. from the firing end. Its position is recorded on the photograph by a 
vertical black line. The vertical white line on the opposite side of the picture 
is instrumental and has no significance. It will be Been that the initial flame 
starts out as usual, but is retarded somewhat earlier and is then driven back* 
wards. The first strong compression-wave (see, for example, fig. 4) cannot be 
detected in this photograph, but near the point where this wave, as deduced 
from previous experiments, would pass through the restriction, a second 
flame commences and travels comparatively slowly along the tube in the same 
direction as, but slightly in advance of, the initial flame. There is indication 
that later waves from behind the initial flame set up enhanced combustion 
behind the secondary flame that started beyond the restriction. This enhanced 
combustion soon causes a strong compression-wave which initiates the 
detonation-wave. 

For fig. 14 the restriction was placed 20 cm. from the firing end. This 
photograph confirms the fact that the initiation of the flame at the restriction 
is due to the first strong compression-wave sent out from the initial flame. 
A flame can be seen moving outwards from either side of the restriction, at the 

* Chapman and Wheeler, * .1. Chem. Soc.,’ p. 2139 (1926). 

t Campbell and Woodbead, * J. Chem. 8oc.,’ p. 32 (1926). 
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point where it is hit by the compression-wave. For fig. 16, two restrictions 
were placed in the tube, and detonation has been set up at the second restric¬ 
tion. The increased combustion that occurs when waves strike obstructions 
is clearly illustrated by the increase in luminosity at the restrictions in these 
photographs. 

The Effect of Varying Cross-Section on the Speed of the DeUmatum-Wave.— 
Another important phenomenon of the propagation of the detonation-wave, 
which has received some attention during rocent years, has been studied morn 
particularly by Campbell.* He showed that whilst on passing from a wider to 
a narrower tube no alteration in the speed of the flame is observed, on passing 
from a narrower into a wider tube the flame Blows down. These experiments 
have been repeated and confirmed by Laffitte (‘ C. R.,’ 1924), who found also 
that the flame, after slowing down in the wider tube, eventually re-establishes 
its original speed. An explanation has been advanced (Payman and Robinson, 
loo. cit.) to the effect that the detonation-wave travelling along the narrow tube 
progresses approximately as a plane wave. On reaching the end of the narrow 
tube, the wave will begin to expand as a spherical wave and will slow down, as 
the spherical wave has been observed to do in other experiments not included 
in the present series. This decrease in speed is due to the fact that as the wave 
emerges into the wider tube the amount of gas to be, or being, compressed at 
any one instant is increasing more rapidly than the amount of the gases which 
are burning and producing the maintaining pressure-waves. The expansion 
will cease soon after the wave touches the walls of the wider tube. The wave- 
front, however, will now have gained on the maintaining, burning, gases, so 
that some distance separates them, and detonation will have been suppressed, 
a fact which is indicated by the diminution in speed. A definite length of run 
will therefore be necessary, even after the re-establishment of a plane shock- 
wave, before the detonation-wave itself is re-established. It has been found, 
in agreement with this explanation, that the time taken for the true detonation- 
wave to reappear iB shorter the less the diameter of the wider tube, because 
the expansion of the spherical wave would be suppressed sooner in a narrower 
tube than in a wider. 

This explanation is illustrated by two “ spark Schlieren photographs,” 
which are reproduced in figs. 16 and 18. By replacing the continuous source 
of illumination, the arc-lamp, by an electric spark of great actinio value but 
extremely short duration, a “ snapshot ” of the wave spreading spherioally 
through the atmosphere when allowed to expand freely is obtained. For the 
* 4 J. Cbem. Soo.,’ vol. 121, p. 2483 (1922). 
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first photograph, fig. 16, which should be compared with the explanatory dia¬ 
gram, fig. 17, a mixture of hydrogen and oxygen, 2H S -f 0 S , was ignited m 
an iron tube, one end of which can be seen, as a black rectangle, on the right- 
hand side of the picture. This end was opened just before the mixture was 
fired. In line with the experimental tube, and a little distance from it, a short 
piece of tubing of the same diameter and open at both ernlB was placed. The 
mixture was fired some distance along the experimental tube so that detona¬ 
tion had been set up when the flame reached the open end. It will be Been 
that the atmospheric shock-wave, produced when the detonation-wave 
reached the open end, could spread outwards as a spherical wave, but a portion 
of it would be cut off by the extension tube, along which it would travel as an 
approximately plane wave. In this photograph it will be seen that the portion 
cut off is just emerging from the far end of the extension tube, and the difference 
in speed between the plane and spherical waves is evident, the spherical wave 
having lagged behind considerably. That the phenomenon ib a natural 
result of wave-motion, and is not peculiar to the detonation-wave, is rendered 
clear by fig. 18, for which a wave produced by bursting a celluloid diaphragm 
by means of compressed air has been used, the extension tube in this instance 
being narrower than the experimental tube and continuous with it. 

Fig. 19 shows a photographic record of an experiment, which is essentially 
a repetition of one carried out by Campbell, using the same method of photo¬ 
graphy. The only difference in the experimental arrangement was that no 
special fused joint was made between the two tubes, but the narrow tube was 
allowed to project 3 cm. through a rubber stopper and into the wider tube. 
In this way a continuous record could be obtained of the flame as it passed 
through the last 3 cm. of the narrower tube into the wider tube. The narrower 
tube was 12*5 mm., the wider 50 mm. in internal diameter, and the gas mixture 
used was of the composition CH 4 + 20*. The end of the narrow tube is at 
the right-hand side of the photograph and its .edge is marked by a vertical 
black line. The detonation-wave can be seen travelling to the end of the 
narrower tube. The flame then temporarily falls off in speed, but the 
detonation-wave is again set up later. 

Fig. 20 shows an exact repetition of this experiment, except that a Schlieren 
photograph was taken instead of a direct one, and fig. 21 gives an explanatory 
diagram. The separation of the shock-wave from the flame is shown to take 
plaoe, the photograph serving as an illustration of the now generally accepted 
explanation of the mode of the propagation of the detonation-wave ; that is 
to say, that the detonation-wave is a shock-wave, produced by the rapid 
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combustion of a gas mixture, and sufficiently intense to cause ignition of the 
gas through which it passes, whilst being continuously maintained by the 
oombustion thereby started. 

The Ignition of a Gas Mixture by a Fuse or Detonator .—To complete the 
present senes of experiments, a comparison has been made between ignition 
by other means with that of an electric spark, so-called " initiators ” used for 
firing solid explosives being employed, and the gas mixture being olectrolytio 
gas, 2H, + O r 

There are two types of initiators in general use, the powder fuse for gunpowder 
and the detonator for high explosives. The powder-fuse consists of a small 
cardboard cylinder plugged at one end with sulphur and containing a quantity 
of gunpowder. The detonator consists of a small metal cylinder containing 
a mixture of fulminate of mercury and chlorate of potash. When fired 
electrically, they each contain in addition a “ fuse-head," which consists of a 
highly inflammable mixture of copper acetyhde and collodion, injxrhich firing 
wires are embedded. When fired alone, the fuse-head gives a small burst of 
flame and but little noise. The powder-fuse gives a larger volume of flame and 
a distinct report. The detonator gives a large volume of flame and the loud 
report distinctive of detonation. Schlieren photographs, obtained when (a) 
a 5-grain powder fuse, and (b) a No. 6 copper cased fulminate detonator are 
pushed through the stopper at one end of the experimental tube filled with air 
only, and fired, are shown in figs 22 and 23, respectively, whilst the dark 
portion in the upper left-hand comer of fig. 26 shows the type of record 
obtained in the same manner with a fuse-head only. With the fuse-head 
a faint shock-wave travelling approximately at the speed of sound can be 
seen on the negatives. With the powder-fuse (fig. 22), two pairs of shock- 
waves are sent out which first join to give one pair and finally produce a single 
wave. The gaseous products, which cut out light from the film and produce 
the dark portion in the photograph, are seen to be of much greater volume 
than with the fuse-head alone, and to advance much farther along the tube. 
The detonator (fig, 23) gives a wave moving rapidly and followed closely by 
the gaseous products of its detonation. 

The different effects due to these mild, medium and strong sources of ignition 
of the hydrogen-oxygen mixture are shown in figs. 24, 25 and 26. After the 
first few oentimetree travel the flame initiated by a fuse-head (fig. 26) pro¬ 
ceeds in the same manner and at approximately the same speed as when the 
same mixture is fired by a spark (cf. fig. 27). Ignition may therefore not tak» 
place until some time after the fuse-head begins to fire. There appears to be 
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a. 26.—Ignition by Fuse-head. 
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a similar lag, though by no means so considerable, when the'mixture is fired 
by a powder fuse (fig. 24), and the more powerful nature of this mode of ignition 
is shown by the earlier initiation of detonation. When fired by a detonator 
(fig. 25), detonation is set up apparently instantaneously. 

In conclusion, the author expresses his thanks to the Explosives in Mines 
Research Committee for permission to publish the results in this paper. 

Summat y. 

An experimental method has been developed for photographing the invisible 
shook or oompression-waves sent out through a gas mixture on the detonation 
of a solid or gaseous explosive in contact with the mixture, and has been 
applied to the study of the pre-detonation period and the inception of 
detonation in gaseous mixtures. 

The effect of the position of the point of ignition on the initial movement of 
the flame in a closed tube has been examined, and an explanation advanced for 
the observed retardation of the flame, which suggests that it Occurs simultane¬ 
ously with the break-up of the flame front into two separate portions moving 
in opposite directions. 

Visible evidence has been obtained of the movements of the hitherto invisible 
compression-waves, the character of which has been previously postulated from 
their effects on the flame. These are not due to the spark, as has been pre¬ 
viously supposed, the spark-wave being comparatively feeble. The former 
waves travel at speeds much greater than that of sound in the gaseous medium 
through which they are passing, and appear to have their origin in the gases 
through which flame has passed and in which combustion has commenced 
some time previously. They appear to be due to renewed chemical activity 
of some kind behind the flame front. In the same way, under the experi¬ 
mental conditions, and with the mixtures used, the detonation-wave always 
appears to have its origin behind the flame front. 

Other things examined by means of the experimental method were the 
influence of the compression-waves on the movements of the flame, when 
restrictions are present before detonation is set up, and their mode of propaga¬ 
tion during the suppression of detonation when the flame passes from a narrow 
into a wider tube. Finally, a comparison was made between the inception of 
detonation in a gas mixture by different initiators. 
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By W. E. Curtis, D.Sc., Professor of Physics, Armstrong College, Newcastle- 
upon-Tyne, and W. Jevonh, D.Sc., Lecturer in Physics, Military College 
of Science, Woolwich. 

(Communicated by Prof. H. C. Plummer, F R 8 —Received May 15, 1928.) 

1. Introductory. 

Although a considerable amount of experimental work has been done on 
the Zeeman effect in band spectra, it is only recently that results of real value 
have been secured. The reasons for this may be summarised as follows:— 

(o) The experimental difficulties are formidable, since - 

(i) The intensities of band lines are much less than those of most atomic 
lines which have been investigated, and very long Axposures are 
therefore necessary. 

(n) The small spacing of the lines prevents the use of a dispersing system 
of high resolving power, but economical in light, e.g., a low-power 
prism spectrograph crossed by an echelon; a large grating is practi¬ 
cally essential. 

(iii) The effects themselves are usually much smaller than for atomic 
lines, except for a few lines near the band-origin: unfortunately, these 
are in general of relatively low intensity, and are very liable to be 
confused with other lines of the band. 

(6) Theoretical guidance has been lacking in most of the researches in 
question, and therefore such results as have been obtained are of little 
immediate value, since the interpretation of the lines themselves was 
not known. It is true that in recent years most of the lines studied have 
been allocated to branches by other workers, but it is a somewhat 
laborious and difficult task to correlate the two sets of data. We have 
been occupied for some time with such a systematic comparison, but 
the results are rather fragmentary, and not capable of presentation in a 
concise form. They clearly point to the desirability of new observations 
planned with regard to recent theoretical developments. Effort oould 
then be concentrated in the directions most likely to yield definite results. 

The band spectrum characteristics which are specially favourable for this 
type of investigation are as follows :— 
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(1) High absolute intensity, capable of being produce^ and maintained 
for long periods under the special conditions obtaining, i.e., in a narrow 
gap traversed by an intense magnetic field, and development in a 
source permitting the use of a Back box in conjunction with the electro¬ 
magnet, so that the pole-gap may be reduced to a smaller width than 
would be possible with a discharge tube. 

(2) Lines comparatively few in number, spaced as widely as possible, and 
having their intensity maxima not too far from the band-origin. These 
characteristics are all associated with emitting molecules of small 
moment of inertia. 

(3) As few branches as possible, consisting of single lines. 

The helium band spectrum, upon the analysis of which one of us has been 
engaged, satisfies conditions (2) and (3) exceptionally well. It is less satis¬ 
factory as regards condition (1), since it has not yet been found possible to 
excite it with such great intrinsic brilliance aa in many other cases. With 
increasing current density the band spectrum increases in intensity up to a 
maximum, and then declines. Further, it is not well developed in a tube of 
very small cross-section, such as is suitable for placing in the small air gap 
of an electromagnet. In an ordinary Pliicker tube, for example, it can be 
obtained quite bnghtly in the bulbs, but is scarcely visible in the capillary. 
As it seemed possible, however, that both these difficulties might be consider¬ 
ably reduced by employing special forms of discharge tube and electromagnet, 
it was thought that observations for the Zeeman effect should be worth under¬ 
taking. It was clear from the outset that the instrumental facilities available, 
both spectroscopic and magnetic, would not suffice for a satisfactory quanti¬ 
tative study of the phenomena—that is to say, for resolution and measurement 
of the Zeeman patterns , but the scarcity of interpretable data on the subject 
seemed to justify an attempt to obtain even qualitative results. 

2. Experimental Arrangement 

Two spectrographs were employed, (i) an Eagle spectrograph with a 
Rowland grating of 235 cm. radius of curvature, giving a dispersion of about 
2-36 A./mm. in the third order, and (ii) a 1-cm. Fabry-Perot 4talon in 
conjunction with a glass prism spectrograph (Hilger “ constant deviation ” 
type). The ranges of wave-lengths investigated with the grating were 
4758-4365 A.U. and 4161-3626 A.U., whilst the range covered by the 6talon 
.spectrograph was 5000-4300 A.U. approximately. 
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The discharge tpbes used were of H pattern, with copper strip electrodes 
sealed into the upper ends of the vertical limbs, which were of circular section 
and about 1-5 cm. diameter. The horizontal limb consisted of a 16-cm. 
length of tubing of approximately elliptical cross-section,* the major axis of 
the ellipse being vertical and about 12 mm. internally, and the minor axis 
about 4 mm. internally. The considerations which led to the selection of this 
form of tube were as follows:— 

As already mentioned, the band spectrum is developed only where the cross- 
section of the tube is fairly large- say half a square centimetre or more: 
hence, to investigate the spectrum in a magnetic field, with a tube of circular 
section, the pole-gap would have to be unduly widened, and the field intensity 
thereby seriously reduced. The elliptical tubing enabled a relatively large 
cross-section to be inserted in a reasonably narrow gap, the direction of the 
field being, of course, along the minor axis. The gap was about 8 mm., % t., 
very little more than would have been used if a capillary tube were admissible : 
thin sheets of mica were interposed between the tube and the pole faces. 

Again, to secure sufficient luminosity for photography in the third order 
of the grating, it was necessary to observe the horizontal portion of the 
discharge end-on. The whole length of this limb of the tube had, therefore, 
to be enclosed in as uniform a field as possible. Fortunately, with the electro¬ 
magnet available this condition was nearly fulfilled : the magnet has large 
pole-pieces which taper to rectangular faces 14 cm. in length and 5 cm. in 
height. The tube was supported with the horizontal limb between these 
faces, and the vertical limbs just outside them, as indicated in fig. 1. It may 
be noted that in the line of the end-on observations a small portion of the 
discharge (at the junction of the vertical and horizontal limbs) was in a very 
much weaker field than the main (horizontal) portion. It ib unlikely that this 
lack of homogeneity can have seriously impaired the resolution of Zeeman 
components of the He 2 band-lines, since those of the atomic He lines were 
clearly resolved in every grating spectrogram. 

The earliest observations were made without a polarising prism (t.e., 
perpendicular and parallel polarisations were superposed), and were confined 
to the bands of greatest photographic intensity: the whole apparatus was 
mounted as near as possible to the slit of the grating spectrograph, and 

* As this elliptical tubing may be found useful for end-on observation of the discharge 
m other spectroscopic investigations, it may be mentioned that Messrs. James Powell 
and Sons (Whitefriara), limited, Wealdstone, Middlesex, supply it in various sizes, both 
in lead- and in soda-glass. 



Zeeman Effect in Band Spectrum of Helium, 


113 


exposures of about one hour sufficed; for such periods a current of 9 amperes 
could be maintained with safety in the magnet windings, giving a field of about 



Fia. 1.—The disposition of the discharge tube in the pole-gap of the electromagnet, shown 
in side-elevation, ond-elevation and plan. The right-angled prism used for the 6talon 
exposures is shown in broken lines. 

20,000 gauss in the 8-mm. gap. For the less intense bands the exposures 
necessary were about two hours, and the field current was reduced to 8 amperes, 
giving about 18,000 gauss. A ficld-on exposure and a no-field exposure were 
made on the same plate with the same instrumental settings. 

In the later series of observations, in perpendicular and parallel polarisations 
separately, a lens was used to project on the slit the images of a central section 
of the horizontal limb of the discharge, and a double-image prism was inter¬ 
posed between the tube and the lens. In this series the exposures were much 
longer ; in some cases about seven hours for one polarisation, even with the 
fast plates used (Ilford “ Monarch ”); for such periods a magnet-current of 
only 6 amperes could be maintained and the field was correspondingly smaller, 
about 16,000 gauss. For a given spectral region the exposures in the two 
polarisations were made on the same plate, but on two Buocessive days, in order 
that the magnet might cool down overnight; a no-field exposure was also 
VOL. OXX.—A. I 
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made on the same plate. Many trials were necessary before the three 
photographs on one plate were obtained with approximately equal densities. 

For the exposures with the Fabry-Perot 6talon, which were, as far as 
possible, made simultaneously with the grating exposures, the middle of the 
horizontal limb of the discharge was observed “ broadside-on ” by means of a 
right-angled prism supported over the tube and pole-gap, as shown in fig. 1. 
Thus the field was quite uniform over the portion of the discharge used in these 
observations. A second double-image prism and lens produced the polarised 
images on the slit of the Stalon spectrograph, exactly as with the grating. 
The exposures necessary were of the same order as in the case of the grating. 

3. Notation: Tabulation of the Remit* of the Observations. 

Neither the grating nor the 6talon spectrograms showed clear resolution 
of any line* of the He, bands into Zeeman components, although the splitting 
of the atomic Ho lines was very well shown in the grating plates. The effect 
of the field on the band-lines was shown as a broadening with a diminution of 
intensity, the broadening in the most marked eases being less than the width 
between the outer (J.) components in the “ normal ” atomic Zeeman triplet. 
In the tables rough estimates of the degrees of broadening of the lines are 
indicated by letters : the estimates were made by direct comparison, without 
attempting actually to measure the widths, of the line without field and with 
field (both polarisations superposed). 

(а) Not appreciably affected. 

(б) Only very slightly affected. 

(c) Slightly to moderately affected. 

(d) Markedly affected. 

(e) So greatly affected that the line was suppressed entirely or almost 
entirely. The significance of ( e ) is, of course, much greater for a strong 
line than for a weaker line : the apparent suppression of a very weak 
line does not necessarily imply a really big effect of the field. 

Tn the case of lines for which two letters are given, the magnitude of the 
effeot was more than usually difficult to decide: the first letter given was 
judged to describe the effect, though the second one given also seemed possible. 
Following the letter in the Z.E. column is, in some cases, the symbol _l or ||, 
to denote the polarisation in which the width of the line appeared to be the 
greater; if resolution of the Zeeman components had been effected, the 
* With one exoeption noted later (p. 183). 
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polarisation denoted by the symbol given would, presumably, be that in 
which the outermost components were stronger. The = sign indicates that 
the line was photographically recorded in both polarisations separately, but 
no difference could be detected in the ± and || widths. A blank space in this 
column indicates that although the line in question was present in the field-on 
spectrograms taken without the double-image prism, it could not be detected 
in those taken with that prism interposed. 

Table I gives the observations for lines which have been previously allocated 
to bands by Curtis,* Curtis and Long.f and Wcisel and Ftichtbauer.J Except 
in the case of one branch, to which particular reference will be made later 
(p. 124), only the first three lines of each branch are included in the table, as 
no effect was detectable with certainty in the grating plates for the fourth and 
succeeding lines of each of these branches. The electronic transitions are those 
given by Mulliken,§ but the rotational quantum numbers (j) are all less by 
one-half than those he used.^j As he has pointed out,** this reduction is neces¬ 
sary in order to bring the values into accordance with the “ true ” j-values 

indicated by the new mechanics In further explanation of the tabulated 

j-values, it may be mentioned that Meckeff- recognised in the He, bands an 
extreme case of the phenomenon of alternating intensities of band-lines of 
symmetrical molecules—extreme in the sense that alternate lines in each 
branch are bo weak that they have never been observed. Mulbken has 
developed a scheme of rotational energy levels in which (i) each level consists 
of two sub-levels A and B in J D and in *P states, and consists of only the B 
sub-level in Btates ; and (ii) in accordance with Mecke’s hypothesis of missing 
alternate lines, sets of alternate Bub-levels are suppressed. The unsuppressed 
sub-levels arejf.— 

• ’ Roy. Soo. Proo.,’ A, vol. 101, p. 38 (1922). 
t ‘ Roy. Soo. Proo.,’ A. vol. 108, p. 513 (1925). 
t ‘ Z. f. Physik,’ voL 44, p. 431 (1927). 
f ‘ Proo. Nat. Aoad. Soi,’ vol. 12, p. 158 (1926). 
f * Phys. Rev.,’ vol 28, p. 1202 (1926). 

•* p. 1204 of previous reference ; also * Phys. Rev.,’ vol. 28, p. 606 (1906); and vol. 29> 
p.649 (1927). 

tt * Phys. Z.,’ vol. 26, p. 227 (1925). 

$$ It is to be noted that the designations A and B for the rotational sub-levels are assigned 
in accordance with Mulliken’s original scheme (‘Phys. Rev.,’ vol. 28, p. 1202 (1926)). 
Hehasreoently (‘ Phys. Rev.,’ vol. 30, p. 785 (1927)) proposed that this should be modified 
in order to bring it into harmony with theoretical conclusions of Hund. It was thought 
preferable, however, to adhere to the original notation in this communication, since the 
theoretioal position is still hardly stable enough to justify snoh a change if confusion is 
liable to be introduced thereby. 
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In *8 states, B sub-levelR ... 

• j = 1, 

3, 5, 7, ... 

rA sub-levels 

. j — 1, 

3, 8, 7, ... 

In *P statesg ,ub-levels . 

• 3 = 

2, 4, 6, 8, 

r A sub-levels . 

3 = 

2, 4, 6, 8, 

Tn'D Bub-lovels 

• 3 = 

3, 5, 7, . 


In view of these complications it seems desirable to designate a line fully 
by means of the rotational sub-levels of both (initial and final) states, as is done 
in Table I. For descriptive purposes, however, it is convenient to adhere to 
the usual method of designation by the branch letter and a numeral; for the 
numeral we shall here use the j-value of the final rotational sub-level.* The 
numeration used originally by Curtis has therefore to be modified in accordance 
with the following scheme, which gives the original and the present numerations 

for the first, second, third .lines of each branch of the bands included 

in Table I: - t 

Branch. P P' Q R R' 

Original 2, 3, 4, ... 1, 2, 3, ... 1, 2, 3, ... 2, 3, 4, ... 1, 2, 3, ... 

Present 3, 5, 7, ... 2, 4, 6, ... 1, 3, 5, .. 2, 4, 6, ... 1, 3, 5, ... 

The original symbols P' and R' are retained for convenience. 

Finally, it must be noted that Mulliken has shown that the electronic states 
involved in the “ main ” Rydberg series of bands (tP -+-2S, t = 3, 4, 5, ... 10) 
and the related bands X6400 (38 - 2P), X5730 (SD-+2P) and X4546 
(48 -*■ 2P) correspond to the tripletf terms of the He atom (formerly regarded 
as doublet terms-—those of the so-called “ ortho-helium doublets ”), and that 
the electronic states of the “second” Rydberg series of bands (xP-*-28, 
x = 3, 4, 5, 6) correspond to the singlet terms of the He atom (those of the 
so-called “ par-helium singlets ”). Mulliken suggests that two types of 

molecule are formed : one (which emits the “ main ” family of bands) composed 
of two ortho-He atoms each in the metastable 2 *8 state, and another (which 
emits the “ second ” Benes of bands) composed of two par-He atoms each in the 
metastable 2 1 S state; it is convenient to designate these molecules as o-He, 
and jh He, respectively. 

* In conformity with the National Research Council Bulletin on “ Molecular Spectra in 
Qaaea," and with Kemble, Mulliken and Crawford, * Phya. Rev.,’ vol. 30, p. 438 (1927), 
to both of which reference is made in a later section. 

t Burger, 1 Z. f. Physik,’ vol. 38, p. 437 (1926); Houston, ‘ Phys. Rev v * voL 29, p. 747 
(1927). 
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The electronic states of both molecules appear to be of the singlet type, 
*8, 1 P, *D. Sommer,* in a study of effective quantum numbers, regards the 
electronic states for the ortho-He, bands as triplet, *8, *P, *D. A consideration 
of the missing lines of these bands seems, however, to support Mulliken’B 
earlier view that these states, like those of par-He t , arc of singlet type. If 
they are actually triplet the separations are so small that, with the fields used, 
the Zeeman patterns may be expected to approximate closely to those which 
would be given by singlet electronic states, assuming that there is a molecular 
Paschcn-Back effect of the same nature as the atomic. 

The wave-lengths already recorded by Curtis and by Curtis and Long have 
been adopted in Table I. All the other wave-lengths tabulated have been 
determined from plates taken in the course of this investigation prior to the 
appearance of Weizel and Ftlchtbauer’s paper. In every ease our wave-length 
is close enough to theirs to show beyond doubt that both pertain to one and the 
same line. Lines given in the above-named investigations, but not satis¬ 
factorily recorded in our ficld-on plates, are excluded from Table I. 

A few lines noted by Weizel and Fiichtbauer as blended with neighbouring 
lines of the same band, or as hidden by stronger lines of another band, are 
resolved in our plates, which are of higher dispersion— e.g., the first two 
Q-branch lines of the 1 -*■ 1 band (X 4668) of the o-He, system 3P -+ 28, which 
are given as imperfectly resolved by Weizel and Fiichtbauer, are quite separate 
in our plates (see Table I), again, in the P branch of the same band the 
first two lines are not given by Weizel and Ftichthauer (who remark that the 
second line is hidden by a stronger line), but are present in our plates. More 
noteworthy, however, is the fact that in the o-He, system 4P -*-28 (Table I) 
our plates show the fifth line of the Q branch as an anomalous doublet in both 
the 1->1 band (X 3689) and the 0-+1 band (X3926), a perturbation 
exactly like that found by Curtis and Long in the case of the corresponding line 
of the 0-+-0 band (X 3676): the three measured doublet separations are: 
0-»0 band, 6-5 cm. -1 ; I-*], band, 6-6 cm. -1 ; 0-*-l band, 6*8 cm. -1 . 
Weizel and Fiichtbauer give only one oomponent of the anomalous doublet 
in the 1 -*■ 1 and in the 0 -*■ 1 band. 


* Proe. Nat. Aoad. Sci.,’ vol. 13, p. 313 (1937); ‘ Nature,’ vol. 130, p. 841 (1987). 
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(ill) The beet spectrogram in || polarisation shows this line just resolved into a symmetrical 
doublet, separation about one-thirri-“ normal.” 

(in) These lines wore unresolved by Weiiel and h'Qohtbauer. 

(iv) Hidden by the stronger line Q (1ft) of the 0 -» 0 band of the same system. 

(v) Perturbation (displacement) does not show any specially large Zeeman effect. 

(vi) Perturbation (anomalous doublet). both components show large Zeeman cffocts. 

(vil) The lines of this branch are so faint in the hekl-on plates that no uertain conclusions can 
be drawn as to their Zeeman effects. 

(viii) These two lines are not given by Weiscl and FGehtbauer, but are shown in our plates both 
without and with fiold. Their Zeeman effects, however, arc uncertain, the first line 
being too faint, and tho second too near P (B) of the 0 > 0 band of the same system, 
(iz) This component of Q (9) is not given by Wciacl and Fftihtbauer It appears to be a very 
dose doublet, the fainter component being suppressed by the field 
(z) This component of <J| (9) is not given by Wei tel and Fiichtbauer. 

(zi) Weitol and Fflohtbauer give the wave-numbers of these two lines, together with the wave- 
Ungtki of two neighbouring lines (A A 3922 58 and 3918 92, both of which are present 
in our plates). 

(xii) The possibility that the He line A 3634-37 may be feebly developed in addition to the 
superposed Q (1) renders the Z.K observation uncertain. 

4. Bands of P -*■ S and S -» P Systems. 

In order to discuss the significance of the observations for the Hc 2 bands 
shown in Table T, we must first quote briefly the theoretical predictions of 
Kemble* for the Zeeman patterns of band-lines, especially those of bands due 
to electronic transitions between *P and’S states, since each of the He s bands in 
Table I may be considered to correspond to such a transition.! 

All theories yet developed predict for the Zeeman patterns of the lines of 
each branch of a bund (i) a symmetry about the position of the line without the 
field (ii) a width which is greatest for the faint lines (of lowest /-values) near 
the band-origin and diminishes rupidly a hj increases, so that lines remote from 
the origin are not appreciably affected by the field , and (lii) a complexity 
which increases with j (t.e , increases as the width decreases), each energy 
level of the molecule becoming split by the magnetic field into (exactly or 
approximately) 2j equidistant magnetic sub-leveR 
Further, electronic energy levels of the *8 type are unaffected by the field, 
and the same is very nearly true of levels of the *S, and, indeed, of any 
S type. Thus bands corresponding to any S -» S electronic transition should 
Bhow no Zeeman effect of the first order of magnitude: this prediction has 
been verified experimentally by Watson and PerkinsJ in the case of the ’8 -*■’8 
bands of AgH. 

* ‘ N. R. C. Bulletin ’ on “ Molecular Spectra in Gases,” pp. 337-343, and 302 , ‘ Phys. 
Rev.,’ vol. 27, p, 799, aba. 19 (1926), and vol. 30, p. 438 (1927). 
t See note on p. 117. 

J ‘ Phys. Rev.,’ vol. 30, p. 592 (1927). 
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Bands, corresponding to a transition P-+S or 8-*P should show Zeeman 
patterns due entirely to the splitting of the rotational energy levels of the P 
electronic state. For the 1 P state Kemble predicts that a rotational energy 
level should split into (2j -f-1) magnetic sub-levels, with an over-all range of 
2 Av ,/( i 7 + 1 ), where Av„ = eH/47mc* = 4*70.10~ 6 H cm. -1 , the half-width 
of the “ normal ” Zeeman triplet in atomic spectra, and j is the “ true ” total 
rotational quantum number (corresponding to the total angular momentum) 
as given by the new quantum mechanics.* 

In the case of the Angstrom (*S -*■ X P) bands of CO, the “ true ” values of 
/ are identical with the values of the ordinal number (M) for the lines in each 
of three branches, M being unity for the first observed line in each branch. 
Hence the Zeeman pattern for the Mth line in a branch should consist of 
(2M -f-1) equidistant components in a range of 2Av,/(M + 1), the predicted 
intensities being given by expressions also obtained by Kemble. Kemble, 
Mulliken and Orawfordf have summarised these theoretical results for the 
transition *8 -+■ J P by means of diagrams showing the number, spacing and 
relative intensities of the components in the X and || polarisations in the 
predicted patterns for the first four lines of each branch. They have obtained 
striking experimental confirmation of these predictions in the case of the 
Angstrom bands of CO. Their diagrams apply not only to the corresponding 
twelve lines (having f = 1, 2, 3, 4) of any *8 -*■ *P bands, but also to the lines 
having / = 1, 2, 3, 4 in each branch of any *P -► 'S bands, e.g., those of CO 
(the “ 4th positive ” bands), AlH, Na„ SiO and CS. For *P -* ’S bands the 
pattern for the line R (j) due to the (electronic and Aj) transition 
(*P, j + ( l S, j) is identical with that for the CO Angstrom band-line 
P (j + 1), due to the reverse transition ( l S, j) -* l 1 ?, j -f 1); and, similarly, 
the predicted pattern for the line P (j) is identical with that for the CO 
Angstrom line R (j — 1)- that is to say, the patterns for the R and the P 
branches arc interchanged, while the Q-branch patterns are identical for the 
two (M3 -*■ X P and X P -+ a 8) band-systems. Experimental verification has been 
obtained by Watson and Perkins ( loc . c»t,) in the case of the X P -* *S band 
(0 -> 0) of AlH. 

In applying the predictions for CO to the He, bands shown in Table I, account 
must be taken of the suppression of alternate rotational energy sub-levels 
A and B. The results may conveniently be summarised as in Table II. 

* As already mentioned on p. 115, j, according to the new quantum mechanics, is less 
by I than the value given by the older “ conventional ” quantum theory. 

t Loc- cit. (see fig. 1, p. 444). 
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Table II.—Predicted Zeeman Effects for 1 S-*- 1 P and AP-^S Band-lines of He g . 


Type of Band 
(Eleotronio 
transition, and 
'xampfem 
He,). 

- 

He, 

, band-line. 

CO Angitrum 
band-line having 
same or reverse 
tranntion, and, 
therefore, the 
same Zeeman pattern. 

| 

Number 

Width of 
Zeeman pattern 
in term* of 
width of 
“ normal" 
triplet 

Rotational 

tranntion. 

Original 

notation. 

Present 

notation. 

Zeeman 

com¬ 

ponent* 

o-He,: 4646, 
4080 

1b -*-2b ! 

3b-*-4» 

1b-*U 

3b->3 a 

3*B-2 b 

5 B -»4 b 

P'(l) 

PM2) 

Q(D 

«(2) 

R(2) 

R(3) 

PM2) 

P'(4) 

4(1) 

Q(3) 

R(2) 
R (4) 

P(2) 

P (4) 

Q(l) 

Q(3) 

R(2) 

R(4) 

6 

9 

3 

7 

6 

9 

] 

i 

i 

1 

i 


2 b -3jT 

P(2) 

P(3) 

R(2) 

6 

1 

'P-e'S 

4 b -*-Ob 

P<3) 

P(8) 

»(4) 

» 


o-He,: 4648, 





4668.3676, 

U *l B 

Qd) 

^ Q(i) 

Q (1) 

3 

i 

3689, 3926 

3a->3 b 

Q (2) 

Q(3) 

<i<3> 

7 

i 

p-He,: 4002, 




3636 

2b->1b 

R'(l) 

R'(l) 

P (2) 

o 

1 


4b-3 b 

R'(2) 

| R'(») 

P(4, 

[_L 

i 


Bee remark* on electrons Staton of o-He, on p. 117. 


From this table it is Heen that the Zeeman patterns for the first two lines of 
the three branches of either type of He a band in Table I are given by Kemble, 
Mulliken and Crawford’s diagrams for P (2), P (4); Q (l), Q (3); R (2), R (4). 
These diagrams form the basis of fig. 2, which has lieen made to include the 
He, bands of the P -> 8 type as well as those of the S -*■ P type by the addition 
of the notation and transitions given in Table II for each type; those for 
P -> S bands are given above, and those for S -*• P below, against each pattern. 

The lengths of the vertical lines represent the predicted intensities, the 
parts above and below the horizontal lines corresponding to the parallel and 
the perpendicular polarisations respectively. For both polarisations super¬ 
posed the intensities of the components are indicated by the heights of the 
dots above the horizontal lineB. 

With the aid of the diagrams we can enumerate a few salient features which 
should be observed with a spectrograph of resolving power just not sufficient 
to reveal the full details of the patterns of these lines 

(i) In each band the first Q-branch line should be the most favourable for 
resolution into Zeeman components ; failing resolution there should be 
a very marked broadening (half-“ normal ”) in the || polarisation, and 
also in the superposed polarisations, and a less marked broadening in the 
-L polarisation. 
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R'(l) 'P 2,~'S.I, 
P‘0 'S I. - 'P,2. 



•i • 


K<3> Pv's* 

^(4) 'S.3, -'P.4, 



P(3) 'P2r'S.3, 
R0 'S irV 2 . 





PS) ■P.V-'S.B, 
R(4) 'S.S.-’P.*, 





Fig. 2.—Predicted Zeeman patterns for the first two lines of each branch of 'P-^’S and 
*S -*■>P bands of Hoj. The unit employed in expressing the half-width is At-,, the 
“ normal ” atomic displacement. 

(ii) Next to Q (l) in case of resolution of Zeeman pattern hould come the 
first lines of the P and R' branches in a P -*■ S band, and those of the P' 
and R branches in a S -+• P band. Just inadequate resolving power 
should show the first R' or P' line markedly broadened in the J. 
liolarisation and in the superposed polarisations, but less markedly 
broadened in the H polarisation. That is to say, the changes of 
broadening with polarisation should be opposite to those for Q (1). 
For the first P or R line the difference of breadth in the || and ± 
polarisations should be in the same sense as for R' or P', but less marked, 
perhaps inappreciable. 

(iu) The second Q line should be still less easy of resolution. With just 
insufficient resolving power there should be a broadening more marked 
in the || polarisation and in the superposed polarisations than in the JL 
polarisation, as in the case of Q (1). 

(iv) The second lines of the P (or P') and R' (or R) branches should be less 
broadened than the second Q line : the effects should be of the same 
kind as for the first lines of the same branches, but still less marked. 
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(v) Succeeding members of each branch should behave in the manner 
described in (lli) and (iv)„ but to a progressively diminishing extent, 
the effect becoming quite inappreciable before high j-values are reached. 
The absence of alternate lines in each branch means, of course, that the 
effects should appear to diminish more rapidly than in a band of similar 
type in which every line is developed, as in the cases of CO and A1H. 

We will now return to the observational results shown in Table I. Tu a 
preliminary report* (prior to the appearance of the theoretical investigation 
referred to above) we described the main features of the earlier of our 
observations on the prominent band near X 4648, the 0 -*• 0 band of the 
o-He 2 system 3P -*■ 28. Though made with inadequate resolving power and 
field strength, the observations are, it may be stated at once, in qualitative 
agreement with the above theoretical predictions for a ’P -*■ *S band Thus in 
this band the Q (1) line shows the greatest broadening, which was estimated 
to be of the order two-thirds-“ normal,” and was found to be appreciably 
greater in the || than in the -L polarisation (e/. (l) above). In one of the grating 
plates obtained subsequently, Q (l) is just resolved in the polarisation into a 
symmetrical doublet, with a separation which has been found on measurement 
to be of the order one-third-“ normal ” ; whilst the measurement is not suffi¬ 
ciently precise to exclude positively the possibility of a half-“ normal ” 
separation, the two-thirds-” normal ” previously reported (toe. cU.) is certainly 
an over-estimate. Further, the first lines of the R' and P brunches (R' (1) 
and P(3) in the present notation) are less broadened than Q(l). The 
broadenings of these two lines in the || and X polarisations were very difficult 
to compare in the earlier plates ; it first appeared that while the broadening 
of R' (1) was probably greater in the X than in the |j polarisation, the opjiosite 
was the case in P (3), which was reported (loc. cit.) to show an effect similar to, 
but smaller than, that for Q(l). This last observation is not sustained by 
examination of subsequent plates in which this band was more heavily 
recorded in the two polarisations separately; in the grating plates no difference 
of the broadenings of P (3) in the || and the X polarisation is detected with any 
certainty (c/. (u) above), but in the 6talon plates the broadenings of both R 
and P lines are clearly shown to be greater in the X polarisation, while those 
of the Q lines are greater in the || polarisation. In the 6talon plates these 
effects are seen to diminish rapidly in each branch, with increase of rotational 


Curtis and Jevoni, ‘ Nature,’ vol. 116, p. 746 (1026). 
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quantum number, but they are definitely traceable up to the fifth or sixth 
line (of. (v) above). 

Broadly speaking, the effects just described for the X 4648 band are also 
observed m the other bands shown in Table I. 

Particular mention must be made of the Q branches of all three bands, 
0 -*■ 0, 1 -*■ 1 and 0 -*■ 1, of the o-He, system 4P -»■ 2S. In each case the 
broadening, which is greater in the || than in the i. polarisation, as in the 
preceding band 3P 28 just described, is greatest for the first Q line, and 
rapidly diminishes with increasing ^'-values, becoming almost inappreciable in 
the grating plates at the fourth line. At the fifth line Q (9), which, as was 
pointed out on p. 117, is an anomalous doublet with a separation of about 
6-6 cm." 1 , the Zeeman broadening, instead of remaining almost inappreciable, 
becomes very large for both components of the anomalous doublet in each of 
the three bands of the system. In the 0 -*> 0 band the long-wave component 
X 3682-17 of the perturbed Q (9) is broadened as much as, or perhaps slightly 
more than, Q (1): the short-wave component X 3681-29 shows a still larger 
effect, being so diffuse in the field as to be almost invisible. The 1 -*■ 1 and the 
0 -*• 1 bands are so faint that no certain conclusions can be drawn from the 
observations, but it appears that in the 1 -*■ 1 band the long-wave component 
X 3696-06 is itself a close doublet whose fainter component is suppressed by 
the field. These three bands also show perturbations in the third lines of their 
R' and P branches (A/ = 6 -*■ 5, and 6 -*• 7 respectively), but these lines do 
not appear to show any specially large Zeeman effect. If such exists, it is 
certainly much less in magnitude than for the perturbed Q (9), so that we may 
perhaps associate abnormal magnitude of Zeeman effect with the latter type 
of perturbation, namely, a splitting of the initial rotational energy sub-level, 
as distinct from the more commonly occurring displacement type. It would 
thus seem quite probable that the splitting in question has a magnetic origin. 


6. A New Band of o-He t and Unallocated Lines. 

In the regions covered by our plates there are a great many (over 300) lines 
recorded which have not yet been allocated to bands, although they must, 
with very few exceptions, be due to the helium molecule, since no trace of any 
impurity but hydrogen (atomic) has been found in the spectrum. It is not 
proposed to give here a complete list of these lines, but only to mention those 
which show particularly large effects. 

There is a conspicuously regular group of lines in the neighbourhood of 
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the He line X 4472, noted by McLennan, Smith and Lea,* who regarded it as 
composed of a P and a P' branch. In the course of an analysis of the He, 
spectrum which is now being made by one of us (W. E. C.) in conjunction with 
Mr. A. Harvey, it has appeared that the branches in question are in reality 
r of R and Q type respectively.! They have a common set of initial levels and 
the final levels are the B and A rotational sub-levels of the 2P electronic state 
of o-He,. The initial state is apparently single, and haB an effective electronic 
quantum number 3 • 93, but its term designation is at present uncertain, and will 
be referred to here as Z. It shows certain unusual characteristics which will 
be described in another paper. The preceding term 3Z has also been 
identified in combination with 2P of o-He,, giving two branches similar to the 
above in the region XX 5960-6080, for which no magnetic data are available. 

Particulars of the 4Z -*■ 2P branches arc given in Table III. 


Table III.—Effects on Band-Lines of o-He, System 4Z—2P. 


Branch. 

Line 
(initial 
and final 
nub-levels 
/-/')• 

■ 

Int. 

Aiilr* 

1 

Z.K. 

Note*. 

3b- 3 a 
5b — «A 
7b- 7 a 

l»B- «A 

Hb-Ua 

1 

1 

U 

1- 

0 

4467-22 

78-03 

89-88 

4502-23 

IS 16 

22,379 04 
325 02 * 
266-10 
205 03 
141-40 

, 

t 

5 i 

ed 

” 


3b — 2b 

0 

4468 43 

22,423 16 

df x 



3b — *b 

8 

63-32 , 

398-60 

d X 



"b — ®B 

87 

09-10 i 

360 59 

it 



»B- «B 

0 

75 56 

337-31 

d X 


H 

11B — 1°B 

0 

82-51 

302-67 

i 1 



13 B -+12 B 

0 

89-88 

266-10 

d X 

ii 


15b-T 14b 

3 

97-54 

228-16 

d X 



17b-»-1«b 

1 

4504-54 

193-04 

cd x 

iv 


I»B-18b 

0 

14-81 

143-13 

ed ’ 



Noth to Table III. 

See p. 114 for notation used to describe Z.K. observations. 

i. Ghost superposed on present pistes. Intensity estimated from pistes taken with 

10 feet grating of Imperial College, South Kensington. 

ii. Blend of Q (7) and R (12). 

ni. Recognition of effect difficult owing to proximity of ghost, 
iv. Probably perturbed. 

• * Roy. Soc. Proo.,’ A, vd, 113, p. 183 (1920). 

t The R branch is the same as McLennan, Smith and Lea’s P, but the Q branoh differs 
considerably from their P'. 
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It will be seen that the broadening are very marked throughout both 
branches, in striking contrast to the bands due to 8 -* P combinations. In 
view of the known behaviour of the 2P state, we must conclude that the 4Z 
state is responsible for the relatively large effects observed. An attempt was 
made to estimate the amount of the broadening in the case of the stronger (R) 
branch, with the following results :— 

R(2) R (4) R (6) R (8) R(10) 

0-41 0-71 ? 0-94 0-51 x 2Av„ 

These measurements are necessarily quite rough, Bince they are liable to be 
influenced by the intensity of the line ; but it seems clear that the effect is not 
only larger than that characteristic of 8 -*■ P bands, but is related to the 
j-valuca in quite a different manner. Whereas previously the effect diminished 
rapidly as j increased, here it increases to a maximum and then shows a 
tendency to diminish. The broadening of the R lines is very mucjb greater in 
the X polarisation than in the ||, and the same appears to be true of the Q 
lines, although the polarisations are observable separately for only two of the 
latter. 

It is worthy of note that the 6talon observations on the R lines of this band 
in the absence of a magnetic field strongly suggest that they are sensibly 
broader than those* of the S -*■ P bands. This would indicate that a fine 
structure may have something to do with the unusual type of Zeeman effect. 

In Table IV a list is given of unallocated lines which show well-marked 
broadenings in the field. This includes all lines of appreciable strength for 


Table IV.—Effects on Lines Unallocated to Bands. 


Int. 

w 

•"w j 

Z.E. 

Int. 

A», r - 

■W- 

Z.E. 

4 

4679-78 : 

21,362-6 

d 

2 

4146-60 

24,110-0 


0 

4816-92 

22,132 8 

eb—. 

2 

38-18 

188-6 

6 

1 

09-66 

168 9 

d H 

2 

4044 21 

719 7 

6 

] 

02-38 

204 4 

d H 

6 

18-99 

874 9 

d 


4498 86 

238-0 

d ~\ 

8 

07-67 

945-1 

4 -(»X) 

1 

89-31 

268 9 


6 

3976 76 

25,139-1 

4 X 

1- 

83-78 

296 6 

ed— * 

6 

73-94 

166 9 

« 

6 

42 88 

001 6 

do i 

4 

63 90 

220-6 

do =- 

A 

42 40 

804 1 

ed ?x 

4 

3801-79 

26,296 0 

4e 

4 

22-73 

604-1 

d ?- 

6 

3796-83 

330-3 

dZi 

7 

14 02 

649 8 

d ?«= 

8 

91-93 

304-3 


7 

02-60 

707-6 

4 II 

3 

87-66 

394-8 

d J 

7 

4396-93 

736-8 

ed x 

2 

70-96 

610-9 

ed 

8 

96-14 

746-2 

eb T|| 

3 

65-61 

648-6 

ed 

4 

92-67 

788-4 

4 II 
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which effects of magnitude d and e on our scale have been definitely established. 
There are many others showing unmistakable effects, but it does not appear 
that any useful purpose would be Berved by listing them at present. It is 
hoped, however, that the observations will be of material assistance in 
detecting regularities in the more complex regions which still remain to be 
analysed. The utility of the present results in this connection may be 
illustrated by reference to the lines bracketed together in Table IV. The 
similarity of the Zeeman effects affords a valuable confirmation of the proposed 
arrangement in two branches. 

6. Summary. 

The Zeeman effects in two regions of the helium band spectrum have been 
investigated in fields up to 20,000 gauss with an 8-foot concave grating (third 
order) and a Fabry-Perot 1-ctn. 6talon. Resolution of the magnetic components 
has only been effected in one case, but a great many instances of broadening, 
sometimes quite considerable in amount, have been observed, and some 
information as to the polarisation of the components has been obtained by 
meanB of a double image prism. 

In the case of those bands which are due to transitions between S and P 
electronic Btates, the results are completely m accordance with theoretical 
predictions. The effects rapidly decrease in amount (t.e , width of pattern) 
with increase of rotation, and the polarisation of the outer components is 
opposite m character for Q and PR type branches. In the case of another 
band, details of which have not been previously published, a totally different 
behaviour has been observed. The effects are relatively large throughout both 
Q and R branches (the P branch being too weak to observe), and they show 
similar polarisations. The final Btate of this band is known to be the 2P 
electronic state of the ortho-lie, molecule, but the relation of the initial 
electronic Btate to the known term sequences of He, is not clear. It is 
designated as 4Z, it shows certain other peculiarities besides the exceptional 
magnetic behaviour. 

A list is given of lines which show large magnetic effects, but are os yet 
unallocated to bands. 

The authors have pleasure in thanking the Government Grant Committee 
of the Royal Society and the Research Fund Committee of Armstrong College 
for the Hilger micrometers used in these observations, and Prof. E. N. da C. 
Andrade for the use of the grating spectrograph and the electromagnet. 
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Studies in the Infra-Red Region of the Spectrum. Part I .—Description 
of Prism Spectrometer and Apparatus. 

By Sir Robert Robertson, F.R.S., and J. J. Fox, D.Sc., Government 
Laboratory. 

(Received June 21, 1928) 

Introduction. 

For a projected investigation on the rate of decomposition of an explosive 
gas, arsenic hydride, it became necessary to know its absorption in the region 
of the infra-red From preliminary trials with a small infra-red spectrometer, 
a series of absorption bands possessing certain regularities was observed in this 
region, whereupon a larger prism instrument was obtained capable of giving 
values up to 17 p. 

Interest in the absorption spectrum of arsenic hydride led to the exploration of 
the same region for phosphine and for ammonia. In the following papers will 
be described the apparatus and methods adopted and the results found for 
these three gases, together with a comparison of inter-relationships and their 
bearing on molecular structure. 

Many difficulties of technique had to be overcome, partly on account of the 
laboratory being situated near traffic and electric stations, and partly on account 
of incompleteness, it is thought, in the prescriptions and precautions described 
in the literature for work in this region. Thus attention had to be paid to 
the necessity for keeping the source of energy constant, for calibrating the 
mechanism for reading wave-lengths, for shielding the thermopile from 
variations in air pressure, for keeping a close watch on the temperature 
of the prism, especially when made of rocksalt, on account of the high 
temperature coefficient of its index of refraction, for accurate alignment of the 
observation tubes containing the gas, and for obtaining a galvanometer of 
great sensitiveness and freedom from external perturbations. 

All these precautions must be adopted for accurate work, and it is necessary 
to maintain a constant watch on the whole apparatus lest “ bands ” of small 
intensity emerge which are in reality the effect of instrumental errors. Small 
irregularities in the bands themselves must be investigated very carefully for 
the same reason. 



Studies in Infra-Red Region of Spectrum. 


129 


Arrangement op Apparatus. 

The room in which the work was carried on was in the basement of tho 
Government Laboratory and furnished with stone benches on brick piers; 
gas, water and electric power at 100 and 200 volts were available. It was the 
custom to work at a temperature as near to 18° C. as possible, as all readings 
wfere ultimately corrected for deviations of the index of refraction of tho 
respective prisms from this temperature. In warmer weather, however, the 
temperature of the room was adjusted so as to keep the relative humidity as 



low as practicable, lost moisture should unduly affect bare rocksalt plates 
and lenseB. 

A current of 1 ampere and 110 volts from a battery of accumulators and kept 
constant by a resistance, L, in accordance with the indications of a subsidiary 
galvanometer, A, was supplied to tho Nemst filament, B, backed by a concave 
mirror and installed in an asbestos housing. On a Bhutter being raised the 
radiation passed through a rocksalt lens of 21 cm. focus and 5 cm. aperture 
and thence through an observation tube, C or the one empty, the other 
containing gas, mounted on a rocking arrangement for throwing them alter¬ 
nately into the optical path. A Toepler pump and taps were so arranged 

VOL. CXX.—A. X 
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that gas could be drawn from the container E, passed to or withdrawn from an 
observation tube, and a “ Hyvac ” pump in series assisted in the evacuation 
of the system (see fig. 1). 

After leaving the observation tube the beam was focussed on the collimator 
slit of the housed Hilgcr No. 2 infra-red spectrometer D, furnished with either 
a rocksalt prism (for which its wave-length drum was engraved), a quartz 
or a fluorite prism, and having a Wadsworth mirror for securing minimum 
deviation. To propel the wave-length drum smoothly the velvet-covered 
periphery of a low-geared wheel, K, engaged with the milled head of the drum, 
while the scale on tho drum was read by the telescope F. 

On emerging from the second slit of the spectrometer the radiation was 
received by a Hdgcr 20 element bismuth-silver thermopile, enclosed in an 
airtight casing, while thp current generated here was carried by glass-encased 
leads to a galvanometer, G, of the Paschen type. 

For calibration of the instrument as set up, the beam from a mercury lamp, 
H, was reflected into the spectrometer by moans of the mirror, J, that could 
be swivelled into position when it was required for this purpose. 

One operator regulated tho current to the Nemst by observing the spot of 
light from the galvanometer A, opened or closed the shutter of the Nernst hous¬ 
ing by means of a cord, brought the required observation tube into the optical 
path by means of lines, and observing tho marking on the wave-length drum 
through the telescope F, caused it to progress a step m wave-length. 

A second observer took the readings of the throw of the galvanometer G, 
recording the energy passing through the observation tubes of which the differ¬ 
ence represents absorption. 


Source op Radiation. 

Nemst Ftlaments. 

Several sources of infra-red radiation were examined, and aa a result it was 
decided to use Nemst filaments, since these gave the most uniform supply having 
regard to the intensity at different regions of the spectrum. 

The Nemst filaments were 1-8 mm. diameter, 25 mm. long, and they last 
at least 250 hours. Attempts made to use laboratory-made rods and tubes 
of the same composition as that of the filament were not successful with the 
direct current used, owing to the formation of small arcs at the terminals where 
the fine platinum wires are inserted. On the whole, the Nenwt filament is 
a satisfactory source of radiation for absorption work, as it attains a fairly 
high temperature (about 1600° K.) and has a good proportion of its emitted 
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energy in the infra-red. Other sources of the radiation failed to give as 
much energy in the infra-red. Such were mchrome wire wound in a helix 
and almost surrounded by a mantle of fireclay. This was useful, however, 
in settling whether a hitherto unrecorded absorption band in fluorite was 
duo to the prism of that substance or to a minimum in the energy curve of the 
Nernst filament. The carbon arc was much too unsteady for use. The Nemst 
filament mounted in a suitable holder was enclosed in an asbestos house whioh 
also contained the concave reflector and was supplied with a shutter to let 
out the radiation. 

Control of Current. 

Constancy of supply of current from the electric mains, both when taken 
directly and when balanced against a high-tension floating battery or passed 
through a bank of tungsten filament lamps, having been found unattainable, 
a battery of 25 six-volt, GO ampere-hour storage cells was taken to supply 
current for the Nemst filament at 110 volts and 1 ampere. This battery 
was not discharged below one-half of its capacity. Ab there were some 
fluctuations, a small portion of the current was Bhuntcd through a 
D’Arsonval galvanometer with scale at 1 m. and balanced against a high- 
capacity cadmium cell, kindly supplied by Sir Richard Threlfall, to whom 
we are also indebted for the suggestion to raise all wires from the bench by 
supporting them on glass insulators. Except with a new filament, or one 
nearing the end of its life, the galvanometer spot remained fairly steady with 
a range of 2 cm on the scale and required only an occasional adjustment of 
the resistance to bring it back to zero. That this deviation is negligible is 
shown by the fact that 25 cm. on this subsidiary galvanometer scale repre¬ 
sents 1 per cent, variation in the total energy as measured by the main galvano¬ 
meter. The accompanying diagram shows the electrical arrangements. 



Fig. 2.—Kj, K f , K,, Variable rheostats with lead screw adjustments. B, mains leading from 
storage battery. A, Ammeter. M.A., Mioroammeter. V, Voltmeter. C, Large- 
capacity cadmium cell. D.P., Double-pole switch. N, Nemst filament D» 
D’Arsonval galvanometer. 8!, Shunt. S„ Universal shunt. 

K 2 
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Mounting for Filament and Lenses. 

To prevent any shift in position due to vibration, it was found advantageous 
to insert the vertical supports for framework containing lenses and for the 
filament in heavy cones of lead with plane bases, as in 
Fig. 3. The frames and stems of the mirrors and lenses 
should be of massive construction. 

Housing of Filament. 

As draughts were found to affect the constancy of the 
energy sent out from the incandescent filament, the 
filament and mirrors were enclosed in a frame-work 
covered with two layers of asbestos board with slag wool 
between them. This framework has a sloping roof from 
the apex of which the. heated air passed through a chamber 
containing composition piping carrying a supply of cold 
water. In this way heat from the filament could be 
prevented from warming the air of the room, but this 
arrangement was not always used. Constancy of air flow 
past the filament, as well as a good supply of cold air, was secured by having 
a fairly large aperture at the bottom of the housing. 


Fra. 3.—Mounting 
for Filament and 
Lena. 


Effect of drying the System. 

Energy curves in the region of 6 ■ 25 p showed a senes of bands which coin¬ 
cided with those observed by Eva v. Bahr,* Hettner.f and Sleator and PhelpsJ 
for water vapour. To eliminate as much water as possible from the path of 
the beam, the apparatus was experimentally dried by Bolid drying agents and 
a stream of dried nitrogen in the spectrometer casing, and by passing dned 
CO* free air into the Nernst housing and into the space between these. 

Ab the bands persisted they could not be attributed to water vapour in the 
path of the beam, nor do they arise from variations in the emitted energy of 
the Nernst filament, since they are reproduced when the radiation from an 
incandescent nichromc wire is used. The remaining possibilities are that 
they are due to some occlusion of water in the rocksalt windows or adsorption 
on them, or to a specific spectrum of fluorite. The latter is not likely since 

♦ ‘ Deut. Phy#. Gw.,’ vol. 15, p. 737 (1813). 
t ‘ Ann. dor Phyiik,’ vol. 55, p. 476 (1918). 
t ‘ Aetrophy* J„ voL 62, p. 28 (1925). 
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two inflexions of the energy curve (at 6*2 and G-7(j.) with the rocksalt prism 
agree with similar ones with fluorite 

Water in or on rocksalt windows seems, therefore, the most likely cause 
of the bands. 

As the absorption of a gas is calculated from the difference between the 
energy passing through two similar tubes, one empty and one full of gas, 
these bands should not affect the percentage absorption at any point, when 
the empty tubes have been so adjusted as to pass the same energy. 

This point was investigated further by interposing at 3*46p. a column of 
dry HC1 gas in the path of the radiation during a set of observations in front 
of a tube of an absorbing gas (ammonia) as well as the blank tube. In this 
region HC1 has one of its most pronounced bands, but the absorption band 
of ammonia was in no way altered by the presence of the absorbing column 
of HC1 gas in the separate tube. A similar observation was made by Sleator 
in his investigation of water vapour.* 

Having regard to these experiments and considerations, the. effect of water 
was discounted, especially when it was found that when the water bandB 
occurred in a portion of the spectrum of a gas where there was no absorption, 
compensation occurred as between the two tubes, and a smooth record was 
obtained. 

Optical System toithin the Housing. 

After many arrangements of mirrors had been tried for obtaining the 
greatest energy from the filament, the simplest one, and that which gave 
the least loss of energy, was to place the filament in the main optical path 
directly facing the spectrometer Blit and with a reflecting mirror (silvered 
and of 11 cm. focus and 5-5 cm. aperture) behind it. By this means some 
of the reflected radiation was returned along the path of the direct radiation, 
and an advantage of about 30 per cent, was secured. No disturbing effects 
were observed with this arrangement, as was shown by the shape of the energy 
curve at different regions of the spectrum when the reflecting mirror was 
omitted. The beam, on leaving the house, was passed through the rocksalt 
lens and brought to a focus on the slit of the spectrometer, after it had traversed 
the shorter observation tubes when these were placed in front of the spectro¬ 
meter. When longer observation tubes were used, the best procedure was to 
focus the beam within the tube, but very near to the end. The beam there¬ 
fore diverged from this point, but as this was dose to the end of the tube 
the diverging beam occupied only about one-half of the aperture of the rock- 
* * Astrophys. J.,’ voL 62, p. 47 (1026). 
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salt end. It was picked up just outside tho tube by a rocksalt lens, focussed 
on to tho slit and adjusted to give maximum galvanometer deflection. 

Shutter, 

A shutter of aluminium plate working in guides passed or cut off the radia¬ 
tion leaving the house, and was worked by means of a cord and pulley. 

Observation Tubes and Rocker. 

In fig 1 the observation tubes are shown between the source of radiation 
and the spectrometer, this being the position in which most of the work was 
done. As the full radiation contains light of short wave-length, it may affect 
chemically tho gas under observation, and a slight decomposition was, in 
fact, noticed with AsH 8 ; an alternative scheme can, however, be adopted 
whereby tho radiation is first dispersed by the prism, then passed by the 
Becond slit of the spectrometer through the gas, and focussed on to the ther¬ 
mopile situated in a special chamber (see infra, p 144). Advantages possessed 
by the former method are greater compactness, so that less energy is lost by 
reason of distance, with better insulation of the thermopile from variations in 
temperature of the room. Tho results given by the two methods are, how¬ 
ever, identical both as to position of the bands and as to their intensity, as 
was brought out by a special experiment on three bands of NH S , m which a 
quartz prism was used. 

Single versus Double Tube. 

In a system in which gas has to be retained in an absorption tube with 
transparent ends, it is necessary to compare the absorption of the gas in the 
tube at any given wave-length with that of a similar tube containing no gas, 
at the same wave-length. 

The merits of two methods of working may be considered. 

(1) The absorption of the gas may be measured in a single fixed tube by filling 
it with gas and exploring a small region of the spectrum. After removal of the 
gas by evaouation or by displacement with dry purified air, the same region of 
the spectrum is traversed. In this way the energy passing through the gas at 
any wave-length may be compared with that passing through a tube when 
no gas is present. This is the method used by Coblentz,* Burmeisterf 
Brinsmade and Kemble, J Schaefer and Thomas,§ Becker,|| Schierkolk.^f 

* ‘ Investigations of Infra-Red Spectra.’ Oeraegie Inst, of Washington, 1000. 

t ‘ Dent Phys. Gee.,’ voL 16, p. 689 (1913). 

j ’ Proo. Nat. Acad. ScL,’ voL 3, p. 420 (1917). 

| ’ Z. Physik,’ voL 12, p. 380 (1923). 

|| ' Z. Physik,’ voL 34, p. 266 (1926). 

H ‘Z. Physik,’ voL 29, p. 277 (1924). 
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(2) The other method, and the one used for the most part in these investi 
gationa, is to bring alternately into the optical path two tubes, the one 
containing the gas and the other gas-freo, These two tubes were made 
identical in sue, had polished parallel ends, were fitted with plane parallel 
rocksalt end-plates parallel to one another, and were brought alternately into 
position by the rocking arrangement described below. In spite of certain 
difficulties at first found in using two tubes, of which a short account will be 
given, it is thought that their use has certain advantages over the employment 
of a single tube. Thus, readings in both the gas tube and the empty tube 
are made on one setting of the spectrometer, and so no error can anse in 
reproducing the exact spectrometer setting for both conditions. This is 
specially important where the energy from the Nemst filament is altering 
rapidly with the wave-length. As an example, at 4-220|i the energy corre¬ 
sponded to a galvanometer throw of 19 cm., while at 4-233(1. the throw is 
14-3 cm., a difference of nearly 25 per cent. It is clear that in such a case 
it is difficult to reset the wave-length drum or spectrometer circle with the 
accuracy necessary to avoid an error as small as 1 per cent. Moreover, 
method (1) involves an interval of time for emptying the tube; during this 
interval there is a possibility of sufficient change in temperature of the prism, 
particularly with rocksalt, to produce an alteration in refractive index, and 
so of wave-length setting. Changes in the sensitiveness of the galvanometer 
may also occur during this interval, thus failing to reproduce the correct 
quantity of energy appropriate to each reading. But the greatest advantage 
is in speed of working, time being saved that in method (1) is taken 
up in clearing the tube of gas. Apart from the time lost in the frequent 
evacuation of the tube, the total number of readings is reduced m the propor¬ 
tion of four to six. This method is also used by E. v. Bahr,* who compares 
with path in air, Imes,f who compensates by end-plates alone, and by Okubo.f 

Description of Observation Tubes. 

Two lengths of tube were generally used according as strong or faint bands 
were being explored. 

The shorter tubes were made of pyrex glass, 60 mm. in diameter and 
100 mm. long, and had side-tubes with taps for admitting gas. Cut to the 
same length and with the ends made parallel, the tubes were fitted gas-tight 

* ‘ Deut. Phyo. Gee..’ voL 15, p. 731 (1913). 

t * Astrophys. J.,* vol. 50, p. 251 (1919). 

t ' SoL Bep. Tflhoku Univ.,' Vol 12, p. 39 (1913) (‘ Sol Abo.,’ p. 3453 (1023)). 



136 


Sir R. Robertson and J. J. Fox. 


with plans parallel rocksalt windows, 6*6 nun. thick, and the assembled 
system brought to parallelism by back-reflection. 

The longer tubes were made of soda-glass and wore 60 mm. in diameter and 
460 mm. in length; otherwise they were similar to the shorter tubes. Some 
experiments were made with tubes of the same length, but of 26 mm. diameter. 


Attachment of End-Plates. 

Reliance was placed on the parallelism of the ends of the tubes and of the 



Fra. 4.—Attachment of End- 


optically worked rocksalt plates to get the 
plates ultimately parallel as experimentally 
determined by back reflection. The plateB 
had only the thinnest film of vaseline between 
them and the ends of the glass tubes, and 
were kept in position by the screw cap Bhown 
in Fig. 4. The tubes when fitted are tested to 


Plate. stand a vacuum overnight. 



Fzo. 0.—Booking Support for Tubes. A, Axle of rocker. B, Saddles for holding tubes. 

C, O',O', Position of tubes. D, Attachment to optical beach. 
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reading, either tube could be brought into the optical path and each exactly 
into the same position. In fig. 5 will be Been the rocker supporting the 
tubes. 

Correcting the Tubes. 

At the start of these experiments when long and narrower tubes, 25 mm. 
in diameter, were used, it was observed that the same beam did not always 
produce the same deflection of the galvanometer when sent through the two 
empty tubes in turn. The tubes were then adjusted by means of packing 
so that equal deflections were obtained for the radiation passing through each 
tube for some particular wave-length, but it became apparent that this equality 
did not hold for other wave-lengths. So-called “ end corrections ” were then 
determined over small ranges of the spectrum and with varying widths of slit, 
but as time went on it became clearer that these corrections between the two 
tubes, which are the percentage differences in deflection given by the empty 
tube as compared with the other, both being empty, were to be attributed to a 
particular region of the spectrum irrespective of the energy passed through, 
which is governed by the slit-width. 

Curves giving percentage corrections at different wave-lengths for the 
difference in energy from the two tubes were therefore constructed and applied 
to the experimental data from which the absorption curves were drawn. These 
corrections were determined for the regions in which all three prisms, quartz, 
fluorite and rocksalt, were used. 

Reflection from the walls of the tubes or selective absorption by them being 
Buspected as the reason for want of equality of energy as shown by 
galvanometer throw, the short tubes were installed and the beam so arranged 
that it was brought to a focus beyond the farther window and on the collimator 
slit of the spectrometer, thus avoiding reflections from the sides. 

When the tubes, of which the ends had been tested for parallelism by back 
reflection, had been placed approximately parallel to one another in the rocker, 
a quartz prism being in the spectrometer, they were adjusted by packing so 
as to give equality of galvanometer throw over a fair range of the Bpectrum 
(1 to 3-5 (i), but a deviation was still found about 2-95 p, where one of the 
tubes permitted about 5 per cent, more energy to pass than the other, both 
tubes being empty. By experiment this deviation was proved not to be due 
to reflection from the glass walls as the interposition of diaphragms showed; 
nor to differences in the rocksalt windows, as the same effect was obtained 
on reversing the tubes; nor to an interference effect due to the reflecting mirror 
behind the filament, as it was reproduced when the filament alone was used; 
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nor to the contents of the tube being absorbent/as it was obtained equally 
when they were filled with dry OO r free air or highly evacuated. It was also 
obtained when the tubes were both filled with ammonia gas at atmospheric 
pressure. 

At this stage the results were considered, especially as the region where 
this deviation was observed coincided with an absorption band of quartz 
given by Coblentz as having a maximum at 2-9 [i, and found by us from many 
energy curves at 2'95 (x. As reflections from tho glass walls of the tubes had 
been eliminated, suspicion foil on the relative alignment of the tubes in the 
rocker being still faulty. 

The experiment was then made of tilting one of the tubes slightly until 
equality of throw was secured in the region whefe deviation had previously 
been observed (in the neighbourhood of 2 • 95 g). As a result, equality of throw 
was obtained for the two tubes throughout the rest of the spectrum (1 to 
3 Afx with a quartz prism). 

Similarly with a fluorite prism in the spectrometer, it was necessary to make 
the final adjustment of the'tubes so that equality of throw was obtained about 
the region of 4-26(x, where there is an absorption band in fluorite. 

When a rooksalt prism is used there is much less difficulty in securing 
uniformity, as rocksalt has no sharp absorption bands up to 17 [L 

The explanation of this want in uniformity in energy registered for the two 
tubes apparently for particular wave-lengths only when they are not exactly 
parallel to one another or with their ends not parallel to the plane of the slit 
is as follows:— 



Fio. 6 


The two tubes, one destined to contain the gas, nnust be set exactly when 
empty so that the faces of C, C', themselves made of plane plates, are parallel 
to the plane of the slit opening 8, to ensure that the energy falling on the slit 
is the same from both tubes. If one tube is displaced a little from this position, 
as in fig. 6, then the beam of light A, A, which is arranged to impinge 
symmetrically on the slit, is displaced as ut B, B. It can be ascertained 
rowdily that the energy from the Nernst filament is not uniform over the whole 
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slit-width. Any displacement of the image, therefore, means that the energy 
reaching the slit is liable to vary if the end-plates of the two tubes are not in 
exactly the same positions relative to the slit, it may bp shown that when the 
tubes aro only slightly out of alignment, the shape of the absorption curve 
does not alter to any serious extent provided that the 
energy from the source, as measured by the galvano- g 

meter deflection, is not altering rapidly from wave- tj 

length to wave-length. In the case illustrated in fig 7. 5 

where three points a, b, c are close together on the | 

energy curve of the source of radiation, a value d may | 

be taken to represent the small difference in galvano- * 

meter deflection due to imperfect alignment of ono of 
the tubes. Then the fraction of the total energy gained 
or lost by this defect in alignment is given by djm', djbb', and d/cc', which 
are nearly constant values. The effect of this on an absorption band in the 
region a, b, c is to produce a slight apparent alteration in the intensity of the 
band. If, however, the energy is varying rapidly, as in fig. $r or if the 
radiation suffers selective absorption in any part of the optical train (e.y., a 
quartz prism at 2*95 pi, where there is compara¬ 
tively large absorption) the circumstances are 
different. In this case, suppose the tubes are 
again out of adjustment so as to give the difference 
of deflection d' as in the previous case. At neigh¬ 
bouring points a, b, c of rapidly falling energy, the 
error due to faulty alignment now becomes d'jaa', 
d'jbb', d'lod, and these fractions are no longer 
nearly equal. At points «,/, g, the effect is equally 
marked but in an opposite direction. A little 
consideration will show that the total effect from a to g is to produce a ipurious 
band, resulting from the faulty alignment. Great care, therefore, is necessary 
in checking the setting of the two tubes in every part of the spectrum where 
the optical train itself exhibits selective absorption, or where the energy of 
the source of radiation is altering rapidly. In fact, the accuracy of the setting 
of the tubes may be checked by comparing the energy curves of the source 
of radiation at those parts of the spectrum where this state of affairs is known 
to exist. 

It will also be clear that the method of using one tube alone in the case where 
the energy is varying rapidly is liable to produce serious errors, since it is neces- 



Fio 8. 
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saiy to ensure that the spectrometer is brought back exactly to its original 
position on a rapidly rising or tailing curve of energy. This is especially diffi¬ 
cult, particularly when a rocksalt or fluorite prism with a high temperature 
coefficient of index of refraction forms the dispersing Bystem and when an 
interval of time elapses between the two observations on the gas-filled and 
empty tube, as is generally the case. 

Transference or Gas. 

The pure gases were prepared as described in Part II and stored over 
mercury in containers which were connected to the observation tube through 
a gas pumping arrangement consisting of Hyvac and Toepler pumps as in 
fig. 9. All joints were of glass to diminish the risk of air entering the system 
at any point. The arrangement enabled tho observation tubes and connections 
to be evacuated and the gas transferred either to the observation tube at any 
desired pressure or to be removed from the observation tube and transferred 
back to the container. 

Rubber joints, even for tubes in close contact inside the rubber, were aban¬ 
doned after a time as these introduced a possible source of contamination of the 
gas, and rubber is unreliable for preventing leakage. 
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When dealing with gases like PH S , which are liable to flash in the presence of 
oxygen, or with AsH 3 or PH 3 , which m the presence of oxygen are easily decom¬ 
posed by light, it was necessary to have these arrangements. As the observa¬ 
tion tube containing gas had to be moved out of its position after every reading 
to make way for the empty control tube, the glasB connecting tube had to take 
the form of a spiral as shown in fig. 1. 

Mercury Lamp por Calibration. 

In order to obtain a rapid check on the setting of the spectrometer, a mercury 
lamp of the open type, running on a current of 2■ 5 amps, and having an intense 
arc about 4 cm. long, was permanently installed (see fig. 1) in such a manner 
that the radiation from the lamp could be reflected normally onto the slit without 
disturbing the setting of the rest of the apparatus. This was done by opening 
a shutter on the side of the housing for the mercury lamp and passing the 
radiation from the lamp through a quartz lens of 2-8 cm. aperture and 6-9 cm. 
focus on to a small plane mirror attached to the optical bench by means of a 
swivel joint and capable of being swung into position for reflecting the mercury 
light into the spectrometer. 

Spectrometer. 

The instrument used was one of Hilger’s No 2 type, with a wave-length drum 
calibrated for a 60° rocksalt prism. It was furnished with Hilger’s symmetrical 
slits capable of being opened by the rotation of a divided ring, two mirrors of 
46 mm. aperture with a focus of 22-9 cm , and with a Wadsworth mirror 
6-2 cm. by 4-4 cm. dn the prism table. The mirrors were adjusted and the 
prism set according to the instructions issued with the instrument, with the aid 
of a jig also supplied to secure minimum deviation. Around the instrument 
a wooden housing was erected for the purpose of keeping off draughts and 
enabling as dry an atmosphere as possible to be maintained within it by means 
of a drying agent, and the instrument was anchored to the stone bench by 
cement applied to the three feet. A thermometer passed through the roof 
of the housing and had its bulb near the prism. 

Little attention seems to have been paid by many workers in this region 
to the temperature of the prisms, and especially when that is made of rocksalt. 
As the temperature coefficient of the index of refraction of rocksalt varies 
rapidly with changes in temperature, considerable errors may lie introduced 
by omitting to take this into consideration. Attention was directed by us to 
this feature in a letter to ‘ Nature,’* and the same effect is considered in 
* ' Nature,’ voL 119, p. 818 (1927). 
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Part II, p. 160, when dealing with the correction of Paschen’s values of refractive 
index for temperature. 

The pnsms used had the following dimensions;— 



Angle. | 

Height. 

Length of 
| face. 

For region. 



era 

cm. 


Quarts (Cornu) 

HO 2 38 (N P L.) 

4 1 

6 5 

To 3 -tin 

Fluorite 

50 fi9 47 (N P.L) 

3 70 

3 0 

3 -S to 8 ft 

Rocksalt 

’ 

00 0 9 (N P.L ) 

4 3 

5 a 

8 to 17 /i 


Movement of Wave-Length Drum. 

The wave-length drum was divided to read in [i for the rocksalt prism. To 
avoid heating the instrument by proximity of the hand, this wave-length drum 
was driven by a wheel with velvet on its periphery, this in turn being driven by 
slow gearing. In addition, a telescope was levelled on the pointer of the 
drum so that the divisions could be more accurately read and interpolations 
made between the markings It was found, however, that tho wave-length 
drum was subject to a more or less periodical error, and so had to be calibrated 
by the method described in the following paper. 

Protection for the Rocksalt Prism. 

The prism as supplied was coated with a thin film of celluloid to prevent 
tarnishing of the prism from moisture This had to be abandoned on account 
of the absorption bands, due to nitrocellulose in the celluloid. Trowbridge* 
investigated the absorption of nitrocellulose in celluloid films in the infra-red 
region and found bands at 3|x, 5-89|x, about 7■ 7 fx, and about 9-4(X. In 
addition to these, we have found strong absorption bands at 11-9 and 13-36 |x. 
It was not until the celluloid was removed from the prism and from all rocksalt 
lenses and faces in the optical system that fine structure of many of the bands, 
especially beyond 8 [x, was obtained. A serious disadvantage in having a 
celluloid coating is the cutting down of the available energy passing through 
the system; this involves widening the slits unduly, so that the radiation 
departs much more than is desirable from the monochromatic condition. The 
effect of this is that fine bands are missed, because the slit-width is too great 
to give the necessary purity of spectrum for resolution of the finer structure. 
By having a drying agent within the housing of the spectrometer, trouble with 
the prism due to the hygroscopic character of rocksalt was avoided. 

• 4 Phys. Rev.,’ voL 27, p. 282 (1908). 
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Effect of Temperature on Prisms. 

On account of the change in refractive index with temperature, whicli is 
especially important in the case of rocksalt (see Part II, p. 160), it was necessary 
to know the temperature of the prism, and this was taken every quarter of 
an hour by means of the thermometer during the progress of an experiment. 
Since the temperature throughout an experiment altered very slowly (e.g., 
not over 1° in eight hours), it was assumed that the prism itself had sufficient 
time to acquire the temperature actually recorded by the thermometer 
alongside it. 

Thermopile. 

The thermopile made by Hilger was a 20-junction bismuth-silver thermopile, 
and m the instrument as supplied was housed in a brass pocket just beyond 
the second slit. 



A%rtighl Houxxng of Thermopile 

It was found necessary to modify the instrument by designing an air-tight 
holder for the thermopile, os in fig. 10. Bcforo this was done, it was 
observed that fluctuations occurred when the galvanometer was connected 
to the thermojiile on windy dayB, or when doors were closed in the neigh¬ 
bourhood. The matter was investigated by Sir Richard Threlfall, who 
concluded that the effect was due to a pulse of pressure affecting the air in 
contact with the thermopile, which thereby registered adiabatic heating or 
cooling. That this was so was confirmed by placing the thermopile and leads 
to the galvanometer in a sealed bell-jar connected to a mercury manometer. 
By slowly raising the reservoir of the manometer, the galvanometer could be 
kept steady, but by raising it even by one millimetre, with a jerk, a large 
excursion of the spot took place. After the thermopile had been enclosed in 
an airtight holder, the galvanometer indication remained steady, even on 
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closing the door of the room sharply. The airtight holder was furnished 
with a tap to enable it to be evacuated, but probably on acoount of the mass 
of the elements of the thermopile, only an insignificant advantage was obtained 
on evacuating. 

Protection from Temperature Drift. 

Round the holder containing the thermopile was placed a wooden cell with 
a lid, and between this and the thermopile holder, coarse worsted was inserted 
as an insulator. This was found materially to reduce drift of the galvanometer 
caused by local variations in temperature. The drift actually observed was, 
in general, so small and regular that no error was introduced from this source. 

Arrangement of Airtight Thermopile outside Spectrometer. 

For oertain work, as, for example, when the radiation from the souroe is 
passed first through the spectrometer, which now acts as a monochromatic 
illuminator, and thence through the observation tubes, a protected thermopile 
is required outside the instrument and beyond the observation tubes. In 
such cases, the arrangement shown in fig. 11 was used. 



Fm. 11.—External Airtight Thermopile Holder. 


The thermopile in an ebonite seating was enclosed in an airtight brass box, 
furnished with rocksalt window, side tube for evacuation, and copper terminals 
let into an ivory plate. This piece was placed in a nickel-plated box brightly 
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plated outside and blackened within, this nickel box being in turn enclosed 
in a similar but larger one, with an ebonite distance piece fixed to a rigid 
metal stand. The air space between the nickel boxes was packed with worsted. 

Galvanometer Leads. 

An important point in this matter is the desirability of keeping all leads 
from the thermopile to the galvanometer fixed m position, as disturbances 
seem to be possible from the swaying of the leads. This was secured by 
passing the leads through long glass tubes which were securely fastened to the 
walls and benches to prevent any movement. 

Galvanomktkr. 

On acoount of the proximity of electric power stations and railways, the 
galvanometer was affected by electromagnetic impulses, whilst mechanical 
vibrations from the traffic in the Strand caused perturbations so that for a 
long time any critical work had to be done on holidays and after midnight. 
Of these troubles, the former was the more readily overcome, and that by 
suitable shielding; the latter has been met by suspndmg the instrument. 

Puschen Galvanometer. 

As at first erected the Pasohen galvanometer of the suspended moving of 
magnet type and made by the Cambridge Instrument Company had as a 
shielding two conical bells of soft iron, the outer weighing 70 kg. and the 
inner 20 kg., coaxially Bituated over the instrument, which had a brass casing 
with vertical brass tube for carrying the attachment of the suspension. Through 
a horizontal slot 12 cm. in length and O’7 cm. wide the galvanometer mirror 
was illuminated. Two magnets on arms projecting through the extremities 
of the slot were used to control the sensitiveness, which in this original instru¬ 
ment was approximately 1 *7 X 10" 10 amps, (for scale 1$ m. away) with a period 
of 13 seconds. 

As a mercury surface plainly showed that the bench on which the instrument 
then rested was in a state of quiver, to keep down the irregularities of the spot 
of light due to these mechanical vibrations, various devices such as rubber 
sheet, sorbo rubber, motor cycle tyre, tennis balls, fibre boards, felt and 
brown paper and combinations of these were tried. The best, results were 
obtained with three or four glass plates intercalated with a few sheets of brown 
paper. 

While this reduced the smaller excursions of the spot of light, they still 

VOl. CXX.—A. L 
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persisted, but in addition occasional larger perturbations seriously interfered 
with work. As there were indications that these larger excursions were due 
to electromagnetic impulses, the advice of the N.P.L. was sought, and the 
Direotor kindly asked Dr. Dye, F.R.8., to consider the further magnetic shielding 
of the instrument. Dr. Dye thereupon devised a nest of Stalloy rings placed 
horizontally over each other, practically enclosing the brass casing of the 
instrument, and this was later supplemented by a tape of another permeable 
alloy (mu-metal) wound round the outer surface of the inner soft iron bell 
and prevented from moving by an adhesive. The magnets which penetrated 
between the inner bell and the Stalloy rings could still be used for controlling 
the field of the magnets on the suspension, efficient shielding from external 
magnetic influences being at the same time secured. 

Disturbances of small period, however, still persisted, and it was thought 
that these might be due to mechanical vibrations affecting the suspension if 
it were not attached so as to hang vertically. Prof. A. V. Hill wps good enough 
to recommend a lighter suspension made by Mr. A. C. Downing, and this, 
while it produced no marked improvement as regards mechanical disturbances, 
gave a sensitiveness of 1 *0 X 10 -10 amps, for 1 mm. of scale at 1*5 m. for a 
period of 7 seconds. 

Downing Galvanometer. 

A Dowmng galvanometer of the Paschen type was then installed and has 
been used for most of the work. The apparent advantage of having a cylin¬ 
drical mu-metal shield close to the mtrument failed on account of difficulty 
in working up the sensitiveness by the control magnets even when these were 
increased in strength The former shielding by the soft iron bells, the inner 
being wound with mu-metal tape, and by the nest of Stalloy rings was then 
put back with a heavy block of lead on the rings to prevent their relative move¬ 
ment. To obviate overdamping effects the four coils of the galvanometer 
were connected in series parallel, thus reducing the coil resistance from 18 to 
4*6 ohms and making it more nearly equal to that of the thermopile (6*9 ohms). 
The sensitiveness of this instrument could be worked up to give a deflection of 
1 mm. per 7 X 10" 11 amps at a period of 9 seconds and with the scale at 1| m. 
To obtain greater stability and, consequently, greater accuracy of observation, 
the instrument was generally used at a sensitiveness of 10 x 10' 11 amps, and 
a period of 7*6 seconds. 

The same field control magnets actuated from the slit were used with this 
galvanometer, but in addition a long very feeble bar magnet that could be 
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moved round a vertical axis was attached to the top of the outer bell for the 
purpose of bringing the spot of light on to a suitable position of the scale, 
without affecting the general sensitiveness of the instrument. 

This instrument was satisfactory for critical work at night, but could still 
not be used by day when mechanical tremors from traffic penetrated to the 
building, or during high winds. 

Suspension of the Galvanometer. 

We were fortunate at this stage in enlisting the interest of Mr. R. W. Paul, 
who designed a method of suspending the instrument and its shielding from a 
steel rail running across the corner of the room. This consisted of a Blate 
platform 45 cm. square attached to a gunmetal spider by four 135 cm. brass 
rods The centre of the spider held an inverted cup which fitted over another 
cup resting upon the rail. It was originally intended that the weight should 
rest on a hard rubber ball placed between the two cups, but while the tremor 
had disappeared excursions of the spot of light were still observed, nor were 
these removed by a harder rubber ball nor by a steel ball. An improvement 
was obtained by placing between the rims of the cups a pad of filter papers, 
at a, and on following this up by using in this position seven sheets of filter 
papers mechanical disturbances practically disappeared. 



It is important in erecting the galvanometer on the suspended platform 
to adjust levels on the addition of each consecutive part. The instrument 
has been used for the last year during the day with total disturbances rarely 
exceeding 1 ram., and it is due to this that expeditious work can now be 
put through without having to wait for times when the streets are free from 
traffic. 

Method of Readxng. 

When using the Taschen galvanometer (period 13 sccb.), the position of rest 
of the spot of light was taken as the reading, the time taken for an observation 
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being 16 seconds. The Downing galvanometer (period 7-6 secs.) gave an 
appreciable swing back alter deflection and the end point of this swing back 
was taken as the reading. Comparison showed this method of reading to 
be more reproducible and also the time taken for an observation to be 
considerably less (8 secs, as compared with 16 secs.). 

Determination of Sensitiveness. 

The absolute sensitiveness of the galvanometer was checked periodically 
by measurement of the deflection (using the back swing as in ordinary read¬ 
ings) caused by 0*002 volt tapped from a potentiometer and passing through 
100,000 ohms in series with the galvanometer. 

It is with pleasure that we acknowledge the kindness of many friends who 
have assisted us in the course of this work: Sir Richard Threlfall, G.B.E., 
M.A., F.R.S., Mr. F. Twyman, F.R.S., Dr. D. W. Dye, F.R.S., Mr. R. W. Paul 
—already mentioned in the text; Yarrow Prof. O. W. Richardson, F.R.8.; 
Dr. F. Freeth, F.R.S., for the loan of a small infra-red spectrometer with 
which preliminary work was done; Mr. 8. A. Pollock for the loan of apparatus; 
and Messrs. Castner-Kellner for synthetic ammonium chloride. But we 
desire also to record our satisfaction with the great assistance we have received 
from Mr. E. S. Hiscocks, M.Sc., in conducting the experiments, and our in¬ 
debtedness to Mr. F. 8. Bepge for his devotion and skill in instrumental work. 



149 


Studies in the Infra-Red Region of the Spectrum. Part 11.—Cali¬ 
bration of Prim Spectrometer; General Procedure; and Pre¬ 
paration of Pure Ammonia , Phosphine and Arsine. 

By Sir Robert Robertson, F.R.S., J. J. Fox, D.Sc., and E. S. Hiscocks, 
M.So. 


Calibration of pRrsM Spectrometer. 

(1) Instrument. 

The instrument used was a No. 2 Hilger infra-red spectrometer fitted with 
a “ wave-length drum.” It soon became evident that the wave-length drum 
required calibration on account of the chance of periodic errors in the screw 
thread. If the screw remains constant, it would be better to have the drum 
marked in angles which could be referred to the refractive indices of the 
material of the respective prisms used. As any one prism varies in the refrac¬ 
tive index with temperature, reading of wave-length on a wave-length drum 
can be accurate only for one temperature. 

(2) Calibration of Wave-Length Drum in Terms of Angle of Rotation of 
Prism Table. 

A plane mirror was mounted vertically at the centre of rotation of the prism 
table and an illuminated scale set up parallel to it exactly 5 metres away. 
The image of the scale in the mirror was observed by means of a fixed tele¬ 
scope with cross wires in the eyepiece. Zero was taken as 0• 6893 on the drum, 
which was set successively on about 80 of its graduation marks and the scale 
image coinciding with the cross wires noted for each setting. The displace¬ 
ment of the image in millimetres in each case was thus observed, and as the 
distance from the scale to the mirror was accurately known, the tangent of 
the angle of rotation and thence the angle itself was obtained within 2 seconds 
of arc. Three observers agreed closely in their observations, "from which a 
curve was drawn connecting drum calibration marks with angle of rotation 
(first graph). 

(3) Calibration of Wave-Length Drum for use with Rocksalt Prism. 

The refractive indices of rocksalt determined by Paschen* were used. Since 
these determinations had been made at varying temperatures (14 • 6° to 18 • 8° C.) 

• • Ann. der Physik,’ IV, vol. 36, pp. 120, 1030 (1908). 
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it became necessary to adopt a standard temperature, 18° C. being chosen. 
The values of the refractive index were recalculated to this temperature (Table 
I) by means of the temperature coefficient of the refractive index of rocksalt 
as measured by Liebreich.* Outside tho range (0*6 to 8*8 p) investigated 
by Liebreich, extrapolations of his values were used. The corrected refractive 
indices were then plotted against wave-length on a largo scale graph, readable 
to 0-00001 of refractive index and 0-002 p (second graph). In this table all 
refractive indices are given with reBpect to air and those stated to the sixth 
decimal place are the corrected Past-hen values, the rest of the values being 
obtained from the graph. 


Table I.—Refractive Index of Rocksalt corrected to 18° C. 


A (in n). 

- 

A (in M ). 

- 

AM/*)- j 

- 

0-58932 

1-544313 

5-600 

1-51709 

11-200 . 

1-48632 

0-78578 

1 536145 

5-8932 

1 515998 

11-500 

1-48404 

0-88398 

1-534040 

6-200 

1 51474 

11-7864 

1-481783 

0-9822 

1-632464 

6-4825 

1 513541 

12 000 

1-48004 

1-1786 

1 530386 

6-700 

1 51262 

12-300 

1-47750 

1-500 

1-52848 

7-0718 

1 511006 

12-600 

1-47492 

1 7680 

1-527458 

7 400 

1-50961 

12-9650 

1-471690 

2 000 

1 52677 

7 6611 

1-508288 

13-250 

1-46907 

2-3573 

1-525870 

7-9558 

1 506734 

13-500 

1-46672 

2-600 

1-52532 

8 200 

1-50547 1 

13-800 

1-46386 

2 9466 

1-524537 

8-500 

1-50388 | 

14-1436 

1 460529 

3 250 

1 52386 

8 8398 

1-501984 

14 450 

1 45741 

3-5359 

1-523100 

9 100 

1 50043 

14-7330 

1-454384 

3-850 

1-52241 

9 400 

1-49860 1 

15-000 

1-45130 

4-12624 

1-621655 

9-700 

l 49671 1 

15 3223 

1-447491 

4-400 

1-52084 

10 0184 

1 494681 

15 600 

1-44457 

4-700 

1-51991 

10-300 

1-49275 i 

15 9116 

1-441023 

5 0092 

1-518902 

10 600 

1-49067 

16 200 

1 48793 

5-300 

1-51807 

10-900 

1 48853 




From the above graph were read the refractive indices corresponding to the 
drum markings for which the angle of rotation is known from (2). With these 
corrected values for refractive index at 18°, the theoretical angles of rotation 
from 0*5893 were calculated. The differences between the calculated and 
observed angles of rotation, after conversion into terms of wave-length, were 
{dotted against drum graduation marks to give the correction in p to be applied 
at any point on the drum when the instrument is set for minimum deviation 
for 0*5893 p (third graph). 

It should be noted that Paschen’B refractive indices for rocksalt given in 
Landolt and Bernstein's Tables, 1912, as for 18° C. are actually the valueB for 
the various temperatures given in the paper quoted. 

* ‘ Verh. Phys. Get.,’ voL 13, p. 1 (1911). 
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(4) Calibration of Wave-Length Drum for use with Quartz Prism. 

The determinations of refractive index made by Rubens,* Carvallof and 
Paschen+ were considered. Many of Rubens’ results are stated only to the 
fourth decimal place, and those of Carvallo in several eases do not fall upon 
a smooth curve when plotted against wave-length. Paschen’s determinations 
were therefore accepted, particularly as these were determined at 18°. 

Paschen’s values of refractive index were plotted against wave-length for 
the range 0-5 to 3-1 p on a graph readable to 0-00001 of refractive index and 
0-001 p (fourth graph). Owing to the poor dispersion of fluorite between 3-0 
and 3-5 (x it was decided to use quartz in this region also. The dispersion 
curve of quartz was therefore extended to 3-5 p by means of Rubens’ deter¬ 
minations of refractive index (loc. cit) Refractive indices corresponding to 
50 different wave-lengths were read from this curve and the corresponding 
rotation angles calculated starting from 0-5893 p as zero and with the angle 
of the prism as determined at the National Physical Lalwratory. The angles 
calculated in this way were plotted against wave-length on a graph readable 
to 2" and to 0-0005 p (fifth graph), and from this graph the rotation 
angles corresponding to wave-length intervals of 0-05 p from 0-5 to 3-5 p 
were read off. These angles were then applied to the curve connecting drum 
readings with angle of rotation By this means a series of drum graduation 
marks corresponding with the wave-lengths was arrived at. These corre¬ 
sponding values were plotted Hgainst each other on a large scale, and from 
the graph the wave-length corresponding to any drum graduation mark could 
bo determined (sixth graph). 

(5) Calibration of Drum for use with Fluorite Prism. 

Paschen’s determinations of the refractive index of fluorite§ were accepted 
and corrected to 18° 0. by means of Liebrcich’s determinations (loc. cit.) 
of the temperature coefficient, of refractive index. In Table II is given a 
list of these corrected refractive indices with respect to air. The values corre¬ 
sponding to wave-lengths stated to three places of decimals are interpolated. 

The values were plotted against wave-length on a graph readable to 0-Q0001 
of refractive index and 0-001 p over the range 0-5 to 9-1 p (seventh graph). 
Values of refractive index corresponding to about 65 wave-lengths were read 

• ‘ Ann. dor Phyrik,' vol. 51, p. 381 (1895) i ibid., vd. 54, p. 478 (1898). 
t ‘ C. R.,’ vd. 128, p. 728 (1898). 
t ‘ Ann. der Phyrik,’ vd. 35, p. 1005 (1011). 

| ‘ Ann. der Phyrik,' vol. 4. p. 290 (1901); ibid., vd. 41, p. 870 (1913). 
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Table II.—Refractive Indices of Fluorite corrected to 18° C. 


A (in n). 

- 

A (In /*). 

- 

A (In ft). 

- 

0-48013 

1-437072 

2-3873 

1 42201 

6-300 

1-38110 

0-88738 

1 433907 

2-5337 

1-42088 

0-4823 

1-37828 

0-08030 

1-432310 

2-6319 

1-42025 

0 700 

1-37437 

0-72818 

1-431427 

2-9460 

1-41829 

0-000 

1-37111 

0-70033 

1-430928 

3 2413 

1 41616 

7 0718 

1-36804 

0-8840 

1-42982 

3-400 

1 41493 

7-300 

1-86370 

1-0140 

1-42883 

3-5339 

1 41382 

7 500 

1-33901 

1 08304 

1-428449 

3-8306 

1-41120 

7-6012 

1-33080 

1-1786 

1-42791 

3-950 

1-41011 

7-000 

1-35107 

1-3730 

1-42689 

4 1252 

1-40832 

8-100 

1-34773 

1-4733 

1-42643 

4-4199 

1-40539 

8-2005 

1-34444 

1-5713 

1-42601 

4-330 

1 40420 

8-300 

1-33879 

1-7080 

1-42308 

4 7148 

1 40236 

8-700 

1-83415 

1-8088 

1-424867 

3-0002 

1 39003 

8-8398 

1 33079 

1-0133 

1-42436 

5-3036 

1-30526 

9-100 

1-32437 

1-0044 

1-42411 

5-600 

1-39126 

9-300 

1-31032 

2 0026 

1-42361 

3 8932 

1 38715 

9 4291 

1-31612 

2-1008 

1-42310 

6-100 

1-38412 




from this curve and the corresponding angles of rotation calculated, again 
starting from the angle corresponding to 0-5893 p as zero Drum markings 
corresponding to the calculated angles of rotation were read from the drum 
angle curve and plotted against wave-length, thus giving the drum calibration 
marks in terms of wave-length (eighth jraph). 

Since the helical motion of the “ wave-length drum ” permits of very fine 
setting of the prism table, the scheme described furnishes a means of setting 
the prism at any desired wave-length with considerable accuracy. 


(61 Setting of the Spectrometer. 

In using this or other types of infra-red spectrometer with Wadsworth 
constant deviation setting, it is necessary to fix a zero position, usually the 
mean of the sodium lines at 0-5893 p. From this zero, positions m the infra¬ 
red are arrived at by calculation from the known refractive index of the prism 
used, or by the use of known points in the infra-red spectrum, which must be 
determined by bolometric methods or by means of a thermopile. There are 
few places in the infra-red region which are bo accurately ascertained that 
they can be relied on for setting a prism. The commonly accepted practice 
of using the emission line about 4-4 p for CO„ or the quartz reflection lines 
at 8*3 and 8-41 p is approximate only, for the lines are not sharp. The exact 
position of the centres of the emission lines of CO, is not shown sufficiently 
to serve for any accurate work; and, further, it is difficult to decide on a centre 
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of the GO, emission line since the centre shifts as the instrument warms up. 
Better positions may be found from the absorption position of a quartz or 
fluorite prism itself at 2-95 and 4-26 jx respectively. A good bench mark, 
however, is that given by the emission line at 1-014 p of the mercury arc in 
quartz. This line is sharp and has sufficient intensity for use with a delicate 
galvanometer and thermopile. 

A alight error in setting at 0 • 5893 fx is intensified in the infra-red. Accord¬ 
ingly, the procedure adopted was to set at 0-5893 ft (or 0-5461 ft) visually, 
as accurately as possible, and adjust so that this line fell on the centre of the 
thermopile slit when the drum was set at the correct mark. The prism table 
was then turned to the position which it should occupy to permit line 1 -014 p, 
to fall on the centre of the thermopile as calculated from the refractive index. 
Readings of the energy, as measured by the galvanometer, are taken on each 
side of this position, the prism table being moved into known consecutive 
positions by means of the wave-length drum. A curve is drawn connecting 
galvanometer throw and drum readings, and the position of the maximum of 
the curve is ascertained. Should this not coincide with the calculated position 
of 1-014 fx on the drum for the prism in hand, the Wadsworth mirror is moved 
slightly and the readings are repeated. This procedure is gone through again 
until the correct position for the Hg line 1-014 [x on the drum graduation, 
as calculated above from the curv^ drum graduation/wave-length for the 
particular prism used, is arrived at. It has been found that when the prism is 
set for minimum deviation on this line and for 0-5893 fx or 0-5461 fx, other 
places in the infra-red fall into line. During a set of actual measurements of 
absorption by a gas, the constancy of the spectrometer setting is checked by 
ascertaining that the lmc 1-014 fx is still at the same spectrometer setting. 
For this purpose the mercury lamp permanently installed (see Part I, p 130) 
is used. 

The graphs used for calibration in this part have not been reproduced, but 
the data of general interest are given in Tables I (rocksalt) and II (fluorite). 

(7) Calibration of Galvanometer. 

It was noticed that occasional variations occurred in the sensitiveness of the 
galvanometer. The sensitiveness was therefore determined periodically by 
measurement of the deflection caused by a known current. A potentiometer 
system was installed so that it could be introduced by means of a double 
switch into the thermopile-galvanometer circuit when desired. A current of 
0-002 volt from this potentiometer was sent through a standard 100,000-ohm 
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resistance in series with the galvanometer, and the deflection measured, the 
back swing being used as in ordinary readings. The sensitiveness of the 
galvanometer was maintained so that this deflection was 180 mm. ± 10 mm. 
with a scale 1J m. away, and this corresponds with a deflection of 1 mm. 
for approximately 1 x 10 -10 amps. 

General Procedure. 

Preliminary Arrangements. 

In the foregoing section are indicated the preliminary arrangements necessary 
for setting the instrument and its parts. 

Thus the Nemst filament will have been tested as to its condition and 
together with its reflecting mirror set in a position relative to the spectrometer 
to give the greatest possible throw of the galvanometer, the rocksalt lenBes 
before and after the observation tubes having also been adjusted. 

The observation tidies will have been chosen as to their length, long tubes 
for exploring faint bands, and shorter tubes for well-marked bands, an advan¬ 
tage of the shorter tubes being a diminished length of path with consequently 
smaller loss of available energy. The tubes themselves will have been 
assembled so that the end-plates are parallel to themselves as shown by back 
reflection, and set in the rocker so as to be parallel to one another (see Part 
I, p. 136), and checked throughout the spectrum for equality of galvanometer 
throw when both are empty. 

In order to obtain as good resolution as possible and yet have throws of the 
galvanometer of such a magnitude that any differences between the empty 
and the gas tube can be accepted as real differences due to the absorption by 
the gas when calculated as a percentage of the energy passing through the 
empty tube, the slits of the spectrometer will be set so that in the region 
explored only throws of from 200 to 100 mm. on the scale at 1 *5 m. are accepted. 
Usually the collimator and thermopile slits were opened to the same extent, 
but to take in a more extended region of the spectrum it was the practice to 
widen the former, but not beyond twice the width of the back slit. 

In the spectrometer the prism will have been set up vertically and in mini¬ 
mum deviation, and the instrument oriented so that the beam enters normally, 
filling the collimating mirror with light. The prism will have been chosen 
with reference to its dispersion in the region of the spectrum to be explored, 
quartz up to 3-5 p when it ceases to be transparent, thence to 8 p a fluorite 
prism, followed by a rocksalt prism up to 17 fx. 
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Calibrations of the instrument will have been made, such as checking the 
positions indicated by the drum with real angular rotation of the prism table, 
and calibrations for the immediate experiment by setting visually on the lino 
at 0-5461 p, by observations on the mercury line at 1-014 p, and by checking 
at the known positions of inflection of the energy curve in the case of quartz 
and fluonto. 

The galvanometer will have been tested as deBcrilied in this part, p. 153, to 
ensure that it is working at its full sensitiveness, and that there is no dis¬ 
turbing influence, and the spot of light will have been adjusted by the feeble 
controlling magnet, if necessary, so as to fall on a convenient part of tho 
scale. 

These arrangements being satisfactory, the following is the method of 
conducting an experiment:— 

Course of on Experiment. 

The room having been maintained at a fairly constant temperature and 
above that of the outer air to reduce the relative humidity and so save the 
rocksalt. lenses and plates, the Nemst filament is kept at a Bteady state of 
incandescence for half an hour before starting, and the temperature, as shown 
by the thermometer alongside the prism in the spectrometer housing, is read 
every quarter of an hour from now onwards. 

A start is made by setting the wave-length drum at the desired position 
and reading the galvanometer with the shutter down—Blanks By means of 
the cord the shutter on the Nernst housing is raised and radiation passed 
through the empty tube, giving reading — A. Another reading is then taken 
with the shutter down, as a precaution against drift—Blank,, and then by 
moving the rocker so as to bring the gas tube into alignment and again opening 
the shutter a further reading of the galvanometer is taken — B. The cycle is 
repeated by lowering the shutter, taking a reading Blanks and then proceeding 
to the next higher wave-length. 

Tabulated, the readings appear as on p. 156. 

To calculate percentage of absorption the readings of the empty tube (A) 
and of the gas tube (B) are respectively diminished by the means of Blanks^ , 
and Blanks,. v the difference is taken and expressed as a percentage of the 
total energy passing through A. If there is no absorption this is zero, bat 
if the gas is absorbing this appears as a band when plotted as ordinate 
against wave-length or wave-number as abscissa, thus showing percentage of 
absorption. 
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A correction for slit-width has been worked out by Paschen* for the case 
where the slit-width is of the dimensions of the bolometer strip. This was not 
applied here, as the slit-widths used were narrow compared with the thermopile 
slit, and the resulting correction calculated according to Paschen’s method was 
too small to be of importance. Since the absorption is 98 per cent, or so in 
certain regions, there is clearly no room for such corrections to be applied. 

Determination of the position of the maximum of the band is simple when 
the band has been well resolved and the maximum represents a peak of the 
rotation spectrum ; it is not, however, so accurate in the case of an unresolved 
or partially resolved oscillation band. When this is symmetrical, the mean 
position of the band is taken; when unsymmctncal and partially resolved, the 
ma xim u m is chosen having regard to any indications of structure that may be 
present. 

As a false idea of the symmetry of a band is given by plotting wave-lengths, 
the diagrams are shown in wave-numbers in one centimetre, the reciprocals 
of the wave-lengths in (i (1 jx = 0-001 mm.) The wave-numbers would be 
multiplied by 3 x 10 10 to obtain frequencies per second. 

Preparation op Ammonia. 

Materials. 

Ammonium chloride— obtained through Dr. Slade—was the specially pure 
salt manufactured by the Castner Kellner Co. from synthetic HC1 and synthetic 
NH # . This salt was crystallised before use and gave no action with Fehling’s 
solution, cadmium chloride solution nor silicotungstic acid; it also gave a 
perfectly white residue on evaporation with concentrated HNO„ and from 
these tests was judged to be free from pyridine, hydrazine and other organic 
impurities. 

Phosphorus pentoxide —obtained from Sir R. Threlfall—gave no turbidity 
on boiling with mercuric chloride solution and was thus free from traces of 
lower oxides. 

Calcium oxide was freshly ignited just before use. 

Mercury was carefully cleaned and dried before use. 

Apparatus and Procedure. 

The arrangement of apparatus is shown in fig. 1. Ammonia generated in 
the litre flask A by gently warming a mixture of damp solid ammonium chloride 


‘ Ann. der Phytik,’ vol. 80, p. 083 (1897). 
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and 50 per cent. KOH solution was allowed to escape at the two-way tap X 
until samples were completely absorbed by water. The apparatus to the right 



of X was evacuated by means of a pump attached to G, after which gas was 
allowed to enter the apparatus as far as E, passing in the first place through 
the moisture trap B immersed m a freezing mixture, then through the tube C 
(3 X 100 cm.) filled with freshly ignited lime, and the U-tube D containing 
KOH sticks and lime. At the. two-way tap E further samples were taken, 
whereupon the gas was allowed to enter the first section of the fractionating 
system consisting of three condensing bulbs J, K and M, each connected by 
barometric heads with the non-return traps H, L and N respectively, M being 
connected through the P,0 5 tube 0 to the gas reservoir P. The bulb J having 
lieen immersed in a mixture of solid CO, and chloroform, ammonia gas was 
passed until about 6 ml. of liquid had condensed. The tap E was then closed 
and the freezing mixture transferred from J to K, when the liquid m J evapor¬ 
ated, gas escaping at H, until 4 or 5 ml. liquid remained The tap W was then 
opened and K cooled until about 3 ml. of liquid had condensed in K, when W 
was closed, the fraction remaining m J again being allowed to escape. This 
process was repeated between K and M, the middle fraction from M being 
collected over mercury in the reservoir P. 

These precautions were taken and the materials chosen so as to ensure that 
the NH 3 had none of the ordinary impurities and was quite free from moisture. 
For a few seconds after the gas came into contact with the P,0 B some slight 
signs of interaction were observed. Before it was used the NH, was left in 
contact with the P,0 5 for 48 hours, but no contraction was observed during 
this time. 
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Prfparation of Pkosphink. 

Materials. 

Phosphomum iodide , pure, obtained m sealed tubes. 

Caustic soda solution, 50 per cent. 

Apparatus and Procedure 
The arrangement of apparatus is shown in fig. 2. The Apparatus to the 
right of the tap E, constructed entirely of glass, was evacuated by means of a 



Toepler pump attached at P, tubes M and 0 containing P a () 3 and U-tul>e N, 
KOH sticks. Nitrogen introduced through A was passed by means of the 
mercury and CuS0 4 trap C through the CuS0 4 bubbler D, whence it went to 
the flue through the tube W uutil B was deemed to be free from oxygen. 
Phosphonium iodide crystals were quickly introduced into B and the tube 
sealed with wax. Nitrogen was again passed for several minutes. A solution 
of 50 per cent. KOH was run into B from the funnel F, and after phosphine 
had been evolved for a short time, E was opened and G immersed in a Dewar 
flask of liquid air. When evolution of gas in B ceased, E was closed and all 
uncondensed gases pumped off at P. The solidified PH 3 in G was then 
allowed to evaporate, the gas escaping through the mercury and copper sulphate 
trap H to D, until samples taken from P showed complete alworption in CuS0 4 
solution. A little more gas was sent to waste and the middle fraction from G 
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collected over mercury in the reservoir K, control samples also being taken at 
S and tested for complete absorption in CuS0 4 solution. 

Preparation op Arsine. 

Materials. 

Alloy of (approximately) 53 per cent. Zinc and (approximately) 47 per cent. 
Arsenic prepared as described by Cohen.* 

Apparatus and Procedure. 

The same apparatus and procedure were used as in the preparation of 
phosphine, except that hydrogen was used as the washing gas ; the KOH in 
N was replaced by CaCl, and solid CO, and chloroform used in place of liquid 
air for liquefaction. B was replaced by a 200 ml. flask containing xinc-arsenio 
alloy and the arane was generated by warming this with 30 per cent. H,S0 4 
run in from F. * 

The results obtained m the exploration of the absorption spectra of the gases 
NH 3 , PH s and AsH 3 are recorded in Part III, and a discussion of them will 
be found in Part IV. 


‘ Z. phy». Chem.,’ toI. 25. p. 483 (1898). 
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Red Absorption Spectra of Ammonia, Phosphine and Arsine. 

By Sir Robert Robertson, F R.S., and J. J. Fox, D.Sc. 

Introduction. 

In this part will Ik? given a general description of tho absorption bands found 
in these three gases, together with curves showing their occurrence m the region 
up to 17 p, and evaluations of the maxima of the absorption bands. In Part 
IV the relationships of the bands to each other m one gas, and to corresponding 
bands in the other gases, where these occur, will be discussed. 

A description of the apparatus is given in Part I, and of its calibration and of 
the general procedure in Part II, which also gives the methods of obtaining 
the gases pure. It is only necessary, therefore, to say here that in order to 
get the best definition of which this prism instrument is capable, the galvano¬ 
meter was maintained at its highest sensitiveness, the spectrometer shtB were 
closed down so that no more than 200 mm or less than 100 mm. were read on 
the galvanometer scale, the longer tubes were selected for the examination 
of famt bands and the shorter tubes for strong bands, and the exploration was 
conducted at pressures varying from 1 to 1/16 or 1/32 atmosphere. 

With this prism instrument the quality of resolution was as follows • Bands 
were unresolved below 2*2 p (quartz prism), bands were partially resol veil 
from 2-2 p (quartz), from 4 p (fluorite) and from 5 p (rocksalt); and bands 
were resolved to show fine structure from 3 p (quartz), from 6 p (fluorite) 
and from 8 p (rocksalt). 

Unresolved bands show one peak of which the centre near the top is taken 
as the position of the oscillation band , partially resolved bands show usually 
three peaks of which the central one is taken for calculating the oscillation 
frequency, the side peaks being also evaluated ; while for resolved bands the 
positions of the maxima of rotation imposed on the oscillation band are 
recorded. 

Although in practice the readings in the first place were recorded on a wave¬ 
length basis, they have all been converted into wave-numbers per centimetre 
for purposes of calculation and comparison, and the figures have also been 
constructed to show percentage absorption/wave-number, since the use of 
wave-length as abscissa gives an erroneous picture of a band system. In the 
curves, wave-lengths are indicated, but only at a few positions, and to avoid 

VOL. CXX.—A. M 
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interrupting the curves a row of dots is shown at every tenth experimental 
point on the graph The hatched markings within parallel lines represent 
the extent of the region in W.N. passed by the back Blit. 

Of the three gases, NH S has been explored from 2*3 to 14 p by Coblents,* 
who used a rocksalt prism throughout and called attention to certain regulari¬ 
ties m the bands, and from the visible to 14 p by means of prisms of quarts, 
fluorite and rocksalt by Schierkolk,f with whose values we are in general, 
and in some cases in close, agreement (see Table I), but our arrangements have 
permitted of a better resolution of the spectrum of this gas, especially after 
2-5 pL. One of the bands of NH S , at 3 pi, has been examined by Spence,J whose 
values agree with ours, allowing for the better resolution he obtained with a 
grating. In the case of another band of NK V at 10*65 pi, Colby and Barker,§ 
also with a grating, m a note give two values coinciding with ours for maxima 
of absorption. Badger in a note to ‘ Nature ’|| reports on bands of NH S in 
the farther infra-red and calculates a moment of inertia for*the molecule. 

We have found no record in the literature of the absorption spectra of 
phosphine nor of arsine in the near infra-red. 

General Comparison of the Absorption Spectra of NH s , PH 3 and AbH 3 
(Oscillation Bands). 

In fig. 1 are graphs of the alaorption bands found in the three gases in the 
region from 1 to 17 p, set out to show a general comparison. From the experi¬ 
mental data the contour of the bands has been in all cases traced for 1 utmo- 
sphere pressure, and also at a quarter atmosphere for other bands. Long 
tubes are used except for bands II, I and 10*55 p of NH 3 , II, I and « of 
PH, and AsH 3 . 

As it was not possible to include in this figure the fine structure of all the 
bands, where this has been obtained, more detailed curves (figB. 2 to 7, corre¬ 
sponding to Tables II to VIIa) showing partial and more complete resolution 
are given later. To facilitate identification of corresponding bands where 
these occur in the three gases, the sequences of the bands have been indicated 
by the same numerals and letters as are given m Table 1. 

*' Investigations of Infra-red Speotra,’ Carnegie Institution of Washington, p. 63 
(1006). 

f ‘ Z. f. Physik,’ vol. 20, p. 277 (1024). 

t ‘ Opt. Soc. Am.,’ vol. 10, p. 127 (1026). 

§ ‘ Phys. Rev.,’ vol. 29, p. 923 (1027). 

|| ( Nature,’ vol. 121, p. 492 (1928). 



Table I.—Oscillation Bands of NH„ PH S and AsH a . 
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For ease in referring to them the oscillation bands have been given numbers 
in accordance with the sequence into which they are considered to fall. Broadly, 
it may be said that while NH 8 exhibits a more complicated spectrum, all three 
gases have in common a main sequence of harmonic bands, these being given 
numerals I, II,...; NH S has a second sequence, not represented in PH a nor 

in AsH 3 , and indicated by capital letters C, D.a faint sequence of which 

the farthest band measured is a member, indicated by small letters, a, b . 

together with a band at 4-05 (jt and a well-defined and resolved band at 
10-55 p; PH S and AsH s , in addition to the main series, have each a sequence 
indicated by A', B', ..., and A", B", ..., and a sequence not represented in 
NH 3 , to which numerals a, (3, ... are given. 

In Table I are also included the values found for NH, by Coblents and Schier- 
kolk, and for the bands of NH 8 examined by Spence and by Colby and Barker ; 
the materials of the prism (Q = quartz, F = fluorite, RS = rocksalt); the 
dimensions of the observation tubeH (SW = 10 cm. long * 5 cm. wide, 
LW = 45 cm. long x 5 cm. wide, LN = 45 cm. long x 2-5 cm. wide); 
the nature of the resolution (N = not resolved, PR = partially resolved, 
R = resolved); and the percentage of absorption found at 1, J and | atmo¬ 
sphere. Later tables give some results at lower pressures. The underlined 
values in Table I relate to more or less resolved central branches of the bands. 


Main Sequence (NH 3 , PH 3 and A8H 3 ,--I, II, .. ). 

These bands (I to VI) form a nearly harmonic sequence whose relationships 
will be discussed in Part IV. As a rule their intensity decreases towards the 
visible. The sequence in NH 8 springs from a simple fundamental band at 
6-132 p (1630-9 W.N.), but in PH 3 and AsH a from fundamentals at 8-889 p 
(1125 W.N.) and 9-946 p (1005-4 W.N.) respectively, which themselves 
form bands fused with the fundamentals of another sequence (a, (3, ...). 

All the bands of this main sequence are of the same type (Type 2, see Part 
IV, fig. 9), characterised by an intense zero (Q) branch with less intense side 
branches (P and R). Fine structure has been found superimposed on this 
general contour in band I and band II (partially) of NH a , in band I of PH 8 
and band I of AsH 3 . In addition this general contour is observable in bands 
III of NH a , III and IV of PH 3 and III and IV of AsH a , the remaining bandB 
of this sequence in the respective gases being distinct but unresolved (see 
Part IV.) 
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Second Sequence (NH 3 - 0, D, ...; PH 3 —A', B',...; AbH s —A", B",...). 

In NHg this sequence starts with the Htrong band, C, apparently tripartite, 
and its members 0, D and E, as well as the band at 4-05 (i, occur at approxi¬ 
mately intermediate positions between bands of the main sequence. 

In PH 3 occurs a less well-defined sequence A', D', E', and in AbH 3 a similar 
sequence A", C", E", both sequences being incomplete. 

The members of this second sequence in the respective gases arc not related 
to one another in the same simple fashion as are the members of the mam 
sequence m each gas. 


Third Sequence (PH S , AsH s ,—a, (J, ...). 

This sequence, taking origin in Q branches at 10-068 pi and 11-067 p, on 
the short W.N. side of the composite bands of PH 3 and AsH 3 , whose centres 
are at 9-146 and 10-41*2 pi respectively, has also members which are tripartite. 
It is not represented in NH 3 . 

Sequence X—or Rotation— (NH 3 -~a, 6, ...). 

Of this sequence the first band d appears at 628-6 W.N. (16-91 pi) It is 
simply related to the band a of NH 3 found by Rubens and Wartenberg* at 
about 169 W.N. (63 pi) and the succeeding members of the sequence can bo 
traced superimposed on the fine structure of band 10-65 pi (see Part IV). 

Band 10-66 pi (NH 8 ). 

This band, of which the central dip is at 948-1 W.N., has been resolved and 
has the peculiar feature of having two Q branches close to one another (Type 
3, sec Part IV, fig. 9). Its general contour so far is unique in the spectrum of 
these gases, and apparently it has no members associated with it in simple 
harmonic fashion, as far as 17 pi. 

In the cases where any of the above bands has been resolved into fine struc¬ 
ture, the details are given in the following section. 

Rotation-Oscillation Banos - Table« II to VII ,figs. 2 to 7. 

Of those bands or regions which have been resolved the numerical data 
giving the wave-numbers of the rotation maxima, their wave-number differ¬ 
ences, and wave-lengths will be found in Tables II to VII, with the corresponding 
* 1 Rev. Phy. Gee. Verb.,’ vol. 13, p. 796 (1911). 
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curves in figs. 2 to 7. From the direction of greater to smaller wave-number 
the rotation maxima are numbered ... 3, 2, 1 to the zero of a band (Q), and 

beyond the zero 1', 2', 3'. 

The following is a list of the figures and tables :— 


Figures. 

Fig. 1—Oscillation bands of NH 3 . 

PH, and AsH s . 

Fig 2 -Ammonia—Band I. 


Fig. 3 -Ammonia—Band II 

Fig. 4—Ammonia—Band at 10*56 p. 

Fig. 5—Phosphine -Band I and 
band a. 

Fig 6—Phosphine -Band II. 

Fig. 7— Arsine—Band I and band a. 


Fig 8 —Arsine—Band II. 


Tables. 

Table I—Oscillation bands of NH,, 
PH, and AsH,. 

Table II—Structure of band I of NH,. 

Table IIa—I ntermediate region be¬ 
tween bands I and 10*55 p of NH,. 

Table III—Structure of band II of 
NH,. 

Table IV—Structure of band at 10*55 p 
of NH,. 

Table V—Structure of band I of PH,. 

Table Va—S tructure of band a of PH,. 

Table VI—Structure of band II of 
PH, 

Table VII—Structure of band I of 
AsH,. 

Table VIIa—S tructure of band a of 
AsH, 

Table VIII—Effect of pressure on 
maxima of absorption bands. 

Table VIIIa- Effect of pressure on the 
area under the absorption bands. 


The data obtained for oscillation and rotation-oscillation bands wdl be dis¬ 
cussed in Part IV, in which the numbering of tables is consecutive with those 
in this part. 
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WN.I450 IJ50 1250 1200 



P 5 5-5 6 6 5 7 n ix. 

Fro. 2.—Ammonia. Band I and Intermediate Region, Banda I to 10-66 n 
The curves from top to bottom are for L atm , J atm , J atm and & atm pressure: 
umng short wide tubes. 

Inset curves, top, 20 per cent, high, long wide tubes; middle, 10 per cent, high, 
long wide tubes; bottom, short wide tubes—all at 1 atm. pressure. 

(See Tables II. IIa.) 



Fio. 3.—Ammonia. Band II. 


Curves at 1 atm. (top) and £ atm. pressure (bottom): short wide tubes. 
(See Table III.) 



Table II.—Structure of Band I of NH S . 
(Fluorite prism ; short tubes)—see fig. ? 
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13 («ee Table IV) III j (1218 2) (8-209) 
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Table III.—Structure of Band II of NH S . 


(Quartz prism ; short tubes) see fig. 3. 







Table TV—Structure of Band 10 • 56 (i of NH S . 
(Rock salt; short tubes)—see fig. 4. 
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Colby and Barker (loc. at.) give the value 10-3 jz for Q and lU-7 (i for Q' 

Coblentz (loc. at.) also has resolved a portion of this hand and gets the following values 10-4 (Q). 10-75 (Q'), 11-18, 













Table V.—Structure of Baud I of PH,. 
(Fluonte prism ; short tubes)—see fig. 5. 
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Table Va.—S tructure of Band a of PH,. 


(Roeksalt prism; short tubes)— Bee fig. 5. 



1 atmosphere. 

J atmosphere. 










Mean 

J 

Mean 



W.N. 

W.L. 

W.N. 

W.L. 

W.N. 

W.N. 

W.L. 


*• 


/*• 

072-1 

10*287 

972-1 


/*• 

10-287 

1' 

2' 

061-0 

10-406 

061-0 

10-406 

961-0 

11-5 

10-406 

2' 

y 

950 0 

10 526 

040-1 

10 536 

049 5 

10-0 

10-532 

3' 

V 

030-1 

10-648 

940-0 

10-638 

939-5 

10-9 

10-644 

4' 

6' 

028-6 

10-769 

028-6 

10 769 

928-8 

11-1 

10-769 

5' 

6' 

017-5 

10-899 

917-5 

10 899 

917-5 

11-2 

10-800 

6' 

7 ' 

005 0 

11 030 

006-7 

11 029 

906-3 

13-8 

11-034 

V 

8' 

802-1 

11-210 

892-9 

11-200 

892-5 

111 

11-204 

8' 

ft' 

881-8 

11-341 

881-0 

11-351 

881-4 

11 6 

11-345 

O' 

10' 

860-4 

11-502 

870-2 

11-492 

869-8 

14-1 

11-497 

10' 

H' 

855-7 

11-686 



855-7 

10-8 

11-686 

11' 

ia' 

844-9 

11-836 

844-0 

11-836 

844-0 


11-836 

12' 


Table VI.—Structure of Band II of PH S . 


(Fluorite ; short wide tubes)—see fig. 6. 
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0 r 'r . . , . i . . . , . i . 1 ° 

2550 2450 2350 2250 2150 2050 1350 1850 

•.-WN 

Fiq. 6.—Phosphine. Bands II and 0. 


The ourves from top to bottom are for 1 atm., i atm , J atm. and A atm. pressure : short 
wide tubes. (See Table VI ) 


** 8 M S >5 W 10-5 II Ih5 B IM D B5 W f* 

LOOf i • . i i • i m * i i -I • i • i • .■ '-UOO 

f 



Fig. 7.—Arsine. Bands I and «. 

The curves from top to bottom are for 1 atm , J atm , J atm. and £ atm. pressure: short 
wide tubes. The broken curve for 1 atm. pressure: long wide tubes. (See Tables VII 
and VIIa.) 


N 2 
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Table VII.-—Structure of Band I of AsH,. 
(Fluonte and rocksalt prisms)—see fig. 7. 


Fluorite prism. 

Rocksalt prism. 

W.N. 

WX. 

W.N. 

W.L. 

12881 

7-&0 


M- 

1248-6 

8-028 



1288-7 

8-086 



1226-5 

8*183 



1210-6 

8-200 



1212-7 

8-246 

1210-6 

8-260 

1201-8 

8-821 



1102-7 

8-384 



1186-8 

8-420 

1188-3 

8-437 

1170-1 

8-481 



1170-4 

8-844 

1170-1 

8-846 

1160-0 

8-014 



1161-8 

8-682 





1116-4 

8-967 



1108-6 

9-046 



1007-6 

9-111 



1080-2 

9-181 



1081-2 

9-249 


7- 5 
8*0 

10-2 

7*0 

70 

0-8 

01 

8- 7 
6-0 
8-9 
0-3 
01 

10-8 

80 

8-4 

8-0 



Studies in Infra-Red Region of Spectrum. 


181 


Table VIIa.—S tructure of Band * of AbH 3 . 


(Rocksalt prism ; short tubes)—see fig. 7. 



1 atmosphere. 

i atmosphere. 

£ atmosphere. 












Mean 

J 

Moan 

BahiL 








W.N. 

W.N. 

W.L. 



W.N. 

W.L. 

W.N. 

W.L. 

W.N. 

W.L. 





v 


/*• 


f*- 


f»- 



/*• 

i' 

V 

880-6 

11-358 

879-9 

11-386 

882-2 

11-336 

880 9 

11-3 

11-362 

2' 

3' 

889 8 

11-497 

870 6 

11 488 

888-4 

11-518 

869-8 

8-2 

11-500 

3' 

4' 

881-4 

11-009 

882-2 

11-598 

860-7 

11-818 

861-4 

10-1 

11 809 

4' 

6' 

850-9 

11-752 

851 7 

11-741 



851-3 

9-2 

11-747 

6' 

8' 

841-7 

11-881 

842-5 

11-870 



842-1 

10-1 

11-875 

8' 

7' 

832-6 

12-010 

831-3 

12 029 

832-0 

12-019 

832-0 

8-8 

12-019 

V 

8' 

822-4 

12 150 

823-0 

12-138 



823-2 

11-0 

12-148 

8' 

9' 

811-8 

12-318 

812-5 

12-307 



812 2 

10-3 

12-312 

9' 

10' 

802-1 

12-467 

802-8 

12-458 

800-9 

12-488 

801-9 

10 2 

12-470 

10' 

11' 

791-5 

12 835 

792-8 

12-814 

790-3 

12-853 

791 7 

10-3 

12-031 

11' 

12' 

781-1 

12-802 

781-8 

12 791 

781-2 

12-801 

781 4 

11-8 

12-798 

12' 

13' 

769-3 

12-999 



769-9 

12-989 

789-6 

11-4 

12-994 

13' 

14' 

758-2 

13 190 





758-2 


13-189 

14' 

15' 

760-1 

13-831 





760-1 

8 ‘ 

13-331 

15' 









8-9 



18' 

741-2 

13-492 





741-2 

10-5 

13-492 

16' 

17' 

730-7 

13-885 





730-7 


13-885 

17' 

18' 

721-8 

13-858 





721-6 

9 1 

13-858 

18' 
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The curves from top to bottom are for 1 atm , i atm , § atm., £ atm and A atm. 
pressure : short wide tubes. The broken curve is for 1 atm pressure: long wide tubes. 

Table VUI.- Effect of Pressure on Maxima of Absorption Bands at the Central 


Frequency. 
NH,—Band I. 





Calculated 

Difference 

from 

Band. 

Pressure 

Absorption 

absorption 

atmospheres. 

per oent. 

assuming 

Beer's Law. 

absorption, 
per cent 

7 

1-0 

76 

79 



0-28 

33 

(82) 

(0) 


0-128 

16 

18 

+ 2 

8 

1-0 

80-6 

80 

+ 8-6 


0-26 

42 

(42) 

(«) 


0136 

31 

24 

+ 3 

6 

1-0 

83 

87 

+ 6 


0-36 

40 

(40) 

(0) 


0-126 

20 

32-6 

+ 2-6 

4 

1 0 

78 

88 

+10 


0-26 

41-6 

(41-6) 

(0) 


0-126 

22-6 

23-6 

+ 1 

3 

1-0 

60 

76 

0 


• 0-26 

30 

(30) 

(0) 


0126 

16 

16 

0 


0-062 

11 

8 

- 3 

2 

1-0 

78 

78 

0 


0-26 

33 

(32) 

(0) 


0-126 

16 

17 

+ 1 


0-002 

0-6 

80 

- 0-6 

1 

1-0 

0-26 

46 

(«) 

7o> 


0-126 

23 

26 

+ 3 


0-062 

16 

14 

- 1 
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Table VIII (continued). 
NH 3 —Band I (continued). 


Band. 

Pressure 
atmosphere*. 

Absorption 
per oent. 

Calculated 

absorption 

assuming 

Beer’s Law. 

Difference 
from 
observed 
absorption, 
per cent. 

Q 

10 

92 5 

99 

+ 6-5 


0-25 

75 

(75) 

(0) 


0-126 

50 

60 



0 062 

33 

30 

- 3 

1' 

1-0 

_ 

__ 



0-25 





0-126 

27 

(27) 

(0) 


0-062 

19 

15 

- 4 

2' 

1-0 

84 

85 

+ 1 


0-26 

38 

(38) 

(0) 


0-126 

22 

21 



0-002 

13 

11 

- 2 

3' 

1-0 

74 

73 

- 1 


0-26 

28 5 

(28 6) 

(0) 


0-126 

10 

15 

- 1 


0-062 

9-5 

8 

- 1 6 

4' 

1-0 

79 

81 

+ 2 


0-25 

34 

(34) 

(0) 


0-125 

19-5 

19 

- 0-5 


0-062 

14 

10 

- 4 

5' 

1 0 

82 

89 

+ 7 


0-26 

42-5 

(42-5) 

O) 


0-126 

24 

25 

+ 1 

6' 

1-0 

86 

89 

^+4 


0-26 

42-5 

(42-5) 

(0) 


0-125 

23-5 

25 

+ 1-5 

V 

1-0 

81-5 

90 

+ 8-5 


0-26 

43-5 

(43-5) 

(0) 


0 126 

25 

26 

0 

8' 

1-0 

78 

86 

+ 7 


0-26 

38 

(38) 

(0) 


0-125 

21 

21 

0 

V 

1-0 

65 

74 

+ o 


0-26 

29 

(39) 

(0) 


0-125 

15-5 

16 

+ 0-5 

10' 

1 0 

65 

67 

+ 12 


0-25 

24 

(24) 

<0) 


0-125 

12-5 

13 

+ 0-5 

11' 

1-0 

41 

47 

+ 6 


0-25 

14-5 

(24) 

(0) 


0-125 

9 

8 

- 1 

12' 

1-0 

25-5 

27 

+ 1-5 


0-26 

7-5 

(7-5) 

(0) 


0-125 

4-5 

4 

— o-5 
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Table VIII (continued). 

NB,—Band at 10*56 p. 


Band. 

atmospherea. 

Absorption 
per oent. 

Calculated 

absorption 

ftMunung 

Beer's Law. 

Difference 
from 
observed 
absorption, 
per cent. 

12 

1 0 

37 

41 

+ 4 


0 25 

12 

(12) 

(0) 


0 125 

7 

6 

- 1 

11 

1 0 

55 

53 

- 2 


0 25 

17 

(17) 

(0) 


0 125 

10 

9 

- 1 

10 

10 

67 

70 

+ 3 


025 

26 

(26) 

(0) 


0-125 

15 

14 

- 1 

0 

1 0 

77 

83-6 

+ 05 


0 26 

36 

(36) 

(0) 


0-125 

19 

20 

+ 1 

8 

1 0 

83 

88 

+ 5 


0-26 

. 42 

(42) 

(0) 


0 125 

25 

24 

- 1 


0 002 

13 

12 

~ 1 

7 

1 0 

82 

90 

+ 8 


0 25 

44 

(44) 

(0> 


0 125 

24 

25 

+ 1 


0 062 

13 

14 

+ 1 

6 

1-0 

82 

94 

+ 12 


0-25 

00 

(50) 

(0) 


0 126 

29 

29 

0 


0-002 

16 

16 

0 

5 

1-0 

80 

96 

+ 16 


0 25 

66 

(66) 

(0) 


0-125 

33 

34 

+ 1 

4 

1-0 

80 

97 

+ 17 


0-25 

57 

(67) 

(0) 


0-125 

37 

34 

- 3 

3 

1-0 

80 

96 

+ 17 


0-25 

55 

(55) 

(0) 


0-126 

37 

33 

- 4 

2 

1 0 

80 

93 

+ 13 


0-25 

40 

(49) 

(0) 


0-125 

31 

29 

- 2 

1 

1-0 

77 

80 

+ 3 


0-25 

33 

(33) 

(0) 


0-120 

23 

18 

- 5 

Q 

1-0 

81 

99 

+18 


0-25 

72 

(72) 

(0) 


0-125 

65 

47 

—16 


0-062 

55 

28 

-87 
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Table VIII (continued). 


NH S —Band at 10-55 {x (continued). 


1 

Band. 

Pressure 

atmospheres. 

Absorption 
per cent. 

Calculated 

absorption 

assuming 

Beer’s Law. 

Difference 
from 
observed 
absorption, 
per oent 

Q' 

10 

80 0 

99 

+ 19 


0 26 

76-0 

(70) 

(0) 


0 126 

70 6 

80 

-20-8 


0 002 

68 

30 

-28 

1' 

1 0 

77 

80 

h 9 


0-25 

39 

(39) 

(0) 


0 126 

21-6 

•22 

+ 06 


0-062 

12-6 

12 

- 0 6 

2' 

1-0 

76 

87 

1 12 


0-26 

40 

(40) 

(0) 


0 126 

25 

22 

- 3 

3' 

1 0 

77 

91 

+ 14 


0-26 

46 

(46) 

(0) 


0-126 

27 

20 

- 1 

4' 

1-0 

77 

94 

+ 17 


0 26 

80 

(60) 

(0) 


0-126 

33 

30 

- 3 

5' 

1-0 

70 

94 

+ 18 


0-26 

60 

(60) 

<?> 


0-126 

31 

30 

- 1 

0' 

1-0 

76 

91 

+ 10 


0-26 

46 

(46) 

(0) 


0-126 

27 5 

26 

- 1 8 

V 

1 0 

70 

83 

+ 13 


0 26 

30 

(36) 

(0) 


0-126 

21 

20 

“ 1 

8' 

1-0 

70 

87 

fl7 


0-26 

40 

(40) 

(0) 


0-125 

26 

23 

- 2 

V 

1-0 

09 

90 

+21 


0-26 

44 

(44) 

(0) 


0-126 

19 

25 

+ 0 

10' 

1-0 

64 

78 

+11 


0-26 

30 

(30) 

(0) 


0-126 

19 

10 

- 3 


PH 3 —Band a. 


Q 

1-0 

78 

97 

+22 


0-26 

68-5 

(68-5) 

(°> 


0-126 

41-6 

30 

- 5*5 


0-002 

29 

20 

- 9 
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Table VIII (continued). 
PH S —Banda (continued). 


Baud. 

Pressure 

atmospheres. 

Absorption 
per oent. 

Calculated 

absorption 

assuming 

Beer’s Law. 

Difference 
from 
observed 
absorption, 
per oent. 

r 

10 

42 

61 

+ 19 


0-25 

21 

(21) 

(0) 


0125 

13 

11 

- 2 


0-003 

11-5 

6 

- 6-5 

4' 

10 

45-5 

62 

+ 16-5 


0-25 

21-6 

(21-5) 

(0) 


0-125 

10 

11 

- 0 

6' 

1-0 

50 5 

67 

+ 16-5 


0 25 

24-5 

(24-6) 

(0) 


0-125 

18-5 

13 

- 6 5 

6' 

1-0 

50 

67 

+ 17 


0-25 

24 

(24) 

(0) 


0-125 

17 5 

13 

- 4 5 

7' 

1-0 

60 

65 

+ 15 


0-25 

23 

(23) 

(0) 

; 

0-125 

16 

12 

- 4 

8' 

1-0 

45 

63 

+ 18 


0-25 

22-5 

(22 6) 

(0) 


0-125 

17 

12 

- 5 

r 

1-0 

40 

59 

+ 10 


0-25 

20 

(20) 

(0) 


0-125 

15 

11 

- 4 


PHg —Band II. 


R 

1-0 

04 

99 

+ « 


0-25 

76-5 

(70-5) 

(0) 


0-125 

50 

51 

+ 1 


0 062 

35 

30 

- 5 

Q 

1-0 

_ 

_ 

_ 


0-25 

75 

(75) 

(0) 


0-125 

61 

50 

-11 


0-062 

51-5 

80 

-21-5 

P 

1-0 

95 

99 

+ 4 


0-25 

72 

10) 

(0) 


0-125 

45 

47 

+ 2 


0-062 

80 

27 

- 8 
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Table VIII (continued). 


AbHj—B and II. 


Band. 

atmospheres. 

Absorption 
per oent. 

Calculated 

absorption 

assuming 

Beer’s I>*w. 

Differenoe 

from 

observed 

absorption, 

R 

10 

05 

100 

+ 6 


0-28 

85 

(85) 

(0) 


0-125 

66 

61 

- 5 


0 062 

45 

38 

- 7 


0 031 

26 5 

22 

- 4-5 

Q 

1-0 

05 

100 

+ 5 


0-25 

80 

(80) 

(0) 


0-125 

81 

67 

-14 


0-062 

68 

42 

-28 


0-031 

51 

24 

-27 

P 

1 0 

05 

100 

+ 5 


0-25 

81-5 

(81 5) 

(0) 


0-125 

55-5 

67 

+ 1-5 


0-062 

34 

34 

0 


0-031 

19-6 

10 

- 0-5 

1 


Table VIIIa.—E ffect of Pressure ou the Area under the Absorption Bands. 
NHg—Band^I. 


Band. 

Pressure 

atmospheres. 

Absorption 
per cent. 

Calculated 

absorption 

assuming 

Beer’s Law. 

Difference 
from 
observed 
absorption, 
per oent 

R branch 

1-0 

40 

64 

+15 


0-25 

23 

(23) 

(0) 


0-125 

12 

12 

0 

Q branoh 

1 0 

01 

07 

+ ® 


0-25 

50 

(50) 

(0) 


0-125 

31 

36 

+ 5 

P branoh 

1-0 

66 

67 

+11 


0-25 

24 

(24) 

(0) 


0-125 

13 

13 

0 
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Table VIILa (continued). 


NHj -10-65 yu 


Bmid. 

Preatiate 

atmuspheres. 

Absorption 
per cent. 

Calculated 

absorption 

assuming 

Boer's Law. 

Difference 
from 
observed 
absorption, 
per oent. 

R branch 

10 

68 

70 

+12 


0-25 

0 125 

26 

15 


(0) 

- 1 

Q brauch 

10 

76 

06 

+20 


0-25 

64 

(64) 

(0) 


0125 

31 

32 

+ 1 


0 062 

22 

18 

- 4 

Q' branch 

1 0 

76 

06 

+20 


0-25 

56 

(55) 

(0) 


0 126 

30 

32-5 

- 6-5 


0-062 

28 

18 

-10 

P branch 

10 

58 

71 

+13 


0-26 

27 

(27) 

(0) 


0-125 

15 

14 

- 1 


PH 3 Band #. 


Q branch 

10 

60-5 

86 

+25-5 


0-25 

36 | 

(38) 

(0) 


0-125 

25 

21 

- 4 


0 062 

» 

U 

- 8 

P branch 

1-0 

30-6 

61 

+20-6 


0-26 

16 

(16) 

(0) 


0-125 

12 

• 

- 3 


PH S —Band II. 


R branch 

1-0 

70 

02 

+23 


0-25 

64 

(«4) 

(0) 


0-125 

35 

27 

- 8 


0-062 

20 

14 

- 6 

Q branch 

0-25 

63-5 

(63-6) 

(0) 


0-125 

48 

40 

- 8 


0-062 

40 

22 

- -18 

P branoh 

0-25 

0-125 

51 

28 

«S 

+? 


0-062 

20 

11 

- 8 
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Table VIIIa (continued). 


AsHj—Band II. 


Bsnd. 

Pressure 

atmospheres. 

Absorption 
per cent. 

Calculated 

absorption 

mumming 

Beer*a Law. 

Difforonoo 
from 
observed 
absorption, 
per cent 

B branch 

0-26 

62 

(62) 

(0) 


0-126 

33 

31 

- 2 


0-062 

14 

17 

+ 3 

Q branch 

0-26 

79 

(79) 

(0) 


0-126 

70 

64-6 

-15-6 


0-062 

36 

32 

- 3 

P branch 

0-26 

41-6 

(41 6) 

(0) 


0-126 

60 

64 

+ 4 


0-062 

13 

20 

+ 7 


Studies in the Infra-Red Region of the Spectrum . Part I V.—Discussion 
of Absorption Bands of Ammonia, Phosphine and Arsine. 

By Sir Robert Robertson, F.R S., and J. J. Fox, D Sc. 

{Note .—The numbering of figures and tables in this part runs consecutively 
with those in Part III.) 

OSCILLATION BANDS. 

Types op Bands in the Near Infra-Red. 

Of absorption bands in the infra-red which are partially or more completely 
resolved, the following four types (fig. 9) have been observed in the work of 
others and ourselves. 

Type 1 occurs in dipoles such as HC1, HBr and HF* and is absent in NHg, 
PH, and AsH g . Type 2 is characteristic of the Main Sequence of bands 
common to NHg, PH S and AsHg, and appears in the infra-red spectrum of 
CHgt; type 3, so far found only in the band of NH S at 10‘66 p, contains two 
Q branches ; while type 4 exhibits the fusion of two distinct bands, of which 
the Eero branches in PH S and AbH 3 are the first members of a distinct series 
of harmonics. 

• lines, ‘ Aatrophys. J.,’ vol. 60, p. 261 (1019). 
t Colby, * Astrophys. J.,’ vol. 62, p. 73 (1926). 
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Fiq. 9. 

Ratios op Corresponding Oscillation Bands Common to NH s , PH 3 
and AsH 3 . 

Table IX.—Ratios of Position of Bands. 

Main Sequence— NH S> PH 3 , AsH s . 


Band; 

r 

11. 

III. 

IV. 

V. 

NH,—W.N. 

PH,—W.N. 

AaH,—W.N. 

i 10S0*9 
1186*0 

I 1006 4 

3386*6 

2327*2 

2121*9 

8083*0 

3418*7 

3091*2 

6609-4 

4660*0 

4161*6 

8260*8 

6608*5 

6125*6 

B * tl ° sir 

0*689 

0*897 

0*672 

0*680 

0*680 Mean 0*686 

Ratio AmU * 

_ph; 

0*893 

0*911 

0*906 

0*912 

0*914 Mean 0*907 


Third Sequence—"PH.,, AsH,. 


Band : 

a. 


r■ 

PH,—W.N. . . . 
AaH,—W.N. 

993*2 

906*0 

2031*0 

1864*2 

3218*5 

2889*8 

Rating. • 

0*912 

0*913 

0*900 
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It will be seen that there are nearly constant ratios between the vibratiou 
numbers of the members of the Main Sequence common to the three gases, 
and that the Second Sequence found in PH 3 and AsH 3 has a ratio similar to 
that in the main series for these two gases. There are thus certain degrees 
of freedom common to these gases. 

From the change in frequency of vibration of similar bands with change in 
mass, it should be possible to calculate the distance of the heavy atom to the 
plane of the hydrogens, by assuming some law of force, and a tetrahedral 
structure. 

Inter-Relationships op Bands op each Gas (Harmonics). 


Table X.—Harmonic Relationships of Oscillation Bands. 
Main Sequence—S H 3 , PH 3 , AsH s . 



I. 

II. 

in. 

IV. 

V. 

VI. 



(»-2) 

<«“3) 

(*-=4) 

(»-6) 

(»~0) 

NH, 

W.N. 

1630 0 

3335-6 

5083-9 

0009-4 

8250-8 


W.N.d 

1704-7 1748-3 1525-5 1641-4 


Simple ratio# of I 
Difference from 

(1630-9) 

3261-8 

4892-7 

6523-6 

8154-5 


observed 

(0) 

73-8 

191 2 

85-8 

96-3 


W.N. 

1630-9 

1667-8 

1694-6 

1652 4 

165Q-1 


P ^.N. 

1135-0 

2327-2 

3413-7 

4560-0 

6608-5 


W.N.J 

! 1202 2 1080-5 1146-3 1048- 

5 


Simple ratios of I 
Difference from 

(1120 0) 

2250 0 

3375 0 

4500-0 

5625 0 


observed . 

(0) 

77 2 

38-7 

60 0 

16 5 


W.N. 

1125-0 

1163-6 

1137-9 

1140-0 

1121-7 


AsH, 







W.N. 

1005 4 

2121-9 

3091-2 

4161-5 

6125 6 

6120-0 

WJff. A 

1116-5 909 

-3 1070- 

3 964 

■1 

994-4 

Simple ratios of I 
Difference from 

(1005-4) 

2010-8 

3016-2 

4021-6 

5027-0 

6032-4 

observed 

(0) 

111-1 

75-0 

139-9 

98-6 

87-6 

WJS. 

1000-4 

1060-9 

1030-4 

1040-4 

1025-1 

1020 0 

* 

1 




_ 

_ 
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Table X. (continued). 
Second Sequence— PH # , AsH 3 . 


Bond: 

A 

B 

C 

D 

E 

NH. 

W.N. 

_ 

_ 

4416-9 

6013-2 

7661-1 

W.N. A 



1696-3 1637-9 

W.N. 

~ 

- 

1472-3 

1603-3 

1630-2 

Band: 

A' 

B' 

C' 

D' 

E' 

P ^.N. 

676-7 

_ 

_ 

2936-1 

3709-2 

W.N.J 


(3x762-8) 

774 1 

W.N. 

A 

676-7 



734 

742 

Band : 

A" 

B" 

C" 

D" 

E" 

A»H, 

W.N. . 

(oa. 600) 


oa. 1660 


2716 




■weak 



W.N. A 


(2x526) 

(2 x 682) 

W.N. 

A 

(600) 

- 

517 


643 


Third (SejM«noe--PH 3 and AsH s . 


Band: 

a. 

/»- 

y- 

8. 

PH vJ.n. 

963-2 

2031-0 

3218-6 


W.N. A 


1037-8 1187-6 



W.N. 

693-2 

1016-6 

1072-8 


A 





AiH, 

WJf. 

906-0 

1864-2 

2889-3 

3921-6 

W.N. A 


948-2 1036-1 

1032-3 


W.N. 

906 

927-1 

963-1 

980-4 

A 
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Table X (continued). 


Sequence X — NH 3 , or rotation. 

Band: a. 

d- «• /. g. 

W.N. (100) 

(R. * W.) 
W.N. d (159) 

628 0 783-4 048 1 1108-5 

(3x150 5) 154-8 184-7 160-4 


Main Sequence : NH 3 , PH 3 , A»II 3 —I, II, .... 

The members of this sequence may be considered as to the extent to which 
they follow a harmonic ratio. For dipoles such as HOI Kratzer* considered 
that as a result of the compounding of rotation with oscillation the frequency 
values of the harmonics were less than whole multiples of the fundamental by 
a small quantity x, as in the equation v — nv 0 (1 — nx) 

While the bands of the Main Sequence will be seen m Table X, where the 
W.N. of the band is divided by n, to be approximately multiples of the funda¬ 
mental, in none of the three gases NH 3 , PH 3 , or AsH 3 does Kratzer’s relation 
hold. Nor do the values obtained agree with such an equation, even if it were 
justifiable, in which x is positive, but with some exceptions they exhibit a 
small departure from simple ratios. 

In all cases the value for the fundamental (a — 1) is low when compared 
with the values for the other bands divided by their ordinal number. The 
greater complexity of the movements in these molecules apparently has the 
effect of influencing the strictly harmonic relationships of the bands in a much 
less simple manner than attributed by Kratzer to dipoleB, and it may be found 
possible to connect the deviations from true harmonic ratios with the intensity 
of neighbouring bands. This is a feature which is absent m hydrogen halides 
which have a simple sequence of harmonics, whereas other bands or sequences 
of bands occur in the gases under review, mingled with the members of the main 
harmonic series. 

Second Sequences: NH S —C, D, ...; PH S —A', B', ...; AsH s —A", B", .... 

NH S .—Starting with an intense band at 4416*9 (2*264 p) a sequence follows 
with increase m W.N. not very different from that of the Main Sequence of 
NHj. From its intensity this band might be taken as the first of a series, but 
the W.N. A between the members of this sequence would point to an origin 
* * Z. f. Physik,’ vol. 3, p. 289 (1920). 


VOL. OXX.—A. 
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being about 1470 W.N. (6-8 jx), where no definite effect can be observed. Nor 
is there any definite band about 2940 W.N., where the second member of the 
series might be expected to fall. 

It would, therefore, seem that this band or sequence has no simple origin. 

Hettner* from the values given by Schierkolk (loc. cit.) has attributed this 
band and its associates to combinations of bands I and 10-65 (x, but the results 
do not agree well with this assumption when either Schierkolk’s or our values 
are taken. With the values for W.N. found by us, the comparison is as 
fdllows:— 


v,= 948-1 W.N. 
v,= 1630-9 W.N. 
+ v, = 2679 W.N. 
v, + 2v,= 4209-9 W.N. 
7,4-37, = 6840-8 W.N. 
7 , + 47, = 7471-7 W.N. 
v, + 57 , = 9102-6 W.N. 


(Centre of band at 10-65 jjl.) 
(Centre of band I.) 

Nearest band is 2469. Difference 
Band C is 4416-9 

Band D is 6013-2 „ 

Band E is 7661-1 „• 

Band F is 9772-5 „ 


110 W.N. 
207-0 „ 
172-4 „ 
179-4 „ 
669-9 „ 


Equally, the members of this sequence might be considered as intermediate 
bands between the members of the Main Sequence thus :— 

Between centres of bands--- 

I and II mid-position = 2483 ■ 2 W.N , nearest band is 2469 W.N. Differ¬ 
ence = — 14 W.N. 

II and III mid-position = 4209-7 W.N., nearest band C is 4416-9 W.N. 

Difference = 207 -2 W.N. 

III and IV mid-position = 6846-6 W.N., nearest band (D) is 6013-2 W.N. 
Difference = 166-6 W N. 

IV and V mid-position = 7430-1 W.N., nearest band (E) is 7651-1 W.N. 

Difference = 221-0 W.N. 


If the limits of the absorption bands could be more accurately ascertained, 
there arc indications that another band occurs midway between the ends of 
bandB I and 10-66 p, at No. 4 (see inset of fig. 2). 

The agreement is much the same whether the members of this sequence be 
taken ub being combination bands of bandB I and 10-66 p or of two neigh¬ 
bouring hands. 

Whichever view be favoured, no explanation is afforded of the great intensity 
of band C, for which nor for its concomitants is there an analogue in PH, or 


• ' Z. f. Phyilk,’ vol. 31, p. 278 (1925). 
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AsH,. In fact, neither the procedure of combining the frequencies nor taking 
them as intermediates is quite satisfactory as a method of accounting for the 
bands. 

PH,.—The sequence A'... starts with a band at 676-7 W.N. (Table X), 
and in the same gas are found bands at 2935-1, D', and 3709-2, E'. Rock- 
salt begins to absorb so strongly about 600 W.N. that it is impossible to say, 
without using a sylvin prism, if the band found at 676-7 W.N. ib a simple 
band or the beginning of an analogue of the band 10-55 p of NH,. The 
spacing between D' and E' is in only moderate agreement with the third of 
the distance between A' and D', but, as stated, the position of A' is not quite 
established. It will be observed that B' is missing; C' would fall within 
band II; band D' is tripartite. 

AsH,.—The sequence A" ... starts with a band at about 500 W.N., but, 
for the same reason as given above, it is not more than indicated. A second 
member, B", would lie within band I, and a faint band, 0", is found. The 
next member, D", would lie within band II and again there is a faint band E". 
These bands C" and K" have the feature of being approximately equidistant 
from the bands of the Mam Sequence on either side of them. 

The ratios of the W N 4", an< l are 0-74 
A' E' 

Third Sequence: PH„ AsH 3 ,— a, (1 . 

The members of this sequence take their origin in the zero branches lying 
towards the smaller W N. of the composite bands whose central positions are 
about 9 • 4 and 10 • 4 p respectively. Again they fail to obey Kratzer’s principle 
for dipoles, the second member being greater instead of less than twice the 
W.N. of the fundamental. In the direction of the visible they have an ascend- 
W N 

ing value for ——, and when partially resolved arc characterised by being 
» 

tripartite like the members of the Main Sequence, and by having a ratio as 
between the respective gases not unlike that of the members of that sequence 
(Table IX). 

These bands are found in similar positions on the smaller W.N. side of the 
bands of the Main Sequence. 

This sequence is peculiar to PH, and AsH, and has no traceable analogue in 
NH, : thus it represents a degree of freedom possessed by the heavier molecules. 


o 2 
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ROTATION-OSCILLATION BANDS. 

Partially Resolved Bands. 

The following wave-number differences have been observed between the P 
and Q and R branches of the partially resolved bands. 


Table XI.—Wave-Number Differences from Zero to Position of Maximum 
Absorption in Side Branches. 

Main Sequence, I, II, .... 


Gas. 

Band. 

K to Q 

WN 

Q to P 

W.N. 

NH, 

I 

05-7 

0.’. 2 


11 

94 2 

107 7 t 

PH, 

I 

70 3 

73 0 


II 

71-5 

73 3 

AhH, 

I 

72 0 

43 0 


II 

701 

64 1 


III 

55 4 

75 5 

Third Sequence. 

PH, 

° 

68-8 

61 6 


P 

80-7 

53 8 

A»H, 

a 

64-4 

39 0 


P 

66 3 

40 8 


Main Sequence. 

Here these bands are all tripartite, the intensities of the side members 
affording a measure of the probability of the occurrence of a rotation at right 
angles to the plane of oscillation, since it was shown by Rayleigh* that under 
these circumstances, in addition to a frequency of oscillation v 0 , there would 
be found two others, v 0 + v r and v 0 — v r In Table XI are given the mean 
values for the differences of the maxima of the side branches from the centres 


‘ Phil. Msg.,’ vol. 24, p. 410 (1892). 
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of the bands. These maxima, P and R branches, arc less easy to evaluate 
than the oentral Q branches, which are much more definite. 

The values are used later to compare the moments of inertia of the molecules 
of the gases on the basis of the kinetic theory for the most probable rotational 
frequency with those determined from the fine structure. 

Third Sequence. 

Here the bands arc sometimes so merged with neighbouring bands that they 
are still more difficult to evaluate. They take their origin in the Q branches 
of the composite bands of PII 3 and AsH a , which lie towards the smaller W.N. 
at 10-068 and 11-037 p respectively, and are not found in NH 3 . 

Sequence X, b . (See Table X.) 

This sequence is considered later as pertaining to rotation, as it appears to 
have its origin in band of NH 3 found by Rubens and Wartenberg* by means 
of rcststrahlen in the farther infra-red about 63 p (159 WN). It recalls a 
sequence of bands of water vapour described by Hettnerf and ascribed by him 
to an effect of rotation carried from a band in the far infra-red towards the 
visible. 

A band, d, of fair intensity (fig. 1) is found at 628-6 W.N. which corresponds 
to the third harmonic. The next, c (fig. 1), corresponds to a disturbance in the 
regular sequence of rotation bands at 783-4 W N., followed,/, by the centre of 
the oscillation band at 10-55 p and another disturbance, g, in the rotation bands 
at 1108-5 W.N. The averages of these differences in W.N. is 158-2. 

This rotation, slow as compared with the frequency of the oscillation bands, 
is much faster than the frequency of rotation as deduced from the fine structure 
on bands I, II and band 10 • 55 p (see below). In the sequel it is thought to be 
due to the rotation of the hydrogen atoms round an axis dropped from the 
nitrogen nucleus on the plane of the hydrogen atoms. 

Resolved Bands. (Tables II to VTIa, figs. 2 to 7.) 

In these tables arc collected the data obtained for the fine structure of the 
bands which have been resolved, and figs. 2 to 7 illustrate their contour 
and the rotation maxima, at pressures of 1, $ in some cases, £, J, ^ and 
occasionally atmospheres of the respective gases. 

The structure of these bands may be shortly discussed. 

* ‘ Verh. d. D. phye. Gee./ vol. 13, p. 796 (1911). 
t * Ann. der Phyeik/ vol. 56, p. 476 (1018). 
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NH„ Band I. (Table II, fig. 2.) 

In this band the mean of the differences in W.N. between the rotation maxima 
ia 17*1 W.N. These differences, however, are greater on the side of larger 
W.N., which is contrary to what was found by Imes (loc. cit.) in the hydrogen 
halides, but similar to the experience of Levin and Meyer* for ethane. The 
following diagram gives the intensity of the bands and the W.N. differences 
for a pressure of J atmosphere. 



A more regular series of differences is obtained according to the method 
of Imes by dividing the differences between corresponding rotation maxima 
on each side of the zero branch by twice their ordinal number in these two 


ways 


Ordinal 

number. 

- 



i 


1-1' 

W.N. 

16 6 

[1-8' 

83*4] 



i-r 

16*8 

8-3' 

10 -91 



3-3' 

16 0 

3-4' 

19-8 | 



4-4' 

17*1 

4-6' 

19*4 | 

.19-3 


6-0' 

17*7 

6-6' 

19*0 | 


6-0' 

17-6 

6-7' 

18-8 


m - 7 

7-7' 

17*7 

7-8' 

IB^J 






Moan 19-8 



* * J. Opt. Soo, Am.,’ vol. 10, p. 137 (10*8). 
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It is to be noted that 1' is very weak, but apparently distinct, especially 
with reduced pressure, and seems to represent a jump of less than 1 quantum, 
as is assumed to occur in Kratzer’s treatment of the region at 3*46 p of HC1, 
where, however, no indication of an inflexion was observed. The second pro¬ 
cedure has the advantage of eliminating the region requiring a fractional 
quantum number and gives differences thereafter of W.N., 19-3 W.N. on the 
average. 

NH„ Intermediate Region between Bands I and 10*65 p. (Table Ila, fig. 2 
inset.) 

This region possesses features some of which have already been mentioned 
(see p. 194). In the undisturbed portion of the region the mean W.N. A is 17 *9. 

NH S , Band II. (Table III, fig. 3.) 

It was important to determine the fine structure of thiB band, in the first 
place, to see if the W N. A is the same for different members of the same sequence, 
Cooley* having found in CH 4 a variation from band to band, and also to ascer¬ 
tain if on the smaller W.N. side of the band any imposed bands occurred 
similar to those (3, y) found in this position in PH 3 and AsH,. Allowing for 
the less favourable conditions of the use of a prism in this region, the differences 
in W.N. of the rotation maxima on the average agree with those obtained by 
Spence, who has also explored this band, but with a grating, the values being 
20-3 and 19*7 W.N. respectively. It would appear, therefore, that these two 
bands I and II of this sequence of NH 3 have fine structure of rotation bands of 
the same frequency, and that there is no sign of such bands as are enclitic on 
the side of band II of PH 3 and AsH a . 

NH S , Band at 10*65 |i. (Table IV, fig. 4.) 

This band is of a type not hitherto properly explored, having side branches, 
but with a double zero branch. The fine structure shows in places a regular 
spacing of rotation maxima with interruptions at intervals. In fig. 11 the 
intensities of the rotation maxima at £ atmosphere pressure are shown, together 
with their W.N. differences. 


* • Astrophy*. J..’ voL 62, p. 73 (IMS). 
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FiO. 11.—Rotation-Oscillation Maxima in Band 10-66 /x—J- atmosphere. 


On inspection of the spacings of the rotation bands some regularities 
appear 


Rands 12 to 8, average.A 19-5 W.N. 

„ 6 to 1, average . A 19 -4 „ 

„ Q to central dip.A 20-7 „ 

„ Q' to 7', average .A 19-3 „ 

„ 10' to 11'. A 20-5 

„ 13' to 15', average.A 18-1 „ 

Bands 8 to 6, average .A 14 -4 W.N. 

„ central dip to Q' .A 14-4 „ 

„ 9* to Iff .A 12-5 „ 



Bands 7' to 9, average.A 8-8 W.N. \ n _ , 17 XT 

^ >mean = 9-3 W.N. 

„ 11 to 13, average.A 9-8 „ J 

Band 1 to Q.A 28-4 W.N. 


Thus, if the W.N. A of the majority of the maxima bo taken as 1, spacings 
occur at half, two-thirds and one and a half times this spacing. 

It may be that the space between the zero branches is not equally divided. 
A band small, but increasingly evident as the pressure is reduced, occurs 
midway between the centre and the branch Q, reminisceiit of the half-qnantum 
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band presumed by Kratzer to exist in this region of the 3*46 (x band of Hf'l, 
but experimentally missing. The interval from the central dip to the branch 
Q' shows no break of this kind and is two-thirds of the regular spacing distance 
It is not clear whether the departure from the regularity found in this portion 
of the band is to Ixi expected on such grounds as Kratzer advances for IIC1, 
or whether, as is supported by the following considerations, it is due to a dis¬ 
turbance caused by an imposed vibration belonging to another system of bands. 

If the mean positions be taken of those regions on either side of the branches 
Q and Q', which depart from the regular spacing of 19-3 W.N., they arc found 
to lie as follows:— 

Mean between 8 and 6 — 1108-5 W.N.: distance from central dip — 
160-4 W.N. 

Mean between 7' and 10' = 783-4 W.N.: distance from central dip = 
164 -7 W.N. 


It thus appears that the disturbances (e and g in fig. 1) and the central region 
(/) are equally spaced and at a W.N. interval which is the same as that from 
(c) to the next band on the long W.L. aide (d) at 628-6 W.N. As the band d 
is four times this W.N. difference, and as the frequency of the band of NH S 
found by Rubens and Wartenberg (loo. oil.) has the same value (159W.N.), 
it has been assumed that this imposed sequence has its fundamental at this 
W.N. This is so tabulated above as “ Sequence X, NH 3 .” 

It will also bo observed that between the zero branch Q and rotation band 1 
there is a W.N. difference of 28 ■ 4, pointing, it may be, to a missing line indicated 
by a dotted line in fig. 11, thus dividing the interval into approximately one 
and a half times the principal spacing (19-6). 

On the Q side of the band the first maximum observed (No. 1) is taken as 


|, the second | and so on, up to No. 6; on the Q' side the first maximum is 
taken as 1', the second 2', and so on, up to 6'. The values for these are | of 


28*4,18*5, 22*5, 18-8, 20-0, 17*2 and 20-3, 20*4, 20*2, 19*4, 19*5, 19*0, of 
which the mean is 19*6 W.N. This is used later m calculation of moment of 
inertia of the molecule. 


PH,, Bond I. (Table V, fig. 5.) 

This band, which forms the member on the larger W.N. side of the com¬ 
posite band, whose centre iB about 1060 W.N., has been resolved by fluorite 
on the larger W.N. side of its Q branch (1125 W.N.). The region intermediate 
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between this Q branch and the Q branch at 993-2, which pertains to the series 
number a has not been well resolved. 

In Table V are given the values for the rotation-oscillation maxima of the R 
branch of band I, the mean of their W.N. differences being 11 *0 W.N. 

PH„ Band «. (Table Va, fig. 5.) 

This band, the other member of the above-mentioned composite band, has 
been resolved by rocksalt on its smaller W.N. side. The values for the 
rotation-oscillation bands of its P branch are given in Table Va, the mean of 
their W.N. differences being 11-6 W.N., a value similar to those on the side of 
band I of PH,. 

PH„, Band II. (Table VI.) 

An attempt was made to obtain values for the fine structure on the P and 
R branches. The mean of the values for W.N. A given in Table VI are 11 
and 10 W.N. respectively, roughly corroborative of the values in b%nd I, but 
the quality of resolution was poor. 

AsH s , Band I. (Table VII, fig. 7.) 

This band is situated on the larger W.N. side of a composite band in a 
fashion like band I of PH a . The structure of its R branch is not very well 
resolved, but has maxima coinciding when determined with a rocksalt as 
well as with a fluorite prism, showing a mean W.N. A for the rotation-oscilla¬ 
tion bands of 8*5 W.N. 

AsH„ Band a. (Table VIIa, fig. 7.) 

This band, again as in PH„ the member of the composite band towards 
the smaller W.N. side, when resolved by rocksalt, gives a mean W.N. A for 
the oscillation bands of its P branch of 10*0 W.N. 

Effect of Pressure on Intensity and Area of Bands. 

In these papers (Tables VIII and VIIIa) we have given data for the per¬ 
centage absorption of some unresolved bands taken at the position of the 
central frequencies, and also similar data in some oases for the bands of the 
fine structure. Since the pressure of the gas did not appear to lead to dis¬ 
placement of the central frequencies of the sharp bands, it became of interest 
to ascertain whether the alteration of absorption at these central frequencies, 
with alteration of pressure of the gas, followed any law such as Ben’s law. 
In some cases at full atmospheric pressure the bands are fused and in these 



Studies in Infra-Red Region of Spectrum. 208 

case# the central frequency is taken as that derived from the sharper resolved 
band at lower pressures, for example, in band NH, at 10-55 p. This inquiry 
is of some interest in view of the statement made by Hettner* that when the 
absorption becomes continuous owing to fusion of the bands the absorption 
law holdB. 

Since the intensity of the transmitted radiation falls off with increase of 
pressure, we applied the expression I = where I is the intensity of 

the transmitted and I 0 of the original radiation, p the pressure, and k an 
absorption constant for the band under consideration. It will be observed 
from Table VIII that for the lower pressures, particularly for the bands of the 
fine structure of NH 3 band I and band 10-55 this exponential expression 
fits the observations with remarkable accuracy and the results are generally 
within the experimental error. There is, however, a strong deviation at full 
atmospheric pressure, no doubt connected with the fusion of the bands. While 
the Q branch of NH 3 band I likewise fits the equation, the Q and Q' branches of 
NH, band 10•55 n arc altogether outside it. Again, it is found that the bands 
II of PH, and AsH„ in which the Q branches diverge widely, have P and R 
branches falling fairly well within the rule. 

While it cannot be stated that there is any generalisation which can be 
made on the intensities of the central frequencies, it can be said that in the 
resolved bands the rule is followed at the lower pressures for the bands of the 
fine structure. 

We have evaluated the area under the contour of the same bands (Table 
VIIIa), thuB obtaining the total absorption over the branches of the band, 
including its fine structure. The results of this treatment follow closely the 
results obtained from considering the central frequencies alone. 

There is thus no doubt that when the band is well resolved the intensity of 
absorption follows some form of exponential decrement. Since this is the case 
it would appear that, except when a large concentration of gas is present, the 
radiation penetrates the column of gas and is absorbed by a comparatively 
small fraction of the total number of molecules present. 

Consideration' of Structure of Bands. 

Central Frequency of Bands. 

Where complicated bands occur as in NH, band I, an exact position can be 
assigned to the oentral frequency of the band. A set of values can be drawn 
* ' Phys. Z.,’ vol 27, p. 788 (IW8). 
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up for thin centre determined by the method of least squares from the means of 
tho W.N. of two maxima of the same ordinal number in the P and R branches. 
For band I, NH 3 for example, these may be represented by the expression v(in 

W.N.) = 1631-8 -j- 0-23 m 1 , m which m ~ 0, 1, 2, 3.the observed value- 

being 1630-9 W.N. 

Fine Structure of Bands of NH 3 and Moments of Inertia. 

Band I of NH 3 shows a certain asymmetry for the spacing of the rotation 
maxima of absorption of the bands, arising from the spacing being somewhat 
different in the P and R branches. Band II has not been resolved so well as 
to permit of any decision on this point The observed W N. differences in 
band I yield an average of 19-6 in the R branch (Table II and fig. 2) and 15-T 
in the P branch, but if the procedure adopted on p. 198 is used, the W.N. 
difference is 19-8. With band 10-55 p, the branch on the side of higher 
frequency of Q (Table IV and fig. 4) has a spacing of 20-2 W.N. and that on 
the other side of Q' a spacing of 19-0. If, however, the disturbed regions of 
this band are left out of consideration, the W.N. difference as far as bands 6 
and 6' respectively is 19-6, or nearly the same as for band I, provided the- 
3 

spacing Q to 1 is considered as a ^ pacing. 

For band II, the first harmonic of band I, the average spacing is 20-3 W.N., 
which may be compared with Spence’s value of 19*7. In this band, too, the- 
method of p. 198 comparing 2 with 2' and so on leads to a mean value of 20-8, 
which may be considered as some confirmation of the value 20-3, the mean of 
all the observations on this band. 

It will be seen from the foregoing that the average spacings, from which the 
moment of inertia may be calculated, are 19-8 for band I, 20-3 for band II 
and 19-6 for band 10-55 p. These values indicate that the rotation-oscilla¬ 
tion bands here considered are all affected by the same frequency of rotation 
of the molecule. It would be of interest to have the fine structure of other 
bands of NH a resolved, especially band C, of which the peculiar features are- 
great intensity and absence of earlier members of its sequence. It iB hoped to 
investigate this point with apparatus of greater dispersion. 

The moments of inertia may be calculated from the expression J = 

‘ vrr A v 

on thfe supposition that the angular velocity of rotation is constant, where A v 
is the spacing between the maxima of the fine structure, The following results, 
are obtained 
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Band. | 

A y. 

J y 10“. 

Z 

19-0 

2 78 

n 

20 3 

2-72 


19-7 (Spence) 

2-81 

10-55/i 

19 0 

2 82 

Region between I and 10 66 n 

20 0 

2-77 


In this table the value for the last row is determined by considering the differ¬ 
ences 3-5, 2-6. 1-7 of fig. 2 inset (Table IIa). With band I the value of A v 
falls from 19-9 to 18-8, see p. 198, the moments of inertia corresponding to 
these being 2 78 x 10 -40 anil 2-98 XlO -40 gr cm. s If we take this increase 
into consideration together with the quantum condition Jw =- mh/ln, it is 
clear that as the velocity of rotation increases, the radius of gyration increases 
with rise of ordinal number, since the mass of the molecule remains constant. 
Tor the mean of the above moments of inertia, 2*78 X 10 -4 °, the radius of 
.gyration is 0-82 X 10 -8 cm. In a letter to ‘ Nature '* Badger writes that 
from an examination of the region 55 to 130 p he gets rotation bands of NH 3 , 
from which he deduces a moment of inertia of 2*77 X 10 -40 gm. cm.*, a value 
almost identical with ours. 

If the band observed by Rubens and Wartenberg at 63 p be considered a 
rotation band, the corresponding moment of inertia is 0-35 x 10 _4U . It is 
not easy to decide, without further inquiry with apparatus of greater resolving 
power, whether other spacings are present in the fine structure of the NH 3 
bands. 

Fine Structure of Bands of PH 3 and Moments of Inertia. 

For PH S the spacing differences determined from the fine structure of bands 
I and « (Tables V and Va, fig. 5) are 11*5 and 11-6 W.N. respectively, equi¬ 
valent to a moment of inertia of 4 ’78 x 10 _4 °, from which the radius of gyration 
comes out at 1-025 X 10 -8 cm The WN. difference for band II of PH 3 
(Table VI, fig. 6) is either 10 or 11, but is not so accurately determined as is 
the case for the other bands. 

Fine Structure of Bands of AsH 3 and Moments of Inertia. 

For bands I and a of AsH s (Tables VII and VIIa, fig. 7) W.N. differences of 
8-5 and 10-0 respectively are obtained, corresponding to moments of inertia 
6-51 X 10 _4 ° and 5-63 x 10 -40 . This difference may or may not be real. 
With the first value the radius of gyration is 1 • 165 X 10"* cm , with the second 
1-07 X 10" 8 cm. 


‘Nature,’ vol. 121, p. 942 (1928). 
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Calculation of Radii. 

The radii of gyration of the three gases may be compared with the radii 
of their mean collision area found by Rankine* from the measurement of 
viscosity of the gases. 

The following comparison brings out the difference between the length of 
the radii according to these:— 



Radii of gyration, 
cm. x 10-'. 

Half diameter of 
mean collision area 

Ratio. 


(Rankine), 
cm. X 10“*. 



NH, 

O'82 

1-43 

1-74 

2k, 

103 

1-70 

1'60 

117 or 1 07 

1-77 

101 or 1 60 


As might be expected, the radius of the mean collision area is greater than that 
found by us for the radius of gyration. They have, however, a fairly constant 
ratio the one to the other. 

Comparison of Moments of Inertia derived from Energy Relation. 

It is of some interest for comparison to calculate the moments of inertia of 
the three gases from the classical energy relation for three degrees of freedom 

|J (27tv)* = - AT, where k is Boltzmann’s constant. This may be carried out 

from the values of W.N. differences (Table X) of the Q branches from the maxima 
of absorption of the P and R branches, which may be considered as most 
probable frequencies at room temperature. Taking W.N. 98 • 2, 73• 5 and 63 • 8 
for NH 3 , PHj and AbH 3 respectively, the moments of inertia are 3-49 X JO" 40 , 
6-24 x 10 -40 and 8 -28 X 10 -40 . These values may thus be compared with the 
moments of inertia deduced above from the fine structure of the bands 



J! X 10" 

J, X 10" 



from band 

from enorgy 

Ratio J,/Ji. 


structure. 

relations. 

NH, 

2 78 

3 49 

1-26 

a. 

4*78 

6-34 

1-30 

0 03 or 6'01 

8-28 

1-27 or 1-49 


* Trans. Faraday 8oc.,’ voi. 17, p. 719 (1922). 
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It will be observed that there is a fairly constant ratio between the moment 
of inertia as calculated by the two methods, indicating that the factor used 

with AT should be less than ~. 

Molecular Model of Molecules NH s , PUS, AsH 3 . 

It is interesting to consider how the different modes of oscillation of mole¬ 
cules such as NU a may arise, and for this purpose some molecular model has 
to be taken. A tetrahedral molecule of four atomB may have (3a — 6) or 
6 degrees (n = 4) of freedom and some of these degrees of freedom may be 
associated with valency bonds of the various atomic linkages, and so with the 
structure of the molecule. The sequence and complexity of the bands, however, 
appear to be greater in number than can be accounted for by consideration of 
valency bonds alone. Since the H atoms are not joined together by any 
valency linkage, oscillations arising from the three H atoms, or from two rela¬ 
tively to one another constitute degrees of freedom which are only remotely 
connected with the valencies of the atoms of the molecule. 

From purely chemical considerations it is not easy to decide whether the N 
and the three H atoms arc in one plane. The existence of optically active 
forms of substituted ammonium compounds ib not decisive on this point, 
since it may be argued that as soon as one of the H atoms is replaced by a 
group the simple configuration of the NH 3 molecule is thereby disturbed. 

Hund* from a consideration of the polarisation and laws of force between 
the ions arrived at the conclusion that as soon as the polarisation reached 
the value where an equilibrium position was established, whereby the four ions 
formed a tetrahedron with three equal side faces, then this tetrahedron was 
stable. The existence of oscillation bands of various frequencies in the infra¬ 
red spectrum of NH 3 shows that the ions are separating and one of the modeB of 
vibration may be considered to be the oscillation of N against the plane of 
the H atoms. In such a case Hund’s condition will clearly be fulfilled, and a 
tetrahedral structure will be required for the model. In favour of this view 
is the largo temperature effect on the dielectric constant of gaseous NH S , 
recorded by Watson,f together with its large electric moment. We may 
therefore accept the view that the NH 3 molecule is a tetrahedron, although 
it is not necessary to place the N atom at any great distance from the plane of 
the H atoms. In such a case modes of vibration can be: (1) N against the 

• ' Z. f. Phyiik,’ vol. 31, p. 99 (1925). 
t' Roy. Soc. Proo.,’ A, vol. 117, p. 43 (1927). 
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plane of 3 H atoms, that is, along a line directed towards the centre of gravity 
of the molecule, (2) N against one H atom ; (3) H in a direction at right 
angles to the line joining it to the centre of gravity of the system; and (4) N 
in a manner similar to (3). It is not necessary in the first mode of vibration to 
suppose that all three H atoms are in phase. 

In addition to these oscillations, this model may rotate about the centre of 
gravity, as well as about an axis through the line joining the N atom to the 
centre of gravity. We have so far been able to discover only two definite 
W.N. differences in NH S (about 20 and 160 W.N.). Of these the former, 
giving the larger moment of inertia, is most likely to be associated with that 
rotation which is about an axis through the centre of gravity and parallel to 
the plane of the H atoms. The other, since it has a smaller moment of inertia, 
may arise from a rotation of the hydrogen atoms round an axis passing through 
the N and the centre of gravity of the system. Other W.N differences might 
have been taken, as is done by Hund (loc. at.) from some of the iptation bands 
on band 10-55 p, but as these lie in the region apparently disturbed by the 
imposition of the system originating at 63 p (see above, p. 200), wo have not 
included them. 

If the atoms of the molecule are all in one plane, (1) becomes more difficult 
to conceive, although possible, but the other oscillations are possible. In 
this coplanar model the rotation might well occur Bolely round an axis through 
the N at right angles to the plane, rotation of the molecule round a median 
line or one parallel to two H atoms being less easy to conceive. Another 
coplanar model would be one in which one H atom is at a greater distance 
from the N than the other two. There is no evidence for considering this 
likely, since no certain experimental data are known to indicate that one H 
is different from the others in NH 3 . 

Attempts have been made to identify certain bands with specific bonds in 
NH S . Thus the work of Salant* on the infra-red spectra of liquid amino- and 
imino-compounds indicates that the band at 2-998 p persists sc long as there 
is one N-H group. Ellis,f also working with liquids, showed that the N-H 
oscillation is required to account for bands about 1 - 03 p and 1 - 5 p, correspond¬ 
ing, however, to our bands F and IV, F not being in that harmonic sequence 
which has 6 • 13 p as fundamental. On the other hand, SalantJ stated that the 
band at 6 p became very weak with secondary and tertiary amines, concluding 

* 'Proo. Nat. Aoed. 8ci.,’ vol. 12, p. 74 (1926). 

t ‘ J. Am. Chem. Soc.,’ vol. 50, p. 685 (1928). 

J ‘ Nature,’ vol. 119, p. 928 (1927). 
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from this that the baud at 6*1 (x is not the fundamental of which band 3 ;x 
is a harmonic. This evidence is not at all conclusive for the reason above given 
for substitution in ammonia. From the similarity in ratio of the related 
bands of the Main Sequence in the three gases examined by us and from their 
inter-relationships, there appears to be definite evidence that the bands of 
the sequences described (pp. 190-197) are “ harmonics ” arising for similar 
degrees of freedom in the molecules displaced a little compared with the simple 
harmonic ratios. 

In favour of the view that there are at least three distinct oscillation sequences 
in NHj, of which the band at 6-13 p is the fundamental of one sequence, we 
have the fact that it is possible to separate the complicated infra-red oscilla¬ 
tion bands of NH S into one set of harmonics, commencing with 6-13 [x, another, 
of which the strong band C is the third member, and the band at 10*05 jx. 
This same selection is taken by Hund as corresponding to the three frequencies 
required by his calculations, and is used by him as confirmation of his model. 

If the band at 3 jx is admitted to represent the oscdlation corresponding 
with the N-H oscillation in substituted ammonias, which in this case happens 
to be coincident with a valency bond, it would seem to follow that band I at 
6*13 [x is the fundamental corresponding to the N-H degree of freedom in 
NH a . It may further be considered that the N-H oscillation is likely to be 
faster than the N H 3 oscillation, which would be an argument for regarding 
the band at 10*56 (x as arising from this slower oscillation, thus leaving 
band C at 2*264 |x to be accounted for. This may bo derived from a degree 
of freedom due to an oscillation of H at right angles to the line joining it to 
the centre of gravity of the NH, model. The fundamental of this band should 
occur about 6*8 jx, but this band is missing. 

An alternative speculation, in which band I at 6 ■ 13 p. is again assigned to 
the degree of freedom corresponding to the band N-H, would be to consider 
that band 10*55 p arises from the oscillation of N parallel to the plane of the 
3H (4), this being likely to be slower than N against one H. The emergence 
of C as a third and strong member of a sequence, without an obvious fundamental, 
might arise from some violent feature such as an oscillation of the nitrogen 
penetrating the plane of the H atoms. 

The considerations leading to a tetrahedral structure for NH, apply likewise 
to PH, and AsH,. A harmonic sequence of five oscillation bands equally 
well defined with those in NH S is found in PH„ and, in addition, two other 
sequences are discernible. A tetrahedral structure is thus indicated for this 
molecule also, and this is supported by Watson (loo. cit.), who finds that PH, 
vol. oxx.— a. p 
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hat an electric moment, smaller indeed than that of NH a , bat still of con¬ 
siderable magnitude, and with a definite temperature coefficient. At least 
one mode of oscillation in PH S (represented by the “ Main Sequence ”) is 
similar to one in NH,. From rotation data only one moment of inertia has 
been found, and generally the vibrations of PH, appear to be less complicated 
than those of NH,. 

Equally in AsH, occurs a sequence of six oscillation bands in the Main 
Sequence, with apparently two other sequences. In arrangement of its oscil¬ 
lation bands AsH, is much more like FH, than NH„ and possesses a series 
(a, p, ...) similar in form and disposition to one in PH,. From rotation data 
its moment of inertia is much nearer to PH, than to NH,. The similarity 
of the osoillation bands would point again to a tetrahedral structure were it 
not that Watson (loo. oit.) finds Buoh a small electric moment and temperature 
coefficient of dielectric constant. However, if we may regard the electno 
moment of the molecule in the tetrahedral model as the product,of the distance 
of the heavy atom from the three H atoms and the charges of the ions, then it 
is not safe to suppose that any alteration of the polarisation is measured merely 
by the magnitude of this product. As soon as the heavy atomic nucleus 
moves a small distance from the H atoms, the effect of the electron shroud 
comes into [day, and this acts in the opposite direction to the original electric 
moment. Therefore, the electric moment as measured by the product of dis¬ 
tance and charges is reduced by an amount depending on the electron shroud. 
This is greater in the order N, P, As, so that, from this consideration alone, 
a smaller electric moment would be expected, and the model for PH, could 
still be regarded as tetrahedral like NH,. 

From the graphs and tables it is clear that the oscillation frequencies become 
slower in the order, from NH„ to PH,, to AsH,, and the wave-number differ¬ 
ences in the rotation bands show that the molecules rotate more and more 
Blowly in the same order. 
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The Kinetics of the Decomposition of Calcium Carbonate 
Hexcihydrate. 

By B. Topley, M.A., and J. Hume, B.Sc. 

(Communicated by Sir Harold Hartley, F.R.8.—Received May 19, 1928.) 

Up to the present, so far as we are aware, the kinetics of reactions directly 
involving two solid phases have not been examined quantitatively in con¬ 
nection with a theory of the mechanism. Qualitative suggestions have been 
made (cp. 6. N. Lewis,* Macdonald and Hinshelwoodf) to account for the 
autocatalysis observed in particular cases of such reactions 

Langmuir{ drew attention to the importance of the interface between 
the two solid phases for dynamic equilibrium in systems of the type • 
Solidj ^ Solid, -f Gas, and Langmuir’s suggestion was applied by Crowther 
and Coutts§ to explain the results obtained in a study of the dehydration 
of certain salt hydrates. 

The object of the experiments described here was to investigate the mechan¬ 
ism of an " interface ” reaction, with special reference to the influence of 
temperature. From this point of view we have studied dilatometrically the 
rate of decomposition of calcium carbonate hexahydrate 
OaCO, . 6H,0 = CaCO, + 6H,0 

in contact with pure water—a reaction which has already been studied quali¬ 
tatively, || where details of the dilatometric method of following the reaction 
have been given. 

The following is a summary of the conclusions previously reached which 
are relevant to this paper:— 

(1) Calcium carbonate hexahydrate is unstable m contact with water at 
all temperatures above 0°. The decomposition product is calcite, and there 
is no sign of the formation of lower hydrates as intermediate stages in the 
decomposition. 

(2) The rate of the change is greatly affected by the inclusion in the hydrate 
of small quantities of foreign substances apparently in solid solution; the 

* ‘ Z. Phye. Chem.,’ vol. 52, p. 310 (1905). 
t ‘ J. Chem. 8oo.,’ vol. 127, p. 2767 (1925). 
t ‘ J. Amor. Chem. Soo.,’ vol. 38, p. 2263 (1916). 

| ‘ Roy. Soc. Proc.,’ A, vol. 106, p 215 (1924). 

|| Home and Topley,' Proc. Leeds Phil. Soc.,’ vol. 1, p. 169 (1927). 

P2 
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stabilising influence of different substances is very specific, and for the Bame 
included substance the retardation of decompostition increases with the amount 
included. 

(3) The velocity increases as the reaction proceeds, passing through a maxi¬ 
mum at about 60 per cent, decomposition. 

(4) The autocatalysis is not eliminated by grinding the crystals to a fine 
state of subdivision. 

(6) It was suggested that the autocatalysis could be explained on the assump¬ 
tion that the reaction proceeds at the interface hydrate-calcite, the rate being 
proportional to the area of this interface. 

(6) The reaction rate is extremely sensitive to temperature. 

(7) The decomposition reaction is endothermic. 

The most interesting point is the interpretation of the very large effect of 
temperature on the reaction rate; but before any theoretical significance 
can be attached to the temperature coefficient it is necessary to show that the 
velocities actually measured at different temperatures refer to comparable 
states of the system. It is desirable, therefore, to discuss in some detail 
what we believe to be the mechanism of the change. 

The basic idea of an “interface ” reaction is that tho only molecules (ions 
or ionic groups) which react are those in a layer immediately adjacent to 
molecules (ions or ionic groups) in the space lattice of the resultant solid phase. 
This assumption is fundamental for the explanation of the apparent auto¬ 
catalysis observed as the reaction proceeds ; thus, the state of affairs when the 
reaction takes place in a mass of reactant consisting of a large number of 
very small crystals or crystal fragments is as follows: The rate of change 
observed dilatometncally is an average result at any moment for all the particles 
present; as an experimental fact the curve obtained by plotting “ fraction 
decomposed ” against time is sigmoid in form (see fig. 1, curve 1). There are, 
a priori, several possibilities, but closer consideration rules out all except one 
of these 

(1) The reaction takes place within the space lattice of the reactant solid 
in a manner analogous to a homogeneous gas reaction, the change proceeds 
at points distributed at random throughout the space lattice of the solid. This 
would lead to a curve in which the maximum velocity is at the beginning of the 
reaction. 

(2) There is the possibility that the reaction might begin at points distributed 
at random throughout the solid, and then be propagated outwards from these 
“ nuclei.” This would give rise to an acceleration as the reaction proceeds. 
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Both (1) and (2) are inherently improbable, however, in the present case, 
since there iB a considerable expansion when the hydrate decomposes to calcite 
and liquid water, and it is difficult to see how this can occur in the interior of 
the solid. 

(3) It may bo supposed that the actual commencement of the change is 
restricted to the surface of the particles, which are mutually independent. The 
propagation of the change then takes place from the surface inwards. Three 
cases present themselves 

(a) The surface rapidly becomes almost completely covered with points 
where “ nuclei ” of calcite have formed ; the resulting interface would approxi¬ 
mate to a spherical shell, and would move inwards at a constant linear rate 
(k cms. per second). The reaction velocity after t seconds is then given by 

da. u m 

,U a a*"" 1 " a* ’ 

where dx/dt is the fractional change per second, and a cms. is the radius of a 
particle, assumed spherical. {A decomposition curve of this type has been 
observed in the reaction Ag 3 C0 3 —*■ Ag s O + C0 2 and is being further investi¬ 
gated.) 

(b) If the frequency with which “ nuclei ” form on the surface of any one 
particle is small, relative to the rate at which the change spreads through the 
particle once the nucleus has formed, then the average curve for many particles 
will conform to the monomolecular law. (Finely ground monochnic sulphur 
shows this behaviour when changing to the rhombic form.) 

(c) An intermediate case between (a) and (6) is important: when the 
frequency of nucleus formation on the surface of a particle and the rate of 
propagation of the change from the point where a nucleus has formed are 
relatively such that the majority of the particles have at least one nucleus 
before more than a very small fraction of the total reaction has taken place, 
then the total area of the interface for all the particles will increase us the 
reaction proceeds, and pass through a maximum. The observed reaction rate 
is proportional to the area of this interface. 

It would seem that the sigmoid form of the decomposition curve of calcium 
carbonate hexahydrate corresponds to the last of these possible cases (3c). 
It may be mentioned here that C. N. Hinshelwood and E. J. Bowen* explained 
the acceleration whioh they observed in the irreversible decomposition of 
potassium permanganate, ammonium dichromate, and tetranitraniline as 
* ‘ Phil. Mag.,’ vol. 40, p. 669 (1920). 
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due to a progressive break up of the crystals with consequent increase of 
effective surface; the reaction was regarded as taking place in a zone near the 
surface; hence the increase in velocity as the change proceeds isothermally. 
Also the variation of effective surface rendered the temperature coefficient 
useless for determining the heat of activation. These considerations, however, 
do not apply to the accelerated decomposition of calcium carbonate hexa- 
hydrate. In the first place, the acceleration is not removed by finely grinding 
the crystals; also microscopic observation of the decomposing hydrate lends 
some support to the mechanism suggested (3c). But more significant evidence 
was obtained in experiments in which the temperature was varied during 
the decomposition. The following figures show the effect of raising the 
temperature for a short time, and then lowering it to its original value; the 
velocity returns to its original value, provided that the two tangents measured 
at the lower temperature and the intermediate tangent at the higher temperature 
are all obtained on an approximately linear part of the curve. * 


Experiment 1. 

Experiment 2. 

Temperature. 

Tangent 

Temperature. 

Tangent. 

. 

Per oent. per minute. 

. 1 

Per oent. per inmate. 

0 

0 027 

0 

0 086 

IS 4 

I'M 

15-4 

1-87 

0 

0 026 

0 

0-80 


The increase in velocity must therefore be due entirely to a true temperature 
coefficient of reaction rate, and not to a spurious effect such as an increase of 
effective surface due to break-up of the crystals at the higher temperature; 
if such a break-up occurred, it could not be reversed by lowering the tempera¬ 
ture. 

Microscopic examination of the solid product of decomposition shows that 
it consists of minute calcite rhombohedra, frequently aggregated into a pseudo- 
morph of the original hexahydrate crystal. The conception of the change as 
the advance of a continuous interface between the two solid phases offers no 
explanation of the formation of well-defined rhombohedral crystals of calcite. 
Possibly the calcite side of the interface consists in the first place of a con¬ 
tinuous layer of Ca ++ and C0 3 “ ions arranged relatively to one another approxi¬ 
mately as they are in the calcite lattice; as this thin layer grows in thickness, 
a process akin to recryatallisation may be imagined to take place, in which the 
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minute crystals with definite feces are formed. We assume that this process 
whatever its nature, does not influence the rate of the primary reaction. 

On the basis of the mechanism described above (3c), it becomes possible 
to make an estimate of the absolute rate of propagation of the reaction through 
the solid: the observed acceleration up to about 50 per cent, decomposition 
must mean that the number of nuclei from which the change spreads in any 
one particle is quite limited—of the order of one to five. As a first approxi¬ 
mation, the experimental curve can be roughly reproduced by calculation on 
the assumption that change begins at one nucleus only in each particle simul¬ 
taneously. Taking the particles as approximately spherical, the fraction 
decomposed (a) after time t seconds is given by the expression 

where a is the particle radius and k the linear rate of propagation of the change 
in centimetres per second. 

Kg.l, curve 1, is an experimental curve obtained with ground partioles of 
radius 0-009 cm. Pig. 1, curve 2, is the corresponding curve given by the 
above expression, when a — 0-009 and k has the value 3-4 X 10~ 7 cm. per 



O Experimental Points. 

A Calculated Points. 

O Points from whioh u calculated. 

Flo. 1. 


sec. obtained by substituting the value of ( taken from the experimental 
«urve when a s 59*3 per cent. It will be seen that the experimental curve 
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falls below the calculated curve in the early stages of the reaction. This 
may reasonably be attributed to the simplifying assumption that each particle 
starts at zero time with a single nucleus; actually, it is clear that the number of 
nuclei per particle must be less than one at the beginning of the reaction, and 
increase until at about 70 per cent, to 80 per cent, decomposition the surface 
has become completely covered. Therefore, in the last stages of the reaction 
the interface will approximate to a spherical shell, and the form of the expres¬ 
sion should be given approximately by the expression 

Fig. 1, curve 3, is calculated by this expression, where t l and are respectively 
the time in seconds and the fraction of the original amount of hexahydrate which 
has undergone change ; the formula is applied to calculate the form of the curve 
from 71 *25 per cent, decomposition of the original amount of hexahydrate 
onwards. a x in the formula refers to the fraction of the spherical “ core ” of 
volume (100 — 71'28) per cent, of the volume of the original particle, and a, 
is the radius appropriate to this spherical core. The value of = 1 • 7 X 10 -7 
cm. per sec. is obtained from two points on the experimental curve. Fig. 1, 
curve 4, is a repetition of the upper part of curve 1 on a larger scale, for 
comparision with curve 3. 

Here the experimental curve still falls off more rapidly than the calculated 
curve; this is probably to be attributed to the fact that the particles could 
not be obtained quite uniform in size, but varied over the range of radius 
0-0078 to 0-011 cm.—the increasing discrepancy being caused by the earlier 
extinction of the smaller particles. 

The values of k calculated from the first part of the experimental curves 
and of k t calculated from the later part of the curves should be the same. The 
experimental curve (fig. 1, curve 1 and curve 4) is typical of many that have 
been obtained; in practice, It is always between two and three times as great 
as jfej. The cause of this is that k is calculated over the range 0 per cent, to 
59'3 per cent, decomposition, on the assumption that the change in that 
region is spreading from one nucleus only per particle, whereas actually the 
average number is greater than this. Nevertheless, the mean of k and k t 
should give the true rate of linear propagation of the reaction correct to within, 
say, a factor of five; the method of calculation is, of course, very rough, but 
under the circumstances an attempt to calculate £ by a more precise method 
would hardly be justified. This, however, is not a serious drawback, since for 
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the purpose of correlating the absolute rate of the reaction with the temperature 
coefficient, this degree of accuracy for k is sufficient. 


Experimental. 

The experiments were done with crystals grown from lime-Bucrose solutions, 
and from a solution containing CaCl a -f NaOH + NH*C1 + 0-5 per cent. 
CuClj. The method of precipitation is given in the earlier paper. 

The selection of particles of the same size was done by allowing the ground-up 
crystals to fall down a wide tube of known length, filled with, and immersed 
in, ice-cold water; samples were collected at the bottom which had fallen 
during definite time intervals; the size of the particles was calculated by 
Stokes’ law. 


Experiments which support the View that the Reaction proceeds by spreading 
outwards from a Limited Number of Nuclei. 

The form of the decomposition curve and the closeness with which different 
parts of it can be reproduced by calculated curves have already been men¬ 
tioned. The formula applicable to spreading from one nucleus per particle 
gives for the velocity of the reaction at any moment 




and for tho fraction decomposed when dxjdt has its maximum value 
a = 16/27 — 59-3 per cent. 

In practice, using crystals of uniform size, the maximum velocity is found 
between 50 per cent, and GO per cent, decomposition. 

A consequence of the view that the change spreads from a limited number of 
nuclei iB that the rate dajdt should increase as the radius of particle diminishes; 
the maximum rate (».«., when the fraction decomposed is a = 16/27) is equal 
to 8k/2a. A sufficient subdivision would produce particles so small that the 
formation of a nucleus would be followed almost immediately by complete 
decomposition of the particle; tho acceleration would thus be eliminated; 
but since this does not happen with any ordinary amount of grinding in an 
agate mortar, it is possible to test experimentally the conclusion that the 
maximum rate varies inversely as the partiole radius. The following results 
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were obtained at 12*03° with similarly “ sited ” particles of CaOO,. 6H,0 
prepared from solutions containing sucrose 


Experiment No. 

Radius of particle 
in centimetre* (— a). 

y when a =• 16/27. 

• 

X 

frig* 

1 

00115 

21 35 

0-246 


0 00529 

43-75 

out 

2 

0 0115 

17-40 

0-200 


0 00529 

38 70 

0-205 

3 

0115 

19 10 

0-230 


0 00539 

43 70 

0-231 


The constancy of the figures in the last column is satisfactory. 

The Influence of Temperature. 

The effect of temperature on the rate of reaction has been measured by a 
method which eliminates uncertainty caused by the changing area of the 
interface. The reaction was followed for part of its course with the dilatometer 
in a thermostat at one temperature ; the dilatometer was then transferred to 
another thermostat at a different temperature, and the remainder of the 
reaction followed at the new temperature. The temperature coefficient is 
obtained from the ratio of the two tangents to the decomposition curve 
immediately before and after the change. 

The use in this way of four thermostats set at temperatures spaced approxi¬ 
mately equally between 0° and 14° gave strictly comparable values for the 
reaction rate at four different temperatures. Four dilatometers containing 
particles of the same size were immersed in the thermostat at the highest 
temperature. One dilatometer was left in the same thermostat until de¬ 
composition was complete; each of the other three dilatometers was transferred 
to one of the lower temperature thermostats when decomposition had pro¬ 
ceeded to between 40 per cent, and 60 per cent. The value of k in absolute 
units was calculated for the highest temperature by each of the two formate 
already discussed, applied respectively to the early and late parts of the curve. 
The mean of the two values of k was taken as representing the true linear rate 
of propagation of the change at the temperature in question; then the values 
for k at the other temperatures were obtained by multiplying the first value 
of lb by the appropriate ratio of tangents. 

It was found that the experiments must be restricted to the temperature 
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range 0° to about 15°, because of the strongly endothermic nature of the 
reaction ; above about 15° the reaction proceeds so rapidly that the isothermal 
condition cannot be maintained. This limitation is not very serious, since 
the change in velocity is about forty-fold in that range. The thermostats were 
controlled to within 0*02°. 

The following table gives the results of experiments done in this way, and 
the data are plotted in fig. 2 as log 10 (k X 10®) against 10 4 /T (abs.). Values 



of the empirical Arrhenius constant calculated from din . d/dT = A/RT* are 
included in the table. 


Cryitak prepared from 

T (ah.). 

k (onu. see.' 1 ). 

A. 

Cu (NH,) t ++ 

287-17 

2-03 X 10-’ 

41,300 

281-78 

9 00 x 10-* 



277-88 

2 15 x 10-* 



273 00 

6 73 X I0-* 


Suoroee .. 

380 00 

2-79 x 10- 1 

30.780 


280-80 

9-91 x 10-* 



278 00 

5 69 x 10 - * 



273 00 

1 72 X 10*' 



Other valaaa obtained for A .— 
Cu(NH,).^ 

Snorow 


37,330 

40,310 
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Discussion. 

The Kinetics of the Reaction--It is recognised that the explanation of the 
behaviour of calcium carbonate hexnhydrate put forward above has not been 
established beyond question ; nevertheless, it is of interest to use it as a basis 
for an attempt to relate together the absolute reaction rate and its temperature 
coefficient. 

When an ion (or molecular group of atoms) in the interface between two solid 
phases ceases to be part of the first and becomes part of the second solid, the 
ion must undergo a change of position ; one may reasonably assume that such 
a change of position takes place in virtue of the thermal vibration, and take 
for the frequency v the figure 5 X 10 1 * per second, as representing the order of 
magnitude involved. 

Of the vibrations undergone by any one ion in the interface, only a certain 
fraction (3 result in chemical change. 

A rough value of (3 can be calculated if we write 
* = P • v . X, 

where X is the mean distance between successive ionic layers in the hydrate 
and k is the linear rate of propagation of the reaction, in cm. sec. -1 . 

From the density of CaC0 3 .6H s O (= 1-82) X = 5 X 10 -8 cm. approxi¬ 
mately. 

For CaC0 3 .6H a O crystals (prepared from a solution containing 
Cu (NHj)i ++ ) k was found to be 6*75 = 10"° at 273° abs. 

Hence 

(3 = 2-7 X 10' w . 

The fraction (3 must also be related to the temperature coefficient; if we 
assume that the only condition which a vibration of an ion in the interface 
layer of the hydrate must fulfil, in order that it shall contribute to the chemical 
reaction, is that there shall be associated with that vibration an energy greater 
than some minimum value E, then (3 can, in principle, be calculated from the 
distribution of energy among vibrations in the interface lattice. 

It seems, however, that no simple assumption about the distribution of 
energy and the number of degrees of freedom involved can lead to a value of 
(3 which is of the same order as the value calculated above from k. 

Thus, if every reacting ion has previously been activated in one degree of 
freedom (e.g., vibration across the interface), then (3 should be of the,order 
e~ AIKt ( w here A = 41350 and T = 273°), that is, of the order 6-7 X 10" 84 . 

If it is supposed that two or three adjacent ions must be activated simul- 
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taneously, then howsoever the energy is divided up among them in order to 
account for the observed temperature coefficient, (J is still far too small. 

Possibly the association in some way of six molecules of water with the ions 
provides a large number of degrees of freedom among which the energy is 
distributed; this would be a case roughly analogous to that of unimolecular 
gas reactions involving complex molecules. But the expression given by 
Hinshelwood* and Fowler and Ridealf for the fraction of molecules having a 
total energy (m n energy terms) exceeding E cannot be applied m the 
present case (» e., A = 41350 and T — 273°) when n exceeds about 22 ; and 
with only 22 energy terms it leads to a value of p = 1-7 X 10 -ss , still far 
too small. 

Nevertheless, if the mechanism suggested above does correspond at all 
closely to the truth, it seems reasonable to look for an explanation of the very 
high temperature coefficient in the possibility of a large number of degrees of 
freedom being concerned in the activation process. 

One point which requires mention is the question whether the temperature 
of the layers of reactant near the interface is affected to an appreciable extent 
by the reaction in the interface ; if this were so, the difficulty in connection 
with the temperature coefficient would be increased, because, if the tempera¬ 
ture coefficient is in error from this cause, the experimental value must 
represent a lower limit, since the reaction is endothermic 

Summary. 

The velocity of the reaction CaCO s . 6H s O = CaC0 3 6H„0 has been 
studied dilatometrically. 

The absolute rate of propagation of the chemical change in the solid has been 
deduced from the experimental results, and the temperature coefficient of 
the rate has been measured over the range 0® to 15°. 

A kinetio mechanism is suggested which involves the vibration frequency of 
ions in the interface between the two solid phases, and the distribution of 
energy among the vibrating ions. 


• • Roy. Soo. Proo.,’ A vol. 113, p. 230 (1026). 
t ‘ Roy. Soo. Proo.,’ A, vol. 113, p. 570 (1927). 
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The Band Spectrum of Water Vapour. —III. 

By David Jack, M.A., B.Sc., Assistant and Carnegie Teaching Fellow. The 
University, St. Andrews. 

(Communicated by 0. W. Richardson, F.R.S.—Received June 6, 1928 ) 

1. Introduction. 

In previous papers,*f details have been given of bands in the spectrum of 
water vapour, including the arrangement of the bands 2608 and 3428 into P, 
Q, and R branches. Measurements have also been given of a series of singlet 
lines* lying close to the head of the band 2811 and similar in structure to the 
singlet series observed by WatsonJ near the head of the band 3064. The 
advances which have recently been made in the theory of band spectra throw 
a considerable amount of light on their structure, and in the, present com¬ 
munication it is proposed to apply the new methods to the analysis of the 
water-vapour bands. 

The conception which has been emphasised by several writers in the last 
few years is the close analogy which exists between molecular and atomic 
spectra. The electronic state of a molecule is characterised by the same 
features as are found in atoms, and in particular is associated with an elec¬ 
tronic quantum number corresponding to Sommerfeld’s inner quantum number 
for an atom. The outer electrons in a molecule are responsible for energy 
changes which are comparable in their nature and amount with those associated 
with the outer electrons of “ corresponding ” atoms. Mulliken, in a series 
of papers} in the ‘ Physical Review,’ has discussed at length this analogy 
between atomic and molecular spectra, and in the sixth paper of the series 
has proposed a suitable notation which will be employed here. 

The various electronic states arc classified as S, P, D, ..., on analogy with 
the S, P, D, ... Btates in line spectra. These states are subject to multiplicity 
which is classified into two types. The first type is analogous to the multi¬ 
plicity observed in line spectra, and the various sub-levels are distinguished by 
numerical subscripts, 1, 2, ..., added to the term symbol, F. The second 
type has no parallel in line spectra and in this case literal subscripts, A, B, 
* ‘ Roy. Soo. Proo.,’ A, vol. 115, p. 373 (1927). 
f ‘ Roy. Soo. Proo.,’ A, vol. 118, p. 647 (1928). 

% * Astrophys. J.,’ vol. 3, p. 145 (1924). 

| ‘ Phyi. Rev.,’ vol. 28, pp. 481 and 1202(1926); vol. 29, pp. 391 and 637 (1927); vol. 30, 
pp. 188 and 785 (1927). 
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are employed. This type, frequently referred to as c-type multiplicity, is 
attributed to the effect of rotation on the component, o, of the electronic 
angular momentum parallel to the axis of figure. 

The angular momentum of the rotating nuclei is denoted m (in units h/2n), 
and the component of the electronic orbital angular momentum parallel to 
the axis of figure, c*. The resultant of m and o k is denoted while the 
resultant of j k and t, the angular momentum of electron spin, is denoted j. 
Consider the case in which both the initial and the final levels are doublet 
electronic levels (1,2), and suppose also that both arc further subject to doubling 
of the rotational type (A, B). Then corresponding to each value of j, in both 
initial and final states, there are four sub-levels. If transitions between any 
initial and any final level be permitted, subject to the selection principle for j 
by which A j =±1,0, then there are 48 possible transitions. Transitions 
for which A j = — 1, 0, and 1 are denoted respectively P, Q, R, where 
A j-j'—j"- The actual sub-levels involved .are indicated by subscripts, 
for example, a transition from a 1A initial to a 2B final level when A j = — 1, 
is denoted Punfj), j being the final value, j". 

Further selection rules are, however, put forward which limit the number of 
transitions, and these will now be considered. In Hund’s case b which is of 
special interest here, s is parallel or antiparallcl to j k so that j = j k ± «, and 
if jj and j t correspond to the substates 1 and 2, then j k = j k -f «, and 
Ja = it — *• This in fact defines the meaning of the subscripts, 1 and 2. 
If now 8 is given the usual value, it is evident that in a 1 to 2 transition 
where j k and j a have the same value, A j k = — 1. Such a transition would 
normally be denoted Q, but now in view of the transition A j k = — 1 of j k , 
it is called a P-form 0 and is written P Q. Similarly, for a 2 to 1 
transition where j a and j y have the same value, Aj k = -f- 1, and the result 
iB an R-forra 0, B Q. 

The second selection rule which is usually imposed is that A j k = ± 1, 0. 
This makes impossible both P transitions from a 1 state to a 2 state and R 
transitions from a 2 state to a 1 state. The former change makes A j t = — 2, 
giving a “ double P-form,” the latter makes A j k = + 2 giving a “ double 
R-form ” transition. This cuts out 8 transitions, reducing the total number 
to 40. 

At present no definite rules are laid down as to how the subscripts, A and B, 
are to correspond to the physical properties of the substates concerned, but if 
the normal (intense) P and R branches be taken to correspond to transitions, 
A tq B or B to A, then the following additional selection rule may be stated. 
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In A to B or B to A transitions A j k = ± 1, and in A to A or B to B tran¬ 
sitions A j k = 0. This reduces the total number of transitions from 40 to 20. 

In the special case where one or other of the Btatea is a rotationally single S 
state, half the above transitions automatically drop out and the total number 
of transitions permitted by the selection rules is 10. 

2. Simplification of Notation. 

The notation defined above is somewhat cumbersome but it can generally 
be simplified considerably without loss of definiteness. The A j k index can 
always be omitted when it is the same as the letter denoting they transition, 
e.g , p P may be written simply P. In special cases, such as that of the water- 
vapour bands considered here, further simplification may be introduced. 

The water-vapour bands arise from transitions between *8 (doublet 8) initial 
and *P final states * Following Mulliken,f the rotationally single initial states 
will be denoted A. Since, therefore, the B subscript does not 1 appear in the 
initial states, combinations like P 1B1A , Q*bsb. do not occur, and the symbols, 
Piaib> r iaib, Qiaia may, without ambiguity, be contracted to Pj, R„ Q,. 
For convenience a table showing the 10 transitions 'jfermitted by the above 
selection rules is given below. 

Table I. 



Mam 

branches. 


Satellite*. 

Here. 

Mulliken. 

Here. 

Mulliken. 

P t 

Pp iAlB 

9i 

Q Oiaia 

P OlA2B 

p i 

Pp USB 


Q OiASA 

h O*aib 

R, 

Br iaib 



“PaAiA 

r 2 

KR SA2B 



0r 1A2A 


The table includes both the complete symbols according to Mulliken and the 
contractions used here. The satellites will be given in full. The classification 
into main branches and satellites is the result of intensity considerations. 


* ‘ Phys. Rev.,’ vol 30, p. 300 (19*7). 
t' Phys. Rev.,’ vol. 30, p. 792 (1927). 
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3. Old and New Notation. 

According to the new meaning attached to subscripts 1 and 2, transitions 
between two levels with subscripts 1 give rise to the higher frequency com¬ 
ponents of the doublets, and transitions between levels with subscript 2 to 
the lower frequonoy components. As a result, the subscripts l and 2 formerly 
applied to the water-vapour bands have to be interchanged, eg, a line formerly 
denoted P a now becomes P A . The next point which arises is that of the 
connection between the old empirical " m ” of Heurlinger, and j. This 
question, as that of the interchange of the numerical subscripts, has already 
been referred to* in connection with Kemble’s work on the water-vapour 
bands. It appears, then, that the two components of a doublet have different 
values of j, these values differing by unity Thpy have, however, the same 
value of j k so that if, for the higher-frequency component of a doublet., j l — 2, 
then for the lower-frequency component j 2 — 1. Accordingly Heurlmger’s 
Pjfin), m — 2, becomes P a (j), j = l, and Hcurlinger’s P a (m), w = 2, becomes 
Pi (j), j — 2. A complete list of old and new symbols will be given later. 

4. OH Bands. Main Branches. 

From consideration of intensities, the most probable transitions are those 
corresponding to the symbols classed under main branches in Table I. For 
tho P and R branches the transitions are between 1A and IB, or 2A and 2B 
states, while for the 0 branches the transitions are 1A to 1A, and 2A to 2A. 
Tho o-type doubling (A, B), and crossing over arc capable of accounting for 
the failure of the combination principle, 

R 0 ~ 1) — O {j) = 0 (j — 1) — P 0). (1) 

when applied to the main branches. Kemblef has given an explanation of tho 
variation of the doublet separation in the water-vapour hands with j, but his 
theory does not take account of the o-type doubling. 

The main branches are defined, in terms of Mullikcn’s notation, by the 
relations, 

PiO) = F' u (j-l)-F" lB (j) 1 

Qi (j) = F'u 0) — F"u (]) >, (2) 

R i (J) = F ' u (j + 1) - F" 1B (j) J 

and similarly for Pj, 0s» R a . Here the quantity v 0 is supposed for convenience 
to be included in F'. Making use of the above expressions the Fj terms were 
evaluated for the band 3064, apart from an additive constant. Similarly an 
independent set of values was obtained for the F 2 terms. 

* ‘ Roy. Soq. Proc.,’ A, vol. 118, p. 662 (1028). 

t ‘ Phys. Rev.,’ vol. 30, p. 306 (1927). 
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5. SateUites. P and R. 

Heurlinger* observed that some of the linoB of the bands 3064 and 3122 are 
accompanied by faint lines lying very close to the main lines. These faint 
lineB he called satellites and gave data on 18 satellites of the band 3064. 
Fortratf gives much more extensive lists of satellites in a paper in which he 
discusses the Zeeman effect in these bands More recently Watson} measured 
two series of Q satellites not mentioned by Heurlinger or Fortrat. 

Consider first the satellites of the P and R branches. The most probablfe 
P- and R-form satellites, according to Table I, are p Q lASB and b Q*aib- These 
are defined by 

F 0 1 A SB (j) = F' IA (i)-F'' sB (i) ■) 

and V , (3) 

B 0*Aib (j) — F'ax (j) “ F", b (j) J 

Now, 

P Q,AiB (j) - P* (j) =- F',b {]) — F', b {j — l) -1 

and ‘ >. (4) 

R 1 (J - 1) - "OiA.B (j~ 1) = F' 1B 0) ~ F'„ (j - 1) J 
In Table II are given the differences on the left-hand Bide of equation (4). 
The results should be the some both for the P and for the R differences. Since 
the data on the satellites are subject to considerable irregularities, the values 
from both Ileurlinger’s and Fortrat’s tables are given. The results in columns 
2 and 3 are in good general agreement with those in columns 4 and 5, as they 
ought to be if the above interpretation is correct 


Table II. 


i • 

P OlAiB(i)-P»(j)- 

Ri(i-i)-* 

OWi-i) 

1 Heurlinger. Fortrat, 

Heurlinger. 

Fortrat. 

3 

— 0-74 



4 

0-77 0-76 

0-73 

0-73 

a 

1 0 02 0 96 

102 

099 

e 


106 

1-23 

7 

1-41 1-38 

147 

1-45 

8 

1 45 1-30 


0-93* 

9 

— 1-80 

1-84 

1*00 

10 

— 2 10 

219 

0-79* 

11 

— 2-64 


0-91* 

12 

— 2-50 




* These vetoes appear to be irregular, probably due to inaocuraoy in the measurement of the 
faint lines. 


* “ Untersuohungen Qber die Struktur der Banderapektra,” Lund (1918). 
f ‘ J. de Physique,’ voL 5, p. 20 (1924). 
j ‘ Nature,’ vol. 117, p. 157 (1920). 
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6. Term Values. 

Table II gives the values of F' lB (j) — F' aB (j — 1), and these may be used to 
obtain the connection between the Fj and F 2 levels. The differences of the 
values of F' lB (j) and F' JB (j — 1) already determined (with different arbitrary 
zeros) were compared with the values in Tabic II, and the correction which 
must be applied to the Fj values to correlate them with the F 2 values, ascer¬ 
tained. 

Fig. 1 iH a diagram showing a few of the energy levels in the band 3064. 
The Fj levels have all been drawn to a uniform Beale. The spacing of the A 
and B levels has been magnified five times, and the spacing of the 1 and 2 
initial levels 10 times. Transitions between the various levels are indicated 
in the usual way by arrows. The transition marked S will be referred to 
in §8. 



0 2 


Fio. 1. 
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7. Q Satellites. 

The Q satellites measured by Watson may next be considered. Watson 
states that these satellites obey the combination relation (1) if 0 is taken to 
refer to Watson’s satellite lines. It follows directly from this relation, the 
numerical test of which is contained in Table III, that 
0*1 (j) = F'u(j) — F", b (j). 

These satellites are therefore to be represented, in the present notation, by 
Oiaib (j) and 02 asb(J)- 
Now 

Oiaib ( j) ~ <?i ( j) = F"?a (j) ~ F" 1B 0) 1 
and y (5) 

OuiB (j) — Oj (]) =■- F», a (j) — F" 2B (j) J 

Columns 2 and 4 of Table TV show the values of the differences on the left- 
hand side of (5), while columns 3 and 5 give the corresponding values of the 
differences on the right-hand side, obtained from the calculated values of F. 
The figures in column 2 should agree with those in column 3, and similarly 
for columns 4 and 5. When allowance is made for the obvious irregularity 
of the experimental data on Qi A1B an d Ojaibi it iu seen that the results are 
consistent with thiH interpretation of the satellites. 


Table III. 


}• 

RiO-i)-Q*iO) 

QVi-l)-Pitf). 

R»(.f-i)-QVi). 

0*,0“1)-P 4 (f). 

8 


1 _ 

289-01 


9 

292 27 


326-30 

326-36 

10 

330-48 

331-62 

361-18 

361 38 

11 

383-17 

363-00 

396-60 

396-82 

12 

399-21 

399-67 

431-28 

429-62 

13 

433-41 

431-77 

466-42 

463-00 

14 

488 68 

466 27 

496-70 

496-60 

10 

498 63 

498-06 

629-28 

629-81 

16 

632 47 

631 16 

661-93 

661 93 

17 


661 19 

691-63 

692-26 

18 

696 20 


626-61 

624 26 

19 

624-18 

622-91 

660-78 

649-63 

20 

683-74 

663-61 

683 36 

684-06 

21 

683 64 

681-98 

709-66 

708-66 

22 

709-27 

709-67 

787-73 

737-91 

23 

739-70 

739-41 

— 

763-62 


Q* represents Watson’s Q satellites. 


* The star is added to indicate that the lines in question are Q satellites and not main 
branch lines. 
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Table IV. 


j. 

OiAiB(i) - Oi(i). 

F"ix(J) ~ F"ihO)- 

OiAiBO) ~ OjO). 

F" 2A 0)-f' 

8 

_ 

_ 

1 83 

1 17 

e 

6 20 

2-60 

2 00 

1-80 

10 

2-80 

4 21 

2 07 

2 24 

n 

S 70 

4 46 

2 17 

2 68 

12 

4 89 

fl 77 

2 09 

3 84 

13 

S-89 

6 00 

2 82 

3 99 

14 

6 66 

7 21 

a 3o 

0 37 

IS 

8-64 

8 06 

6 30 

0 93 

16 

801 

9 31 

6 34 

6-91 

17 


9 70 

8 71 

7 01 

18 

10-23 

11 37 

0-29 

8 75 

19 

12-62 

12 73 

11 98 

9-77 

20 

13 28 

14-28 

9 10 

10-85 

21 

14-39 

16-00 

12 01 

12-12 

22 

17 86 

16-80 

12-01 

12 72 

23 

10 86 

18-20 



24 

10 92 




26 

18 06 





In these Q satellites the transitions violate the c-selcction rule in that they 
arise from transitions from A to B states while at the same time Aj* = 0. 
That some of the OH satellites probably violate the o-selection rule was 
suggested by Mulliken.* 

There still remain several series of Q satellites to be accounted for. There 
appear to be at least five different scries of Q satellites in Fortrat’s lists, which 
do not include those just discussed. There only remain two unused symbols 
in Table I, and to those may be added the two, Q P 1A1B and Q R 1A1Bl which 
violate the ^-selection rule. These four are probably capablo of accounting 
for four of the above satellites, but the precise interpretation of the satellites 
is a little uncertain on account of errors of measurement, which, judging from 
the figures in Fortrat’s tables, are likely to be considerable. To account for 
the fifth series it would seem necessary to assume further multiplicity of the 
energy levels. It is just possible that very narrow rotational doubling may 
actually be present in the initial levels. If this were so Watson’s satellites 
might be represented by B to B transitions. The evidence for the existence 
of rotational doubling in the initial levels is very slender and will not, therefore, 
be further stressed here. 


8. The Singlet Scries. 

The question now arises as to the possibility of explaining the singlet series 
by transitions between the levels represented in fig. 1. The singlet series 
* • Phys. Rev.,’ vol. 30, p. 793 (1927). 
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measured by Watson will here be referred to as singlet series I, and that 
measured by the author as singlet series II. Owing to the proximity of singlet 
senes I to the band 3064 it is natural to expect some close relation between 
the two, and similarly for singlet series II and the band 2811. 

The main branches of the water-vapour bands do not follow exactly a para¬ 
bolic law. In the higher-frequency component branches (new subscript 1) 
the second differences of the wave-numbers always show a marked numerical 
increase with increasing j, while in the lower-frequency component branches 
(new subscript 2) there is a corresponding numerical decrease. In this respect 
the singlet series show a strong similarity to the higher-frequency branches. 
It seems natural, therefore, to expect combination relations between the 
singlet senes and P„ Q t , R x , rather than P* Q g , R a . 

Let the lines of the smglet series be represented by S (j), the lowest value of 
j being taken as 2 on analogy with P lf Q,, R t . If the series, S, be then repre¬ 
sented on the same Fortrat diagram as the P u 0,, R t branches, fig. 2, it appears, 
so far as the accuracy of the diagram goes, that 

S (j) - Ri (i H-1) = 0, (j) - P, (j + 1). (6) 



This relation is subjected to a numerical test in Table V. The first part of 
the table relates to combinations between the band 3064 and singlet series I. 
If the relation held accurately S (j) should correspond to the transition, 
P'u (j + 2) to F"^ (j). This follows immediately on replacing P, 0, R in 
(6) by the appropriate terms. It is observed, however, that the values in 
column 2 are less than those in column 3, which fact would indicate that the 
initial S (j) level is F' SA (j -}-1) and not F' iA (j -f 2). Column 4 gives the 
difference, column 3-column 2, which, if the initial S ( j ) sub-level is really 
P's* (j + 1), should be equal to F', A (j -j- 2) — F'^ (j -f-1). The values of 
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Tabic V. 


(1) 

(2) 

(3) 

(4) 

(6) 


SljD-R, (j 4-1). 

Qi 0)-Pj (j+i)- 

Column 3—Column 2. 

F 'iaO 1-2)—F' 2A 0+1). 


Baud 3064 aiul Singlet Series I. 



o-7« 

0-06 

11S 

ISO 

1 73 
1 60 

2 27 
2 03 
2-60 

2 67 

3 03 
3 17 
.1-44 


Band 2611 and Singlet Series II 


62-76 
117-23 
101-48 
186 70 
220 50 
260 SO 
289-06 
324 40 
338-12 
380 00* 
423 SO* 
466 08* 
487-65 
019-41 
049-47 
570 41 
608-79 


0-76 
0 67 
1 12 
1 02 
2 IS 
2-76 
2 27 
2 18 

2 25 
0 01* 

3 72* 
2 22* 

4 00 
3 50 
3 86 
3 75 


0-86 
0 74 
0 87 
1 11 
1 06 
1 11 
1-86 
2 09 
2 22 
2-78 
2-61 
2-77 


* Turning point of 8 sene*. Lines not completely resolved. 


the latter difference, previously obtained, are given in column 5. The agree¬ 
ment between columns 4 and 5 is very good indeed, so that the interpretation 
of the singlet series, 


S (j) = F'^ (j-f-1) — F" ja (j), (7) 

receives very strong support from the experimental data. 

The second part of the table shows the corresponding results for the band 
2811 and singlet series II. The figures in the last column are obtained by 
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making use of the fact that the final levels in both bands, 3064 and 2811, are 
the same. 

The actual combination relation should therefore be 

S (j) - “Q^b (3 +1) = O, (;) - P, (j +1), (8) 

instead of (6). The experimental data by which this relation may be tested 
directly are very unsatisfactory, since they involve the rather irregular values 
for the R satellites, of which only a few arc available in any case The less 
direct method used in Table V is, therefore, ranch to bo preferred as it is likely 
to be very much more reliable. It should be observed that, although the S 
series of the bands 3064 and 2811 are very weak compared with the main 
branches of these bands, yet they arc capable of being measured with the Hnmc 
accuracy as the main branches since they he in regions free from other lines. 
Exposures may be increased sufficiently to give really intense photographs of 
the singlet series without any difficulty. * 


9. Selection Rules. 

The combination principle provides very strong evidence for the interpreta¬ 
tion of the singlet series as stated in equation (7). The most striking feature 
of the singlet series is, then, that it violates the Aj k selection rule, &j k = ± 1,0. 
The transition, F' 2A to F'' 1X , together with the transition, Aj = -f 1, leads 
to the conclusion that A j k = + 2. 

Remarkable as thiH result* may appear, it iB, however, to be expected from 
the position of the S curve in the Fortrat diagram, fig. 2. The P branch and 
all its satellites lie close together and correspond to A j k = — 1, irrespective 
of A j. The 0 branch and all its satellites correspond to A j k — 0, the R branch 
and its satellites to A j k = + 1. Now, each group (main branch and its 
satellites) is defined by a particular value of A j k , irrespective of A j, and 
occupies a definite narrow region in the diagram. The regions corresponding 
to each value of A j k are well separated, and consequently, from the position 
of S on the high-frequency side of R, it seems reasonable to attribute the S 
branch to a transition, A j k — -J- 2. The S branch is therefore to be con¬ 
sidered as a double R-form R branch, say 8 R. 

* Of. ‘ Nature,’ vol. 121, p. 793 (1928). Dieke, Takamine, and Saga, referring to helium, 
make the following statement: “ The band 2p — 3y ha* three branohee which have the 
appearanoe of a Q-branoh, a P- branch and a branch in which the effective rotational quantum 
number doorcases by two unite.’’ 
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This interpretation suggests the question &b to the possible occurrence of a 
double P-form branch, where A j k = — 2. Unfortunately, the experimental 
data available cannot be expected to provide any evidence on this point, since 
if such a branch does occur, its low intensity together with its position in a 
dense region of intense lines will make its observation a matter of considerable 
difficulty. In most band spectra there is considerable overlapping of the 
bands, but in this respect the water-vapour spectrum is particularly suitable 
for the study of double R-form branches. 

From the foregoing discussion it seems that the only selection rule which 
holds rigidly is the rule, A j = ± 1, 0. That is to say, the resultant of all the 
angular momenta can change only by ± 1 or 0 in any one transition, whereas 
the component momenta >nay change by an amount greater than unity under 
certain conditions. At the same time it may be said that the most probable 
transition of any momentum component is ± 1 or 0, although this rule cannot 
be taken as final. 


10. Summary 

The water-vapour bands can be interpreted as arising from transitions 
between *S and J P levels. The a P levels are subject to e-type doubling (A, B), 
while the *S levels are probably rotationally single The P and R main 
branches are due to transitions, 1A to IB, and 2A to 2B, while the Q branches 
show “ crossing over,” 1A to 1A, and 2A to 2A. Other combinations give 
rise to satellites, in some of which the a-selection rule does not hold. 

The most striking feature exhibited by these bands is the presence of a singlet 
branch for which tho combination principle definitely indicates a transition 
of two units m j*. It is therefore concluded that, although the j selection 
rule, A j = ± 1, 0, probably holds rigidly, the other selection rules (j k and a) 
are only an expression of the most 'probable transitions and cannot be taken 
as final. 

The connection between the old and new notation is given in Table IV 
(p. 234), which also serves to summarise the interpretation of the various 
branches. 
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Table VI. 


Main branches. 

Satellite*. 

Old. 

New. 

Old. 

New. 

■*!<*) 

P,(2) 

P,(l) 

P,(2) 

„ f«P,(2) 

H, F-j 

L«rR 2 (2) 


p Ou»b(D 

0,(2) 

Oj(l) 

w fo Q ,(2) 


0,a*b(1) 

Oi(2) 

0,(2) 

l<*?*(2) 


Qiaib(2) 

R,(2) 

R a (2) 

R,(l) 

R, (2) 

Fortrat’a 

oQ,(2) . 

oO*(2). 


f Q P«AIA(8) 

| ^iasaW 
Q P*ajb(») 
[/^IAZbO) 



Singlet term 


f Doable K-form 
[ S *A,t(2) 


J 1 ., Fortrat. H., Henriinger. W., Wataon. • Probable interpretation. 


The writer is deeply indebted to Prof. H. Stanley Allen for the keen interest 
he has taken in the work of this paper and for much helpful discussion. 
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The Electrical Condition of Hot Surfaces during the Adsorption of 
Oases. Part II.— .4 Nickel Surface at Temperatures up to 850° C. 

By G. I. Finch and .T. C. Stimson. 

(Communicated by W. A. Bone, F R S.—Received June IB, 1928.) 

Introduction. 

It waa shown in Part I* of the present series of researches that a gold or 
silver surface becomes charged when heated in vacuo or in contact with various 
gases, and that the charge on the surface depends, in the main, upon the 
temperature and the nature of the gas, and also to some extent upon the 
previous history of heating of the surface ; but is independent, within wide 
limits, of the gas pressure. In view of the close bearing which these results 
undoubtedly have upon the nature and mechanism of heterogeneous catalysis, 
the investigation is being extended to an examination of the electrical con¬ 
ditions of a variety of other surfaces. In what follows an account is given of 
the experimental results obtained with a nickel surface at temperatures up 
to 860° C. 

Experimental. 

The apparatus previously described and illustrated m Part If was employed 
in all experiments to be described below, a rolled-up nickel 20 S.W.G. sheet, 
7 cm. by 12 cm , being suspended in the vertical quartz vessel by means of a 
narrow nickel tape cut from the sheet itself. The sheet had been previously 
washed with petroleum ether, no attempt having been made to remove the 
thin oxide film. The surface charge was measured by means of a Lindcmann 
electrometer. The experimental procedure was essentially that followed 
and described in Part I. 

Experimental Results. 

In all the experiments to be described below in which the surface was heated 
in contact with gases the pressure could be varied within wide limits (between 
1 mm. and 760 mm.) without in any way affecting the charge on the surface. 

Series A. In Vacuo. 

The nickel sheet was heated to 480° C. in a vacuum below 10 -6 mm. during 
7 days (168 hours), towards the end of which period the charge settled down 
• «Roy. Soc. Proc.,’ A, vol. 110, p. 379 (1927). 
t £oc. ctt., p. 380 and fig. 1. 
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to a constant value of — 1 - 46 volt. Thereupon the in vacuo charge-tempera¬ 
ture curve was determined, the result being recorded in fig. 1, curve Vacuo 



480°. In a similar manner, the in vacuo charge-temperature curves of the 
nickel sheet, after previous heating of sufficient duration to ensure constancy 
of tho in vacuo charges having been attained, were determined for 660° 
(— 1*00 volt) and 860° (— 0*46 volt) respectively. The results are recorded 
in fig. 1, curves Vacuo 660° and 860° (1). 

Series B. — Hydrogen. 

The 860° in vacuo charge-temperature curve was twice redetermined, both 
with falling as well as with rising temperature. The resulting curves were 
identical, within the limits of experimental error, with that previously obtained 
and shown in fig. 1, curve Vacuo 860° (1). The surface was, therefore, certainly 
in a settled condition. 

With the surface at 880° and giving the in vacuo charge of —0*46 volt 
corresponding to that temperature, hydrogen was admitted into the apparatus. 
Within 5 minutes the charge had fallen to — 0*23 volt, at which value it 
remained constant throughout 7 days heating in hydrogen at 850°. The appara- 
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tus was then evacuated to below 10~ 5 mm, whereupon, within 30 minutes, 
the previous in vacuo charge of -0-46 volt at 860° was restored. The 
corresponding chaxge-temperature curves are recorded in fig. 1, curves H, (1) 
and Vacuo 860° (1). On repeating these experiments, the hydrogen charge 
at 860° rode to — 0-49 volt (previously — 0*23 volt) which on evacuation 
gave way to a constant in vacuo charge of —0-73 volt at 850° (previously 
— 0*46 volt) within 30 minutes, After checking the electrical circuit we were 
unable to account for the change in these charges other than by concluding 
that the activating powers of the nickel surface had undergone profound change 
as a result of a single treatment with hydrogen. In putting forward this view, 
however, we have not lost sight of the fact that the in. vacuo charge remained 
unchanged after the first hydrogen treatment. It is possible that two such 
treatments were necessary before the surface was m such a “ hydrogen-nor¬ 
malised ” condition as indicated by the new in vacuo charge of — 0*73 volt. 
Four successive determinations of both the hydrogen and the in vacuo charge- 
temperature curves up to 860° were carried out. The results which agreed 
within the limits of experimental error, thus showing that the surface had 
completely settled down to a hydrogen-normalised condition, are recorded in 
fig. 1, curves H 2 (2) and Vacuo 850° (2). 

Series C. — Oxygen. 

The oxygen charge at 860° was found to be — 0*33 volt. The corresponding 
charge-temperature curve is shown in fig. 2, curve 0 8 . During this experi¬ 
ment the nickel sheet absorbed a considerable quantity of oxygen, and became 



Fig. 2. 
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coated with oxide. In 18 hours, for example, at 860° the oxygen pressure 
fell from 100 to less than 0 • 1 mm, On evacuation a constant in vacuo charge 
of — 0-52 volt at 860° was attained within 45 minutes. The corresponding 
charge-temperature curve is recorded in fig. 2, curve Vacuo. Three repeat 
experiments confirmed these results. It should be pointed out that during 
the determination of this in vacuo charge the surface was covered with a dense 
and thick film of oxide which was stable at 850°, since it gave off no oxygen, 
as was shown by the fact that within 30 hours after closing the stopcock, T, 
(sec Part I, p. 381, fig. 1), between the apparatus and the pumping system, 
the pressure rose from below 10 -5 mm. to only about 10"* mm., a pressure rise 
of the same order as that obtained under otherwise similar conditions but with 
the nickel sheet reduced, and probably due, in the main, to slight gas evolution 
from the grease freshly exposed as a result of closing the stopcock, T t . 

Hydrogen was next admitted to the apparatus, the Blirface being heated to 
850°. Within 5 minutes a constant hydrogen charge of — (1*75 volt was 
attained Before proceeding to carry out the determination of the chargu- 
temperature curve for this gas, however, fresh quantities of hydrogen were 
admitted to the apparatus until the oxide film on the surface had been com¬ 
pletely reduced. The hydrogen charge-temperature curve of the reduced 
surface is shown in fig 2, curve H t . It will be noted that the hydrogen charge 
at 850° is the same for both the oxidised and the reduced surface. 

A determination of the in vacuo charge-temperature curve for the reduced 
surface gave a result identical with that obtained with the heavily oxidised 
surface and recorded in fig. 2, curve Vacuo. 

In further experiments, to be described below, the surface was heated with 
several different gases. In all cases the subsequently determined in vacuo 
charge-temperature curves agreed with that recorded in fig. 2, curve Vacuo. 
Similarly the hydrogen and oxygen charge-temperature curves recorded in 
fig. 2, curves H 2 and 0 lf could always be repeated, irrespective of the nature of 
the gas with which the surface had previously been in contact. It will be 
convenient to refer to the nickel surface as “ fully normalised " when giving 
these charge-temperature curves. It will be noted that at least one thorough 
oxidation and reduction of the surface at 850° was necessary in order to nor¬ 
malise it completely. The oxygen charge could always be removed within 
45 minutes evacuation. 

Series D.—Carbonic Oxide. 

At 850° a constant carbonio oxide charge of — 0*65 volt was fully estab¬ 
lished within 5 minutes. The corresponding charge-temperature curve is 
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recorded in fig. 2, curve CO. On evacuating during several hours at 850°, 
the carbonic oxide charge remained unchanged, and although evacuation 
below 10~ 5 mm. at this temperature was prolonged over a continuous period 
of 5 days, this charge remained perfectly steady. During this period the surface 
was frequently earthed, as indeed was the case in all charge determinations 
made in the course of our experiments, sometimes during a period of many 
hours. On re-insulation of the surface the carbonic oxide charge was in¬ 
variably rapidly restored to its full value. 

On admission of oxygen to the evacuated apparatus, however, the carbonic 
oxide film on the surface was rapidly burnt off, the full oxygen charge of 
— (K33 volt at 860° being established within 5 minutes. 

Series E.—Electrolytic Gas, Steam, Carbonic Oxide “ Knoll ” Gas and 
Carbon Dioxide. 

On bringing either one of the above gases or gaseous mixtures into contact 
with the surface at 860°, the in vacuo charge of — 0*52 volt gave way to the 
respective gas charge within 5 minutes. At 860° these charges were as 
follows : — 

Electrolytic gas, — 0-46 volt; steam, —0-46 volt; carbonic oxide 
“ Knall ” gas, — 0*40 volt; carbon dioxide, — 0-40 volt. 

The corresponding charge-temperature curves are shown in fig. 2, curves 
2H a + O t and H t O, 2C0 + 0, and CO t . The curves for the two former and 
the two latter gases are identical at all temperatures. 

On evacuation the above charges were completely removed and the in 
vacuo charge fully restored within 46 minutes. 

Series F.-Nitrogen and Argon. 

At 860°, the nitrogcu and argon charges were —0-48 and —0-43 volt 
respectively, and were established within 6 minutes of admission of the gas 
in question. The corresponding charge-temperature curves are shown in 
fig. 2, curves N, and Ar. On evacuation the in vacuo charge was restored 
within 46 minutes. 

Series G.—Mixtures of Nitrogen or Argon with Oxygen or Hydrogen. 

On referring to Part I, p. 393, fig. 11, and to fig. 2 (this paper) it will be seen 
that the argon and nitrogen charge-temperature curves for silver and nickel 
lie close to each other, the argon charge being, however, slightly less negative 
throughout than that due to nitrogen. On gold, on the other hand (see Part 
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I, p. 392, fig. 9), we found that the argon charge was throughout more negative 
than that of nitrogen. It was thought that this might possibly be due to an 
impurity, probably hydrogen, in the argon then employed. The amount of 
such adventitious impurity could not, however, have exceeded 0-2 per cent. 
If this explanation were correct, the activity of hydrogen in charging up a 
surface must greatly exceed that of argon. In order to teBt this point and 
further to compare the activity of nitrogen with oxygen or hydrogen a series 
of experiments were carried out in which argon or nitrogen was diluted with 
a small amount of oxygen or hydrogen and brought into contact with the nickel 
surface at 850°. The results are recorded in the following table 


Table I.—Charges on a Nickel Surface at 860°. 


liM. 

Chargo 

(volts). 

... Charge '! 

G “- (volte). 1 

i)m Charge 

(volte). 

In vacuo 

Oxygen 

Hydrogen 

-0-82 1 
-0 33 
-0-75 j 

Argon —0-43 

Argon + 2 0 per 
cent, oxygen | —0 33 

Argon + 2 0 per 
cent, hydrogen 1 —0 76 

Nitrogen i -0 48 

Nitrogen + 20 

1 per oent. oxygen \ —0 33 

Nitrogon + 2-0 
[ per cent hydro- 1 


| Jj jj 8 en —U 75 

These results show that both hydrogen and oxygen are far more active than 
either argon or nitrogen, and there seems to be little room for doubt that the 
argon charge-temperature curve for gold recorded in Part I, p. 392, fig. 9, was 
displaced towards the hydrogen curve by the presence of a trace of the latter 
gas in the argon employed in those experiments. We are carrying out further 
experiments in order to test this conclusion further. 

Discussion of the Results. 

In Part I of the present series of researches a hypothesis was formulated 
in order to account for the electrical oharging up of a hot gold or silver surface 
in contact with various gases. This hypothesis was put forward on that 
occasion with the main object of indicating the lines upon which the investi¬ 
gation could be continued to the best advantage. The experimental results 
which we have obtained with the nickel surfaoe not only support this hypothesis, 
but also enable it to be extended in certain important directions. 

In the light of the facts hitherto forthcoming, the most probable explanation 
of the charging up of a hot nickel surface in contact with a gas or gaseous 
mixture is essentially in accordance with that previously advanced m Part I 
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In connection with the charging of gold or silver surfaces. According to that 
hypothesis, molecules of gas in contact with the hot nickel surface are adsorbed 
on to the surface of the metal, whereupon a certain proportion of such adsorbed 
molecules become charged or “ activated." Such activation may take place 
m either one or both of two ways, both of which proceed to equilibrium.- - 
( 1 ) Some molecules become positively charged and remain m this state on 
the surface, the corresponding negative charges quitting the surface, 
which thus becomes positively charged. 

(u) Other adsorbed molecules become negatively charged and remain in 
this condition on the surface, which thus acquires a negative charge 

Depending on the temperature, the surface charge with oxygen may be 
either positive or negative, the former over the lower, the latter throughout 
the higher temperature ranges; thus tending to show that, in the case of 
oxygen, the adsorbed molecules are activated in both ways, the observed 
charge at any temperature being the algebraic sum of the individual charges 
due to each type of activation In the case of nickel, ( 1 ) predominates below 
520°, and (ii) above this temperature. With the remaining gases examined 
the charges were invariably negative, from which the conclusion may be 
drawn that activation took place mainly or exclusively m the manner indicated 
in (n). 

In Part I, in order to account for the negative charging of a gold or silver 
surface in vacuo, it was suggested that such charging might be due to activa¬ 
tion of the vapour of the metal itself. In the case of both gold and silver 
conclusive evidence of volatilisation was obtained. With nickel, however, 
such was not the case. It is true that we did find on conclusion of our experi¬ 
ments a film of nickel deposited on the cooler portions of the quartz vessel, 
though it might well be that such deposit was due, no! to the evaporation of 
the metal as such, but to the formation and subsequent decomposition of nickel 
carbonyl. Hughes and Be van,* however, have found that when a nickel 
wire is heated to dull redness in a vacuum or in hydrogen, volatilisation occurs. 
But in view of the profound effect which not only the maximum temperature 
to which the nickel (and also gold or silver) surface was raised, but also succes¬ 
sive reductions and oxidations had upon the whole course of the in vacuo 
charge-temperature curve, it may well be that the surface undergoes structural 
change of a permanent nature as a result of such treatments, and that such 
•change involves rearrangement of the surface atoms. The changes in the in 
* ‘ Roy. 800 . Proc ,’ A, vol. U7, p. 101 (1927). 


VOL. OXX.—A. 



242 G. I. Finch and J. C. Stimson. 

vacuo and hydrogen charge-temperature curves obtained in our earlier experi¬ 
ments with the niokel sheet (Series B and C), as a result of successive reductions 
and oxidations, and by which the surface was brought into what has been 
called above the “ fully normalised ” condition, may also be due to rearrange¬ 
ment of surface atoms into another more stable configuration. 

The new facts revealed relating to the ease or otherwise with which the 
charge due to a gas can be removed from a nickel surface by evacuation are 
of special significance, since they now enable a sharp distinction to be drawn 
between different kinds of adsorption of gases on metallic surfaces. Benton* 
has attempted to distinguish between two types of adsorption, t.e., between 
the adsorption of gases by inert materials such as charcoal and, on the other 
hand, by metals; adsorption in the former case being roughly proportional 
to the ease with which the gas can be liquefied, whereas in the latter case the 
adsorption is highly specific. The distinction between the two types of 
adsorption thus illustrated is, however, by no means sharp. * 

At 860°, with the sole exception of carbonic oxidp, the charges due to all 
gases were in our experiments readily removed from nickel within 46 minutes 
(hydrogen within 30 minutes) evacuation. In the case of carbonic oxide, 
however, the charge remained completely unaffected even by prolonged evacua¬ 
tion, and could only be removed by burning off with oxygen. From these 
facts and from those previously established and set forth m Part I, we conclude 
that a gas can be held adsorbed on a hot metal surface in at least five different 
ways, as follows:— 

(i) The gas is held physically in an electrically neutral condition in the form 

of a condensed layer which even at 860 8 is. as has been Bhown by Lang¬ 
muir,f at least of monoraolecular thickness. 

(ii) The gas is held loosely in an electrically charged condition, whereby the 
surface itself acquires a charge, which can be removed with complete 
restoration of the in vacuo charge proper to the surface within 30 to 
60 minutes by evacuation alone at 850°. As examples may be cited 
H„ N s , CO, CO„ H,0 and Ar, in the case of gold; N, and Ar, in the 
case of silver (no experiments were carried out with this metal in con¬ 
tact with CO, CO, or H,0); and all these gases together with oxygen, 
but excepting carbonic oxide, m the case of nickel. 

(iii) The gas is held more firmly than in (ii) in a condition approximating 
to unstable, loose chemical combination; for example, O, on gold, 

* ‘ J. Am. Cbcm. Boo.,’ vol. 4 B, p. 887 (1923). 
t ‘ Trans. Faraday 8oc vol. 17, p. 607 (1922). 
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and 0 8 or H a on silver. In these cases the respective gas charges can 
only be removed with difficulty, and the necessary time of evacuation 
increases with the time during which the surface was previously in 
contact with the gas. 

fiv) The gas is held in a still firmer manner than as outlined in (in); the 
surface, however, continues to exhibit the charge characteristic of the 
gas in question even after prolonged evacuation. The one example of 
this type of combination so far revealed in the course of this investiga¬ 
tion is that of carbonic oxide on nickel. 

(v) The gas is bound chemically to the surface and the resulting stable 
chemical compound undergoes no dissociation at temperatures up to 850°. 
In this case the in vacuo charge on the oxidised Surface ib the same as 
the in vacuo charge characteristic of the reduced oxygen-free Burfacc. 
The one example which we have so far been able to study is that of 
oxygen on nickel, where direct evidence was obtained, not only of 
compound formation (absorption of a large volume of oxygen by the 
hot surface, coupled with the change in appearance at the surface from 
a bright metallic lustre to a matt greenish-black), but also of the stability 
of the resulting nickel oxide at 850° Thus oxygen, when once it is 
firmly chemically combined with nickel, docs not give rise to the charge 
otherwise characteristic of that gas. 

From these facts wc conclude that (a) only one of the two constituent atoms 
of an activated carbonic oxide molecule, probably the carbon atom, is directly 
attached to the surface, (b) this atom is held thereto with great tenacity; 
(c) that atom, probably oxygen, which is not m direct contact with the surface 
is mainly responsible for the carbonic oxide charge ; (d) the formation of stable 
nickel oxide proceeds by stages through adsorption, followed by activation 
as in (ii) but not as m (lii), both oxygen atoms being finally attached directly 
to the surface. 

The different types of adsorption outlined above, together with their resjiec- 
tive salient characteristics, are tabulated below in Table II, in the fourth column 
of which examples of each type of adsorption are diagrammatically repre¬ 
sented in the manner which, in our opinion, best takes into account the facts 
hitherto established. 
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Table II. 


Type of 
adsorp¬ 
tion. 

Charge 

at 

880*. 

Time of 
evacuation 
required to 
remove charge 
at 860°. 

Diagrammatic 
representations 
of typical 
examples. 

Nature of adsorption. 

(») 

None 

— 

f| 

0, 

Klectnoally neutral physical 
attraction resulting in con¬ 
densation of a layer of at 

<H) 

Negative 

30 to 60 minute*, 
independent of 
previous time of 
contact of gas 
with surface 

?| • • 0=_=0 

£| • • H - H 

£ | A ' 

Electrical attraction, one 
bond between the atoms 
being weakened and one 
atom loosely held to tho 

(i») 

Negative 

Several hours, in¬ 
creasing with pre¬ 
vious time of con¬ 
tact of gas with 

el 

i 1 

Jfl 

|-H-11 

Electrical attraction, tho 
bond or bonds between 
atoms beihg loosoned, one 
atom being hold more firmly 
to the surface than in (ii). 

(XV) 

Negative 

Cannot bo removed 
by evacuation 

O 

II 

1 

Ni 

Electrical attraction, free 
valencies of the carbon 
atom linked with t hesurfaoe. 

(v) 

None 


” l 

|=o 

Atoms held separately and 
securely on surface, form¬ 
ing a definite and stable 
chemical compound. 


Thus at least five stages can now be distinguished between the mere physical 
adsorption of a gas by a surface and definite stable chemical combination. 
Moreover, it would seem that in all cases of these in all probabibty ( 1 ) and ( 11 ) 
always occur successively, and that thereafter may follow either (m), (iv) or 
(v), according to the characters of the surface and the gas; and it is also 
probable that m any given case and circumstance a particular gas may be 
present in more than one stage of association with the surface. 

The results obtained with mixtures of combining gases in their equivalent 
proportions and their resulting reaction products are m agreement with those 
recorded in Part I, and support the view therein put forward that charges due 
to the reaction products, which are similar to those due to the reacting mixtures, 
represent the average charging effect of the products of their dissociation. 

No evidence has as yet been forthcoming as to the occlusion, i.e., absorption, 
of gases by any of the surfaces hitherto examined. Steacie and Johnson* 
• ‘ Roy. Soc. Proc.,’ A, vol. 112, p. 642 (1926). 
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Chemical Equilibrium in the Vapour of a Mixture of Paraffins 
and Unsaturated Hydrocarbons . 

By H. A. Wilson, F.R.S., Rice Institute, Houston, Texas. 

(Received June 9,1928 ) 

In ft previous paper* on “ Chemical Equilibrium in a Mixture of Paraffins ” 
the composition of the mixture in equilibrium at any temperature and pressure 
was calculated on the assumption that only paraffins C^H^, t2 were present. 
The condition for equilibrium among the members of any homologous series 
in the vapour was shown to be p„ = Pi/* -1 , where p„ denotes the partial 
pressure of the nth member of the series and / is a quantity less than unity 
which is approximately independent of n. 

In the present paper unsaturated hydrocarbons containing one or more 
double bonds as well as paraffins will be supposed present in the mixture. 
The homologous series to be considered are therefore the paraffins 
the olefines C«H»» with one double bond, the diolefines CJI 2> _ a with two 
double bonds, and other series C n H 2n „ B , C,H 2 »_g, . . ., containing 

3, 4, 5, . . . double bonds. 

Let p„ denote the partial pressure of the pnraffin C„H*» +g 80 that 
P» — Pi/* -1 , and let p denote the sum of the partial pressures of all the 
paraffins so that p = Pi + p g + Pa + • • • “ pj( 1 —/) In the same way 
let pi denote the partial pressure of the olefine C,II 2B so that pi — p s '/'*“* 
and let p' denote p g ' + pi + p*' + . . . so that p' = p a '/(l —/'). Also let 
p n " denote the partial pressure of C,H W _ 2 , pi" that of C b H 2b _ 1 , and so 
on. We have then p" = pi'/(l — /"), p'" = pi" /(I — f") and similar 
equations for the other homologous series. 

We may suppose the olefines formed by the hypothetical reaction 
C*H w+g = CJI W+ , + C,_»H g The equilibrium constant K' of this 

reaction is equal to p',_»p./p» or to pif u ~ m We have 

log K' = H'/RT + log T + C' 

appro xima tely where H' is the heat of the reaction, R the gas constant, T the 
absolute temperature and C' a constant. This is- Planck’s approximate 
equation for K' obtained by supposing that the sum of the molecular heats ib 
unchanged by the reaction. 

* 1 Roy. Soo. Proe.,’ A, voL 116, p. 601 (1927). 
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According to Thomsen’s determinations of the heats of formation of hydro¬ 
carbons the heat of the reaction H' is independent of n and m and equal to 
—14,800 calorics per mol. The constant C' unfortunately is not known 
accurately but it can be roughly estimated. It is equal to C„ -f O',-* — C„ 
where C* is the chemical constant for C„H*, +a , C n that for C m H tm+J , and 
C' n _„ that for C B _ m II 2 (,_ m) . If wo suppose the chemical constant for a 
hydrocarbon containing n carbon atoms equal to a -f bn where a and b are 
constants, then we have C' = a. The chemical constant for methane when the 
pressure is measured in atmospheres is equal to 5*7 and that for molecules 
containing about 3 carbon atoms is about 9, so that b is about (9 — 5*7)/2, 
and therefore a is about 4. It cannot be much less than 4, and if it is taken to 
lie much greater than 4 the results of the present theory do not agree with the 
facts, so we shall take it to be equal to 4. If this value of O' is in error the 
general character of the influence of temperature and pressure on the pro¬ 
portion of unsaturated hydrocarbons in the vapour will not be affected but 
the numerical values deduced from the theory will require modification. 

The equation for K' with R — 2 and C' = 4 is 

log K' = - 7400/T + log T -f 4. 

According to this K' — Paf m ~ 9 f m ~ m ~* is independent of n and m so that we 
must have /=/' and K' = p 2 '/ _s or p 2 ' — K'/ 2 . The equilibrium total 
partial pressure p' of all the olefines is therefore given by 

P' = 7>.7(1 -/) = K'/ 2 /(l -/). 

We may suppose the diolefines produced by the hypothetical reaction 
C«H a , +2 = CffHga+j; + C|H a+2 + 

The equilibrium constant of this reaction is given by the equation 
log K" = H"/2T + 2 log T + C". 

The heat of this reaction according to Thomsen’s experiments is — 2 x 14800 
calories and the constant C" Bhould lie approximately double C'. Hence we 
have 

log K" = - 14800/T + 2 log T + 8, 

so that 

log K" = 2 log K' and K." - K' 2 . 

Since K" is independent of n, in and l we must have f — f" so that 
K" = ptfs"/- 4 . 
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Hence the total partial pressure of the diolcfineB is given by 

p" = j>,'7(W) = K7VfMW)- 

In the same way for the hydrocarbons C B H 2> _ 4 wc obtain K'" = pj 2 pf f' 6 , 
K'" — K' 3 and p'" = p/"/(l —/) — K"'/*/Pi* (1 —/). Similar results 
follow for the series C w H&,_s, C,,Ht,_8, etc. 

Now let P denote the total pressure so that P = p + p' + p" + ... . 
Substituting the values found we get 

P = P + K'/*/(l - 0 + K J*lp(l -/)* + KT/P* (1 -/)*+•... 
which gives 

l/(P-p) + l/p = (l-/)/K'/ 2 , 

provided K. 'f*lp (1 —/) is less than unity. 

Putting y = (P — p)[P we get y (1 — y) = K'/*/P (1 —/), so that 

!/ — i — Vj — K'/*/P(l —/). 

By means of this equation y or the fraction of the total pressure P due to 
unsaturated hydrocarbons in a state of equilibrium with liquid and vapour 
both present may bo calculated. K' is given by the equation 

log K' = — 7400/T + log T + 4 

and the values of the fraction / at any temperature and pressure may be 
obtained from the charts given in the previous paper ( loc . dt.). The charts 
give the values of x = 4 — 2/. 

The following table gives tho calculated equilibrium percentages of the 
total pressure due to unsatuxated hydrocarbons when liquid and vapour are 
both present at several temperatures and pressures. 


Temperature. 

16 atmoepheree. 

30 atmospheres. 

60 atmospheres. 

°F. 

Per oent. 

Per oent. 

Per oent. 

760 

17 

6 

2 

776 

23 

8 

3 

800 

38 

11 

4 

886 


16 

6 

860 


22 

8 

876 


36 

10 


It appears that doubling the pressure should diminish the unsaturated 
compounds in the vapour to about one-third while raising the temperature 
60° F. should about double them. 

T 2 
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The maximum possible molecular percentage of unsaturated bodies in the 
vapour is 50 when K'/Wl ~f) is equal to J. If K'/*/lP(l —/) with the 
values of / taken from the chart is greater than £ then the equation for y 
cannot be satisfied so that no equilibrium with both liquid and vapour present 
is possible. In this case therefore decomposition will go on until only vapour 
remains. This is the case at 15 atmospheres and 825, 850 and 875° F. 

It is well known that the amount of unsaturated compounds is diminished 
by increasing the pressure, but so far as the writer is aware no numerical data 
are available for comparison with the calculated values. It is also well known 
that when oil is heated at low pressures rapid decomposition goes on until 
only vapour and coko remain, and that this does not occur at higher pressures. 

If the constant C' in the equation for log K' is taken to tie greater than 4 
then the calculated percentages of unsaturated compounds is increased, and 
the calculated temperatures at which equilibrium, with the liquid and vapour 
present, becomes impossible are lowered. 

When oil is kept at temperatures near 800° F solid coke is deposited from 
it. The rate of coke formation increases rapidly as the temperature is raised. 
Coke may be regarded as a mixture of very highly unsaturated hydrocarbons. 
It always contains some hydrogen. 

When three phases vapour, liquid and solid coko are present then, according 
to the phase rule, a system having two independent constituents has only 
one degree of freedom so that the equilibrium pressure is determined by the 
temperature. It follows that when oil is kept at constant temperature and 
pressure and coke is deposited exact equilibrium will not in general bo reached 
whilo all the three phases remain. If the rate of coko formation is small, 
which is usually the case in practice, the liquid and vapour will soon reach 
very approximate equilibrium with compositions determined approximately 
by the temperature and pressure in accordance with the theory given above 
and in the preceding paper. As the amount of coke increases the amount of 
liquid present will decrease and eventually only coke and vapour will remain, 
and then complete equilibrium will be possible at the given temparaturo and 
pressure. 

Since the equilibrium amount of unsaturated bodies is decreased either by 
raising the pressure or lowering the temperature, and since coke may be regarded 
as a highly unsaturated body, we should expect the rate of coke formation to 
be diminished either by raising the pressure or lowering the temperature. 

If oil is kept at a constant temperature in a closed vessel of constant volume, 
then if the temperature is high enough for coke to form we should expect 
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decomposition to go on with increasing pressure until the pressure reaches 
the equilibrium value which may not happen until only coke and vapour 
remain. During this process, provided the rate of coke formation is 
not too great, the compositions of the liquid and vapour should be approxi¬ 
mately determined by the temperature and pressure in accordance with the 
theory given above. 


Observations of the Height of the Ozone in the Upper Atmosphere. 

By F. W. P. Giwz, Dr phil. nat. (Lichtklimatischos Observatorium, Arosa), 
and G. M. B. Dodson, D.Sc., F.R.S. 

(Received June 13, 1928.) 

It has been shown that there is a close connection between the amount of 
ozone m the upper atmosphere and the pressure conditions in the upper part 
of the troposphere and the lower part of the stratosphere.* MM. Cabannes 
and Dufay,f and also MM. Lambert, D6jardm and ChalongeJ have measured 
the height of this ozone and found that it is about 40 to 50 kmB. above the 
earth’s surface It is remarkable that the ozone situated at so great a height 
should be so closely connected with variations of pressure much lower down, 
and as the observations of the height of ozone which have been published up 
to the present have been confined to a relatively small number of dayB, it seemed 
desirable to make further measurements. 

As the amount of ozone in the atmosphere varies both with the season of 
the yearf and also with the pressure distribution in the lower layers, it is 
important to see whether the height of the ozone shows variations of any 
similar nature. 

Some 60 fairly satisfactory measurements of the height have now been made 
at Arosa, and though tho conclusions must still be regarded as provisional, 
yet their importance with regard to theories of the cause of the variations of 
the amount of ozone makes it deRirable to publish them without waiting a 
further year or bo which must elapse before more certain conclusions can be 
drawn. 

* * Roy. Soo. Proo.,’ A, vol. 114, p. 621 (1927). 
fJ.de Physique,’ vd. 8, p. 126 (1927). 
t * C. R.,’ vol. 183, p. 800 (1926)., 

| G6t*. ’ BeitrUge s. Physik d. fr. Atmosphere,’ vol. 13, p. 16 (1926). 
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The principle of the method of obtaining the height of the ozone is the same as 
that used by the former observers, and is as follows : Measurements arc made 
by spectrographic means of the amount of ozone through which the sunlight 
has passed before reaching the earth’s surface. Dividing this thickness by the 
secant of the sun’s zenith distance (sec Z), we obtain the equivalent vertical 
thickness of the ozone layer. So long as the sun iB high, its zenith distance 
as seen from the ozone layer will be the Bame whatever the height of that layer, 
but when the sun is low the point where the sun’s ray strikes the ozone layer 
will be at a great distance from the observer and the curvature of the earth 
will cause the sun’s zenith distance at the ozone layer to be less than that at 
the observer, and the difference will increase as the sun approaches the horizon. 
Thus the thickness of the ozone layer deduced from the zenith distance as 
measured by the observer will bo too small when the sun is low. In a similar 
way, if a value of the zenith distance is used which corresponds to a height 
greater than that of the ozone layer, the calculated amount of ozone will be 
too great when the sun is low. Hence, if the ozone really remains constant 
during the observations, we can find a height such that the corresponding values 
of the zenith distance will lead to a constant ozono value, and this height will, 
in fact, be the true average height of the ozone. 

In practice five curves are drawn showing the changes in the amount of 
ozone through each day, calculated on the assumptions that the ozone is at 
heights of 0, 30, 40, 50 and 60 kms. respectively. The curve which indicates 
the most constant ozone value through the day is taken as being based on the 
correct assumption for the height of the ozone. Two typical sets of curves aro 
given in fig. 1 and fig 2, showing both a satisfactory determination of the 
height and also a day when real changes in the amount of ozone made the 
results indefinite. 

It is important to realise that in all these measurements it is presupposed 
that there is no regular diurnal change in the amount of ozone, and if there is 
such a change, the heights found will be wrong. The fact that the heights 
obtained when the bub is rising agree with those found when it is setting is 
some evidence that there iB no great error from this cauBe. On the other hand, 
the recent paper of M. Chalonge,* giving an account of preliminary measure¬ 
ments of the ozone at night, indicates that the amount of ozone may be greater 
by night than by day. To get further information on this point, the mean 
ozone value at Arosa when the sun is about 12° above the horizon in the morn¬ 
ing was compared with the corresponding value in the evening. It appears 
• ‘O. R.,’ February, 1928. 
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dayB were divided it may be real, and the change is in the same sense as that 
indicated by M. Chalongc. 

The light-gathering power of the spectrograph employed was not large and 
the wave-lengths used for deducing the amount of ozone were well within the 
ozone absorption band, so that there was not enough light to take photographs 
when the sun was less than about 12° above the horizon. This seriously 
limited the possible accuracy of the measurements, and the best observations 
may have an error of at least 6 kins., but the mean of a number of observa¬ 
tions should be reliable, though the apparent changes from day to day are 
obviously due to errors. 

Again, a small change in the constant of the spectrograph* giving the ratio 
of the intensity of the two wave-lengths used, which would be obtained if the 
instrument could bo taken right outside the atmosphere, makes a considerable 
difference to the height deduced. This constant is very difficult to determine 
accurately, and thpre may be a small error of 5 kms. or so which will be con¬ 
stant throughout all the observations, making the heights too great or too small. 
Thus it is possible that the difference in the average height given here and that 
found by the French observers may be due to this cause. 

In deducing the height of the ozone there are two different lineB on which 
we may proceed. Either we may take a few observations near sunrise or 
sunset, when the magnitude of the correction to sec Z due to the effect of the 
curvature of the earth and the height of the ozone is changing rapidly, and find 
a height for the ozone layer which should make the ozone values so obtained 
as uniform as possible; or, on the other hand, wc may take all the values 
obtained through the day and find a height for the ozone layer which shall 
make the average of the values obtained in the middle of the day agree as well 
as possible with those near sunrise or sunset. In the first case we shall be but 
slightly troubled by errors due to Blow progressive changes in tho amount of 
ozone, but small erratic changes in tho amount of ozone from minute to minute 
and errors of observation will produce a large effect. We have found that on 
many days the average ozone value remains very constant throughout the 
whole day, but there arc often small irregular changes from minute to minute 
of the order of 0-005 cm. of ozone. Thus it seemed that the second method 
might probably be the best on the whole. This was confirmed by estimating 
the height on a number of days by both methods, when it was found that while 
the average height for the group of days was the same which ever method was 

* For full details of the method of measuring the amount of ozone, see * Boy. Soo. Proo.,’ 
A, voL 110, p. 6flO(192fl). 
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used, the variability from day to day was twice as great with the first method 
bb with the second. Consequently, wo have adopted the second method of 
estimating the heights. 

The error due to personal differences m estimating the heights from the 
curves m very small, as shown by the fact that two people independently arrived 
at closely similar results. By far the greatest error is, of course, that due to 
real changes in the amount of ozone during the observations. 

When exposures of several minutes have to be made at times when the value 
of sec Z is changing rapidly, the mean value of sec Z cannot strictly be used, 
since the light is weaker during the half of the exposure when the sun is lower. 
The effect of this has been calculated and, where necessary, it has been allowed 
for, but as the difference of sec Z at the beginning and end of an exposure is 
not generally greater than 0-3, this is seldom necessary. The effect of refrac¬ 
tion has also lieen calculated, but it is negligible for this work. 

The measurements give the mean height of the ozone and afford no evidence 
of the height of its upper and lower limits. 

Remits of Obsenahons. 

The following table gives the results of all observations which were not spoilt 
by large changes in the amount of ozone during the time that the observations 
were being made. The last column is added to give an idea of the reliability 
of each value, the poorer values generally being due to changes in the actual 
amount of ozone, except in midwinter when the range of sec Z which is 
available is very small. 

Fig. 3 shows the estimated heights of the ozone layer plotted against the 
time of year. There seems to be evidence of an increase in the height of the 
ozone between autumn and spring, which would correspond to the increase in 
the average amount of ozone during this time. Whether this indicates a 
real seasonal variation m the height of the ozone cannot be settled until at 
least a full year’s observations have been made. 

In order to see whether there were any variations in the height of the ozone 
corresponding to the variations associated with cycloneB and anti-cyclones, 
the estimated heights have been plotted against the amount of ozone in fig. 4, 
but to avoid effects of a possible annual variation, the amount of ozone is shown 
as the difference from its monthly mean value. Hero again further observa¬ 
tions are needed, but there is a strong indication that the height is greater 
when the amount of ozone is greater. (If the height be plotted against surface 
pressure no connection is apparent, but it must be remembered that the 
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Fra. 4.—Estimated Ozone Height and Ozone Value (Difference for Monthly Means.) 
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Height of Ozone in Upper Atmosphere. 

correlation between the ozone value and absolute surface pressure is but small, 
as may be seen by plotting the values in Table I.) 

The importance of the conclusion indicated by fig. 4 is that the increase in 
the amount of ozone associated with cyclones must occur in the upper part of 
the ozone layer rather than in the lower part This rules out all such hypotheses 
as, that the ozone is dragged downwards by descending currents in cyclonic 
regions, thus increasing the thickness of the layer. It is, of course, possible 
that in regions where the amount of ozone is highest, the height of the layer 
may also be greatest, and that changes both m the amount and average 
height are due to bodily movement of large masses of air. 

In this work we are very much indebted to Mr. R. W M. Giblis, who has 
measured nearly all the spectra from which the height of]the ozone is esti¬ 
mated, which measurement is most laborious. The instruments used were 
those employed in the previous work, and their cost was met by a grant from 
the Royal Society, for which we again record our thanks Finally, wo are 
indebted to the Department of Scientific and Industrial Research for a grant 
for assistance in the necessarily heavy work of measuring spectra and com¬ 
puting the ozone values. 

Summary. 

Measurements have been made of the height of the ozone layer in the upper 
atmosphere over Arosa (Switzerland). It appears that tho height is greatest 
when the amount of ozone is large, and least when the amount is small. There 
is also evidence of an increase of height from autumn to spring. Further 
measurements are necessary to confirm these conclusions. The average height 
seems to be between 30 and 40 kms. above sea-level. 
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The Forces on a Body placed in a Curved or Converging 
Stream of Fluid. 

By G. I. Taylor, F R.S. 

(Received June 14, 1928.) 

Introduction. 

The force which a body experiences when placed in a converging stream of 
fluid has a certain practical interest in aeronautics because the flow in the 
centre of a parallel-wallini wind tunnel is of this type. The convergence is 
due to the retardation of a layer of air elose to the walls. This retarded layer 
increases in thickness as the air passes down the channel, thus causing a 
corresponding increase in the velocity in the central part of the channel. This 
increase in velocity is associated with a decrease in pressure in Accordance with 
Bernouilli’s equation, the pressure in a Pitot tube being very nearly constant 
down the channel at all points outside the retarded layer. 

In measuring the resistance of models of airships it has been customary to 
correct the observed readings by subtracting what is called the “ horizontal 
buoyancy,” t e., the force which would act on the body if the air were a station¬ 
ary fluid in which the existing pressure gradient down the channel was main¬ 
tained by some external force like gravity. Expressed mathematically, if 
dp/dx is the pressure gradient, i <*., the gradient of Btatic pressure in the 

channel, and V the volume of the body, the “ horizontal buoyancy ” is — V . 

dx 

This correction to the measured resistance of an airship model is believed to 
be approximately correct from the point of view of wind tunnel practice, and 
the primary object of the present work was to find out how far it iB justified 
from the point of view of hydrodynamical theory. 

Previous Work. 

An extremely simple treatment has already been given by Max M. Munk,* 
but this is limited to a very special class of body, namely, the body which can 
be represented as regards its external flow by a simple source and an equal 
sink placed at a finite distance apart. When the distance apart is large so 
that the flow due to the source at the position of the sink is small compared 

* ‘Some New Aerodynamical Relations,’ Report No. 114, National Advisory Com¬ 
mittee for Aeronautics. Washington, 1921. 
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with the general flow of tho fluid, the body consists of two rounded ends con¬ 
nected by a middle body which is parallel to the stream lines of the converging 
or diverging Btream, t.e., the body is a long truncated cone, rounded off at the 
ends. For such a body the force acting in a converging stream of a perfect 

fluid is actually equal to the “ horizontal buoyancy,” — V ^. 

ax 

In the other limiting case, when the source and sink are infinitely close 
together, Munk pointed out that the force is — *V ^, the body being in this 

case approximately a sphere ; and he deduced that for bodies of intermediate 
length the factor by which the “ horizontal buoyancy” must be multiplied 
in order to find the force acting on such a body when placed in a converging 
stream is intermediate between 1*0 and 1-5. Munk indicates that the force 
acting on liodies derived from any known distributions of sources and sinks 
could also be treated in the same way 

The forces acting on a small sphere in a stream circulating in a multiply- 
connected space has been studied by Lord Kelvin.* The limitation imposed 
by the supposition that the space is multiply-connected does not affect the 
result, however, because the force acting on the sphere must depend only on 
the direction, curvature and convergence of the stream in the neighbourhood 
of tho sphere. Though he does not express it in this way, Kelvin’s result may 
be reduced to the simple statement that the resultant, force on the sphere is in 
the direction of the pressure gradient in the fluid, irrespective of the direction 
of flow, and it is equal to the pressure gradient multiplied by 1 >5 times the 
volume of the sphere. This result may bn regarded as a generalisation of 
Munk’s result for a sphere in a straight converging flow, to the case when the 
flow is also curved. 


Scope of the. Present Work and Results. 

In the present work these results are extended to bodies of any Bhape placed 
in a curved and converging or diverging stream, or even in a stream which 
converges in one place and diverges in a plane at right angles to it. In the case 
of a straight converging stream the actual value of the factor by which the 
“ horizontal buoyancy ” muBt lie multiplied is calculated and shown to be 
equal to 1 -|- a, where apV is the virtual addition to the mass of the body 
which must be added to its own mass to account for its resistance to 

* “ On the Motion of Rigid Solid* in a Liquid circulating inotationally through per¬ 
forations in them or a Fixed Solid,” ‘ Phil. Mag.’ (1873). 
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accelerated motion in the direction of the stream lines and pV is the mass 
of fluid displayed by the body. This is true whether the convergence is 
symmetrical in all planes through the direction of the flow or not. It will be 
recognised at once that Munk’s and Kelvin’s expressions for a sphere are 
particular cases of this general result. 

This result 1 b extended to find the direction and magnitude of the force which 
acts on a small body of any shape placed m a curved or converging stream. 
It is found that Kelvin’s result for a sphere (that the resultant force acts in 
the direction of the pressure gradient) is true for bodies of any shape provided 
that the body is placed so that one of its possible “ directions of permanent 
translation” is parallel to the direction of the stream so that no couples act on 
it. When the body is placed in any other position, however, Kelvin’s result 
for a sphere is no longer applicable. It is curious that Kelvin first published 
his result as a general one applicable to bodies of any shape, but on revising 
his paper later he recognised that his analysis applied orfly to the case of a 
sphere. 

In general, a body placed m a straight uniform stream of fluid experiences 
couples about axes at right angles to the stream. The additional couples due 
to a small amount of convergence or curvature of the stream were calculated. 
These, however, appear of little interest because in a real fluid the observed 
couples usually differ very widely from those calculated. On the other hand, 
even in a real fluid there is a very large class of bodies which experience no 
couple about an axis parallel to the direction of the stream. Accordingly, the 
couples about the direction of the flow in a curved and converging stream were 
calculated and the results tested experimentally. The analysis shows that 
certain types of asymmetry in the stream react on certain types of asymmetry 
in the body and cause it to rotate about the stream direction into some definite 
orientation. Thus, if a body with the type of asymmetry possessed by a rod 
bent into a circular arc is suspended at its centre of gravity in a curved stream 
so that it can rotate about the direction of the stream which is parallel to the 
chord of the arc, it will take up a position so that the plane of the arc coincides 
with the plane containing the curved stream lines ; but the direction of curva¬ 
ture of the arc is opposite to that of the stream lines. This was verified 
experimentally. 

A body with the type of asymmetry possessed by a tetrahedron about the 
line joining the centres of opposite edges reacts with a stream in which the 
centre stream line is straight but the convergence is asymmetrical, being 
greatest in one plane through the direction of the stream and least in the plane 
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at right angles to it. Such a stream was created by Bucking air by means 
of a vacuum cleaner through a vertical channel two walls of which were 
parallel glass plates, the remaining two walla being made of bent metal sheet 
so that the stream first converged and then afterwards diverged. Bodies 
with the required type of symmetry were hung in this stream by fine silk 
threads, and it was found that in every case they set themselves in the 
positions indicated by theory. They rotated through 90° on being lowered 
through the point of maximum constriction from the converging to the 
diverging part of the channel. This also was predicted by theory. 

Components of Force on a Body in o Curved and Converging Stream. 

The kinetic energy of a system consisting of a fluid circulating in a cyclic 
space and containing a small sphere moving with velocity components x, y, z 
has been given by Lord Kelvin in the form 

2T-(M + ipV)(®»+y*+ i 2 ) f 2K, (1) 

where K is the energy of the cyclic motion when the sphere is held at rest, M 
is the mass of the sphere and V its volume. If x, y, z are the eo-ordinates of 
the centre of the sphere, K may be regarded as a function of X, y, z. 

The simplest method for finding K is to use an artifice due, I think, to 
Dr. Horace Lamb. If M is made equal to the mass of the fluid displaced and if 
the sphere is made to move with the fluid in its neighbourhood, then the energy 
T is the same as what it would be if the sphere were absent, the space being 
ocoupicd by fluid. This assumption implies that the Bphere is so small that 
the changes in the velocity of the undisturbed stream in a distance equal to 
the diameter of the sphere is small compared with the velocity of the stream 
Using thiB assumption, then 

2K = constant — j pV (u a + c* -f ttP), (2) 

where w, v, to are the components of velocity in the stream before the intro¬ 
duction of the sphere, at the point afterwards occupied by its centre. 

To find the motion Kelvin used some general dynamical equations, proving 
that certain coefficients vanish in the case of a sphere. It is not necessary, 
however, to use these equations to find the force which acts on the body when 
held at rest in the circulating fluid. If the body be displaced slowly through 
a short distance whose components are Si, Sy, Us, the change in K must be 
- (Xfor + YS y + Z8z), 

where X, Y, Z are the components of force acting on the body. 

VOL. CXX. —A. U 
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Hence 

X--^j=Jp v | ? ( «* + v* + « ,) 

If p ns the pressure m the undisturbed motion t e before the introduction 
of the sphere p -f l p (u* -f- w* -f- w 8 ) is constant since the motion is a steady 
oni so that 

x- 

and similarly 

Y — /--iVj 2 (<> 

In this example the fluid is circulating m a cyclic region but the force on 
the sphere must depend only on the convergence and curvature of the undis 
turbed stream lines in its vicinity so that the formula (3) is general for any 
type of undisturb d flow provided that the changes in velocity m a length 
equal to th di muter of th( sphere are small compart 1 with the v locity of 
the stream 

To apply tbs method to bodies of any shape one may wnto T 0 for the energy 
in the fluid surrounding a body when it moves without rotation in a fluid at 
rest ut infinity If w v w are the components of its velocity* 

2T 0 /p A/ 1 + Be* + C« a + 2A w -f 2B wit | 2C «r (4) 

where ABCA B C are six constants which depend only on the shape of 
the body They are determined relative to some axis fixed in the body 
Equation (2) then takes the form 

2K/p = constant - V («* + »* + w*) - 2T 0 /p (5) 


Ab in the case of the sphere 



so that 


Y = 


0K 

“57 


/ 


0K 

02 


i. V 3 / j i o . , 01 o 0 < , 01 o 01 

ipVs -(i + , + 


01^,01 JTj^ 
dv di Hu dx 


x p v° ( „. + ,. + 0 + - f - 
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See Lamb i ‘ Hydrodynamic* 4th edn p 188 
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These expressions may be simplified by taking the axis of x parallel to the 
stream at the point considered. In that case v = w = 0, and 


CM OV OW 


Also some of the partial differentials u u etc , are proportional to the 
components of the pressure gradient, thus with this choice of axes 



so that 

X=_( V +A)|-C'|_ B '|| 
y„_ (V+ A)|+ P C-u| +P Bv| 
z = - (V + A) ^ + per. ij£-i- pB'„ |? 


(T) 


From these equations it will be seen that in the particular case when B' = 
C' = 0, t.e., when the body has one of its axes of permanent translation parallel 
to the direction of flow so that it would experience no couples in a uniform 
stream, the resultant force is in the direction of the pressure gradient and equal 
to (V -f- A) X (maximum pressure gradient). 

An ellipsoid, for instance, placed with one of its principal axes in the direction 
of the stream would experience a force acting in the direction of the pressure 
gradient in the undisturbed stream. The magnitude of this force would differ 
according to which axis was parallel to the stream; thus, if the long axis were 
parallel to the stream the force would be smaller than if a shorter axis were in 
that direction. In general, however, when the direction of the stream is not 
parallel to one of the axes of permanent translation, the force acting on the 
body is not in the direction of the pressure gradient. 

The particular case of a converging flow with a straight central stream line 
is of special interest because, as has already been pointed out, it is the con¬ 
dition which may be expected in the middle of a parallel-sided wind tunnel. 

In this case = 0, so that X = — (V + A) and no restriction is 

placed on the shape of the body. This is the generalised form of the expression 
obtained by Munk for a sphere and a certain class of elongated bodies of 
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revolution. The “ virtual mass ” of a body in accelerated motion through a 
fluid is Ap. This is sometimes expressed in the form aVp, where a = A/V 

so that X = -(l-f-a)V^. (1 -f a) is the factor by which the “ horizontal 

buoyancy ” should be multiplied in order to find the effect of convergence 
on the resistance of an airship model hung in a horizontal wind tunnel. 

In order to estimate the value of (1 + «) in the case of a body whose shape 
approximates to that of an airship, it seems useful to give the value of (1 -f «) 
for a prolate spheroid of eccentricity c moving parallel to its long axiB. 

In that case* 

+ (8 > 

It is customary in aerodynamical work to use the expression “fineness 
ratio ” to indicate the ratio of the length to maximum diameter of an airship 
Bhape. The fineness ratio, (3, for a spheroid is (1 — e*) — *. From these formulae 
the following Table I was calculated :— 


Table I. 


p- 

1+0. 

P- 

1+0. 

1-00 

1-50 

3-64 

1-003 

1-34 

1-35 

5-08 

1-057 

1*81 

1-84 

7-12 

1-035 

*" 1 

1-10 




It will be seen that for this series of shapes tho factor by which the “ hori¬ 
zontal buoyancy” must be multiplied decreases from 1*5 for the sphere 
(P =s 1*00) to 1*057 for a body five times as long as its maximum diameter. 

In a recent paperf I have given a simple method by which the “ virtual 
mass ” of any airship shape derived from a system of sources and sinks may 
be found. Suppose that a system of sources and sinks n^U, m 2 U, ... n^U, 
.... placed at points (x v y v zj, (x v y a , z t ) ..., in a stream of fluid flowing with 
uniform velocity — U parallel to the axis of a: has been found to represent the 

* This expression was first calculated by integrating the pressure over a spheroid due 
to the flow from a source placed on the axis. It was only after finishing the calculation 
that it was found that (8) gives also the expression for the “ virtual mass.” 

f •* The Energy of a Body moving in an Infinite Fluid, with as Application to Airships,” 
' Boy. Soo. Proo.,’ tupra, p. 13. 
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flow round a body of volume V. The “ virtual mass ” of this body in 
accelerated motion was shown to bo* 

pA = pSttvc, - P V. (9) 

When placed in a converging stream this body experiences a force 

X--,Ci + S)|j. 

Hcncc from (9) 

X«-(&vr f )g£. («a) 

This is equivalent to Munk’s formula. It can only bo applied when the 
requisite distribution of sources and sinks is known. 

Verification of Equation (7) in a Simple Case. 

It is of interest to notice why the terras in C' and B' must come into the 
expressions for the forces. Consider, for example, the case of a body, 0, 
placed between two concentric circular cylinders 
(see fig. 1) with liquid circulating between them. 

Let u be the velocity of the fluid at the radius r 
where the body is situated. 

Now consider a displacement in which the 
body rotates through an angle SO about the axis 
C of the cylinders. Since there is no change in 
the circulation round the inner cylinder, such a 
displacement does not alter the energy of the 
system. If there is a couple N acting on the 
body owing to its being placed so that the 
direction of the stream is not one of its axes of permanent translation, then 
there must also be a force X in the direction of motion so that the work 
done during the displacement is rcro. Hence 

Xr 80 — N 80 = 0 or X = N/r. (10) 

Now the couple on a body moving parallel to the axis of x, which may be 
taken in the direction of flow as shown in fig. 1, isf 

"fr—< u > 

* Loo. cti., equation (21). There given as ' P A = 0 j* mx dx — pV, whioh is the form of 

(9) above, suitable for a continuous distribution of sources along a line, 
t Lamb, ‘ Hydrodynamics,’ 4th edn., p. 189. 
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Hence from (10) and (11) 
But 


X = - pC'u»/r. 

X = -C' 


(12) 


Comparing (12) with (7) it will be seen that for the particular case when 

ts-fc-* 

the first of formulae (7) is verified by this very simple argument. 

As regards the practical application of equations (7) it will be seen that 
convergence in a stream of fluid produces an effect on lift as well as on drag. 

Thus, for a wind tunnel for which ^ = 0, the convergence produces 

an effect on lift, Y, equal to -f pC'u ^. In the case where the convergence 
is the same in all axial planes, as in a wind tunnel of square or circular Bcction, 
“ ~~ ^ * 80 e ^ ect on lift is 


(13) 


It appears, therefore, that the effect of convergence on lift may be of the same 
order of magnitude as that on drag. 


Determination of Forces and Couples by Integration of Pressures over the Surface 
of the Body. 

The formula (7) were not originally obtained by the simple process described 
in the first part of this paper. They were first derived by laborious integration 
of pressures over the surface of the body, a process made possible by Green’s 
theorem, which enabled the integrations to be transformed into integrations 
over a spherical surface. 

For finding the couples acting on the body, equation (5) giving K in terms of 
u, v, to is of no value. It is true that couples about axes perpendicular to the 
direction of the stream could be derived from (6), but these would only be 
the couples which would act on the body in a uniform stream. This can be 
illustrated by reversing the argument in the example given in the preceding 
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section. To determine the changes in these couples owing to convergence, or 
the couple acting about the direction of the stream, it would be necessary to 
determine K to a higher order of approximation than can be done by Dr. 
Lamb's artifice. It is clear, for instance, that rotation of the body about the 
direction of the stream makes no change in (5), for T 0 is unaltered by such a 
rotation, bo that as far as (5) goes one might conclude that the couple is zero. 

To find the couples, therefore, I found it necessary to revert to my original 
method and to expand both the disturbed and the undisturbed stream in a 
series of spherical harmonics. 


Representation of the Undisturbed Stream. 

The velocity potential of a uniform stream of fluid it» represented by a 
spherical harmonic function of the first degree. In general three terms are 
necessary to determine the three components of velocity, but we shall simplify 
the formula) by taking the direction of the stream at the origin as the line 
0 = 0 whon we use spherical polar co-ordinates, or the axis of x when we. use 
Cartesian co-ordinates. 

Convergence or curvature in the stream lines near the origin may be repre¬ 
sented, to the degree of approximation required, by spherical harmonics of the 
second degree. The general expression for the velocity potential of a curved 
and converging Btream may, therefore, be written in the form 

= rS, 4- r*S 2 , (14) 

where S x and S a are surfuco harmonics of the first and second degrees. When 
the velocity at the origin is parallel to 0 = 0 and equal to U, 

Sj = — U cos 0, (15) 

the most general form of S a is 

S a = G (l cos* 0 — 4) + (H cos to -f J sin w) cos 0 sin 0 

-f (E cos 2ce + F sin 2o>) sin 2 0, (16) 


when b) is the angular co-ordinate of an axial plane so that 
i = r cos 0 
y — r sin 0 cos to 
z = r sin 0 sin to 


(17) 


If G is positive the flow is diverging ; if G is negative it is converging. 
If H — J = 0 the stream line through the origin is straight. If 
HbJbEbFbiO the flow is symmetrical about the axis of x. If 
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H = J = F = 0 the stream is symmetrical about the planes y = 0, 8 = 0, 
and if, in addition, G = 2E the motion is two-dimensional, the stream 
lines being parallel to the plane y = 0. 

If G — E = F = 0 the stream lines arc curved but do not converge in any 
axial plane and the direction of maximum pressure gradient is at right angles 
to the stream lines. If, m addition, J = 0 the stream lines lie in the plane 
z = 0, and if H is then positive the centre of curvature of the central stream 
lino is in the direction 0 = Jtc, co = it, i.e , it lies on the negative side of the axis 
of y. 

If It = 0 and J is positive the central stream line lies in the plane y = 0 
and its centre of curvature lies in the negative side of the axis of 8. 

Representation of the Disturbed Flow. 

The disturbed flow may bo represented by the velocity potential 
<f> = <f> 0 '1 $1 — d - rSj -)- t -j- r -J-... -f- r~^~^s M -)- ..., (18) 
where s m is a surface spherical harmonic of degree m. 

Forces found by Integration of Pressures. 

Since the motion is steady pj p + | («* + v* + w*)* is constant. If the 
components of the resultant force on the body are X, Y, Z, 

* == j|| l («* + v> -|- to*) ds, ^ = J jj m (u» + v* + ui*) ds, 

— = $ j! n («* -f v* -f w a ) ds, 

the suffix i shows that the integration extends over the surface of the body and 
l, m, n are the direction cosines of the outward drawn normal to the surface 
of the body. 

These expressions may bo transformed by Green’s theorem in the forms 

— J || (u* -f «* + u£) l ds — || (lu + mv + nw) uds j 

~ = (u* + «*-f — Jj (iw + mv + MMi) . ►» U®) 

— = i || (u* + o* -f w*) n ds — || (lu ■+- mv 4- nw) wds 

* Note that u, v, to are used here and in succeeding pages as the components of 
velocity at any point in the fluid. In the first part of the papor up to equation (13) 
they represent the components of velocity in the fluid before the introduction of the solid. 
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the integrations extending over any surface 0 which completely surrounds the 
body. Taking 0 as a sphere of radius r it is found that 



with similar expressions for Y/p and 7,Ip. 

Now the value of X/p is independent of r, and rls is r* sin 0 dtodO, so that it 
is only necessary to pick out terms in the integrands of (20) which contain 
t~* as a factor All other terms must vaiush when integrated over the sphere 
of radius r. It is hardly worth while to complete the whole operation because 
we should ultimately only find the expressions given in equations (7), but it 
seems worth while to verify, say, the first term in the expression for X/p. 

Substituting from (14) and (lb) in (20) and picking out only terms in r“* 
in the integrands, it is found that 

f “ jL { 4S “”‘ 6 ~ 2 >m 0 ( s ‘ 3e ~' 1 to) + §o S6 1 “ 6 

4* cos 0 cosec 2 0 r~ s ds. (21) 

0(0 Obi) 

Taking the case when H = J = 0 so that tho centre line of the undisturbed 
flow is straight, and substituting for «„ its most general value 
a t cos 0 + *in 0 cos co + o 3 sin 0 sin w, 
and for S 2 from (16), it is found that the only terms in (21) which do not vanish 
are those containing o x G thus : 


j j 4S a s, cos 0 r~* ds = 41 w^G, 

jj cos 0 cosec* 0r - * ds — 0, 


so that from (21) 


_ 32 + 64 + 24 


ra^Sp = 8no t Gp. 


X 
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Remembering that H = J = 0 in (16), it can be shown that 



so that the value of X from (7) is 

X = - (V + A) (23) 

In comparing the two expressions for X given in (22) and (23) wo must first 
calculate the value of dp fix at the origin in the undisturbed flow. The velocity 
along the central stream line before the introduction of the body is 

—-BHL-[-*-***-• 

so that the rate of change in pressure along the axis of x is 

3? ' - £“ - f [ “ siL “ - l- = 2 p 6 u - (“) 

It remains to find the relationship between a x and A. o, is the coefficient of 
cos 0/r® or x/r 3 in the expansion of the velocity potential of the disturbed 
motion in spherical harmonics. We can regard the disturbed motion as 
consisting of two parts, one due to the term rS t in the undisturbed motion and 
the other to the term r%. Let the coefficients of x/t 3 in these two parts be 
o/ and a” respectively, so that 

«i = < + <■ (25) 

So fat wc have made no assumptions as to the relative magnitudes of the 
terms and r’Si in <j> 0 . If now we make the assumption made in obtaining 
(7) that the changes in velocity of the undisturbed stream in a distance com¬ 
parable with the linear dimensions of the body are small, then a," is small 
compared with a/. Now a/ is the coefficient of x/r 3 in the expansion of the 
disturbed motion due to a uniform stream of velocity U flowing past the body. 
This is identical with the coefficient of x/r 3 in the expansion of the velocity 
potential m spherical harmonics of the flow produced by moving the body with 
velocity - U in an infinite fluid at rest. 

The connection between this coefficient and the expression for the energy 
of a body moving without rotation in an infinite fluid has been discussed by 
the author in a previous paper.* As a particular case of the formula in that 
paper the coefficient of x/t 3 in the expansion of the velocity potential due to a 
velocity — U parallel to the axis of x is 

-U(A + V)/4*. 

* Lot, eU„ p. 13. 


(26) 
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where A. and V have the same meaning as in (7). If wo neglect a," compared 
with Ox', we can therefore write 

4m 1 =-(A4-V)U. (27) 

Taking the value of a l from (27) and of G from (24) and substituting them in 
(22), it will be found that 

X = ftUxGp - ( 4 ira 1 ) ( 2 Gp) = - 2 (A + V) UGp = - (A + V) 

which is identical with the expression (23) derived from the first part of the 
paper. 

In the same way the rest of formulas (7) can be found by direct integration 
of the pressures over the surface of the body. 


Couple* found by Integration of Pressures over the Suiface of the Body. 

If Lp, Mp, Np are the component couples, 

L = - p (mz — ny) ds = £ (ny — tnz) («* -f + w 1 ) ds. (28) 

First the integral will be transformed into an integral over an outer surface 0 
completely surrounding the body, thus : 


Jj # ny («* + * + t^) ds 

— i j|| y £ («* + «* + W*) dx dy dz, (29) 
the volume integral extending between the body and the outer surface 0. 
Remembering that 4* = 0 and at the surface of the body 

lu mv + nu> = 0, 

— * Ilf y iz + ** d3 

= —1| yto (lu -f- mv -f nw) ds 

+\\\• i' w + fa +1 (!W) dJ,i ’ Jdt 

= — jj yw (lu + mv + nu>) ds -f JJJ tw *!f 
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The integral — i J| »«(«* + «*+ «?*) is can be treated in the same way, 
and by adding the two results it is found that 

L = £ | J ( n y “ »»)(«* + + (yu>-zv) (lu + mv + nu>) it. 

(30) 

If now the outer surface be taken on a sphere of radius r, ny — mz = 0 so that 
L = [jV _*»!*. 


Similarly, 


M —1| (2m — xw) da. 


Expressing «, it, w in terms of the velocity potential 
yw — zv = 

zu — aw — sin to -f cot 0 cos o> 


_ 3 «£ 
3w 


xv — yu — — rf^-cos to -f cot 0 sin o> 


and substituting these expressions in (31) 


L= -ff 


J Jo dco 3r 


M = jj “n to + cot 0 cos 

")§?* 



(31) 


(32) 


(33) 


The remainder of this paper will be devoted to the discussion of L. 

Since L has a definite value independent of the radius of the sphere over 

which the integration is taken, it is only necessary to pick out terms in g^ g^ 
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which oontain the factor f*. Differentiating the expression (18) for $ with 
respect to r and <o, multiplying and picking out terma in r~ 2 , 



and since S, does not contain u when the axis of * is parallel to the stream 
direction at the origin, the first of these integrals vanishes so that 



Now S, is 

G(4 cos 2 0 — J) 4- (H cos Co -f J <a) cos 0 sin 0 

+ (E cos 2w + P sin 2to) sin* 0 (30) 

and s t may be expressed in its most general form 
8 t = g (| cos* 0 — J) -f- (A cos to + j sin w) cos 0 sin 0 

-f (e cos 2co -f f sin 2co) sin* 0. (37) 

It will be seen that only four kinds of terms can occur in (35), namely, those 
containing Hj, hJ, E/, eP; all others vanish when integrated over the surface 
of the sphere. 

To find the coefficient of Hj take J = E = V = 0, then 
L = Hj | (—3 sin* 0 cos* 0 sin* u — 2 sin* 0 cos 2 0 cos* to) sin 0 dio dO 

— — $7tHj. (38) 

Similarly the term in J h is + h. 

To find the coefficient of E/ put H = J — F = 0 
Then 

L = E/| (— 6 sin* 0 sin* 2to — 4 sin* 0 cos* 2co) r~* ds — — nEf. 

Hence this complete expression for L is 

L = * tc (JA — Hj) + ^ w (Fe - E/). (39) 

. Each of these termB represents the reaction between some type of asymmetry 
in the body and a corresponding type of asymmetry in the flow. If the changes 
in velocity of the undisturbed stream in a distance comparable with the linear 
dimensions of the body are small compared with the velocity of the undis¬ 
turbed stream, we can use the same argument to find h, j, e and / that we 
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previously used to find the coefficient which occurs in finding the force com¬ 
ponent X in (22). Thus A, j, e and/ are the coefficients of four of the terms in 
the harmonic of the second degree in the expansion of the velocity potential 
due to the motion of the body with velocity — U parallel to the axis of x in an 
infinite fluid. 

The first two harmonics in the velocity potential due to a movement of the 
body with velocity -f U are therefore 
<f> = r“*(— a, cos 0 — a, sin 0 cos w — a s sin 0 sin w) 

— r" 8 {«/(| cos* 0 — J) -f (h cos w-f j sin w) sin 0 cos 0 

4 (e cos 2to -f /sin 2to) sin* 0}. (40) 
Though it is not possible to express the coefficients in the harmonica of the 
second degree in terms of the coefficients occurring in the energy equation, 
aB it iB in the case of the harmonics of the first degree; yet it is possible to 
see what kind of asymmetry in the body will give rise to positive values of 
the coefficients h, j, e and /. 

Consider, for instance, what kind of body might be expected to give rise 
to a flow for which j = e = / = 0 but h is not zero. The simplest such body 
is a Bphere with its centre not at the origin. 

The velocity potential due to a sphere of radius a with its centre at small 
distance tj along the axis of y and moving with velocity U parallel to the axis of 

The harmonic of the second degree is therefore 

5Uo*7jr _s cos 0 sin 0 cob «, 
so that comparing this with (40) it will be seen that 

g=zj — c=f=Q and —h = frjUo 3 . 

Hence from (39) 

L = = - 27n)Uo»J. (41) 

Since with positive values of J and tj, L is negative, the couple tends to turn 
the sphere about the axis of a: as though its centre were attracted towards the 
centre of curvature of the central stream line, which for positive values of J 
is in the negative part of the axis of z. 

This result can be verified because in the case of a sphere the resultant force 
necessarily acts through its centre, and from (7) is 

Z = — 2tuj 3 ^ , 
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It can bo shown that = JU, so that 

Z = — 27to*JU and L = Zrj = — 2no 3 JU7), 
which agrees with (41). 

Experimental Verification of Expression for Couples on Bodies in Curved 
Streams. 

In the case of a sphere capable of rotation about an axis which does not pass 
through its centre there is a resultant force when it is placed in a curved stream. 
This lateral force makes it difficult to use such a body for experimental demon¬ 
stration , accordingly a body was devised which when suspended under gravity 
might be expected to give rise to a pronounced value for the coefficient h of 
(40) without necessarily giving rise to lateral force. Such a body is shown m 
fig. 2. It was an elongated body of revolution the centre line of which was 
afterwards bent into au arc of a circle so that it looked like a small bologna 
sausage. 



Pio. 2. 


If such a body be set in the position shown in fig. 2 so that the curvature of 
the oentre line lies in the plane z = 0 and the centre of curvature lies in the 
positive part of the axis of y, then the effect of the curvature of the centre 
line would be to increase the velocity of the flow at points in the negative side 
of the axis of y and to decrease it at points on the positive side. This is 
exactly opposite to the effect of moving the centre of a sphere from the origin 
to a distance 7] out along the positive side of the axis of y. It will be seen, 
therefore, that if the body shown in fig. 2 is moved parallel to the axis of x 
in the positive direction, the coefficient of the harmonic r~ 9 cos 0 sin 0 cob « 
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in the corresponding expansion of <f>' will be negative while that of 
r~ a cob 0 sin 0 sin to will be zero. 

Hence from (40) h is positive and j = 0. 

Taking the case of the undisturbed flow for which H = E = F = 0 and J 
is positive, i.e., curved flow in which the stream lines are parallel to the plane 
y = 0 and the centre of curvature in the negative part of the axis of z, it will 
be seen from (39) that L is positive so that a couple acts on the body tending 
to turn it towards the position where the centre of curvature of the middle 
line of the body is in the positive side of the axis of z. It appears, therefore, 
that a body of this shape should set itself so that the curvature of its centre 
line is in the same plane as the curvature of the stream lines but in the opposite 
direction. It has two positions of equilibrium, 
one stable and the other unstable. 

A body of this form was hung by a fine silk 
thread in the curved stream created by a 
vacuum sweeper sucking air through a curved 
channel formed by two bent pieces of Bheet 
metal between two parallel glass plates. The 
apparatus is shown in fig. 3, which needs little 
explanation. In that figure A is the body and 
B is some fine gauze fitted into the mouth of 
the apparatus to prevent disturbances in the 
outside air from affecting the flow. The 
apparatus was mounted so that the air in the 
neighbourhood of the middle of the body was descending vertically. 

Result— Directly the vacuum sweeper was started the body swung into the 
position shown in fig. 3. This is what was predicted mathematically. 

Experimental Verification of Formula for Converging and Diverging Flow. 

Next suppose the central stream line of the undisturbed flow is straight so 
that H = J = 0, and let us consider the expression L = (Fe — E/). 

The quantities E and F represent differences in the amount of convergence 
or divergence of stream lines in different axial planes through the central 
streamline. We have already pointed out, for instance, that ifH = J = F = 0 
and 6 — 2E the stream lines are all parallel to the plane y = 0. A convenient 
method for obtaining a stream having a pronounced value of E is therefore to 
make a channel two of whose walls are parallel (in the actual apparatus glass 
plates) and the remaining two are made from sheet metal bent into the form 



Fio. 3. — Experiment on a 
Curved Body in a Curved 
Stream of Air. 



Forces on Body placed in Curved Stream of Fluid. 279 

shown in fig. 4. If the axes are choeen so that the plane y = 0 is parallel 
to the glass sheets, and if the axis of a; is the central line of the apparatus, the 



Fig. 4. —Experiment on a Flattened Body in Converging and Diverging Flow. 

positive direction being downwards, then E = is negative m the converging 
upper part of the apparatus and positive in the lower diverging part. 

Referring to the expression (39) for L, it will be seen that E occurs associated 
with/. For an experimental verification, therefore, we must find what shape a 
body must be made in order that it may give rise to a pronounced value for /. 

Referring to (40), — /is the coefficient o£ r~ 3 sin* 0 Bin 2to in <£'. We shall 
first find what kind of small alteration must be made to a sphere in order that 
the velocity potential of the flow round it may contain a term of the type 
r~® sin* 0 sin 2<o. Let r - - a -)- &-/ (0, oo) be the equation to the body, b being 
small compared with a, and x a function of 0 and co. This will produce a 
velocity potential 

<f>’ = cos 0 — fr~ 3 sin 2 to sin 2 0, 

provided RJ — — , where l is the direction cosine of the normal to the 

or 

surfaoe of the body. 

Since b is small compared with a 

i = cos 0-4—sin 0^ x( 0 » *>), 

so that 

b ^ x (®« w ) -= — 3/U" 1 a” 9 sin 2co sin 0, 
or 

bx (0, to) = 3/U -1 a -3 sin 2 a> cos 0 = 6' sin 2 to cos 0. 
vol. on.—i. x 


(42) 







280 G. L Taylor. 

In order to farm a picture of the shape of the body whose equation is 

r = a -\-b' sin 2to cos 0, (43) 

one can imagine a series of sections by planes perpendicular to the axis of x. 
These are shown in figs. 5a and 5b. Fig. 5a gives the sections of the half of 
the body for which x is positive and fig. 5b for the negative half. It will be 
seen that the essential feature is that the body is circular in the central section 



0 =^ 0 . 



and that it has a flattened nose and tail, but the direction of flattening at the 
nose is at right angles to the direction at the tail and each is at 45° to the axes 
of y and z. The asymmetry is, in fact, that possessed by a tetrahedron about 
the line joining the mid-points of opposite edges. If a body of this shape is 
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plaoed in a converging stream of fluid it gives rise to a valne of / equal to 
$6'Ua®, bo that 

L = - V nE6TJa*. (44) 

In the converging part of the apparatus shown in fig. 4 E is negative, so 
that L is positive. The reaction between the fluid and the body is therefore 
such that the body tends to turn in the direction of increasing w, namely, that 
shown by the arrow in fig. 5 a. 

Since the wind is blowing downwards in the apparatus shown in fig. 4, 
figs. 5a and 5b show the contours of the body when seen from below. The 
positions of the glass plates in the apparatus of fig. 4 are also shown in figs. 
5a and 5b : it will be seen from the direction of the arrow in fig. 5a that in the 
converging channel the body tends to set itself so that the flattened lower end 
is parallel to the glass plates while the flattened upper end is perpendicular 
to them. This is a position of stable equilibrium. Another stable position 
ean evidently be found by rotating the body through 180° round the wind 
direction, and these are two intermediate unstable positions of equilibrium at 
right angles to them. 

A perspective sketch of the body r = a -f- b’ cos 0 sin 2o is shown in fig. 5o. 

If the body is lowered through the point of maximum constriction of flow 
into the diverging part of the channel in the apparatus shown in fig. 4, E 
changes sign. The stable positions of equilibrium become unstable and 
unstable positions become stable. The body should therefore rotate through a 
right angle as it passes from the converging to the diverging part of the channel. 

These predictions were completely verified. The body used was not, in fact, 
the body whose equation is r = a -(- b' sin 2 w cos 0, because the 
flow round bodies which are nearly spherioal is known to be 
quite unlike the flow contemplated in hydrodynamical theory. 

In order that the actual flow may resemble at all closely the 
theoretical irrotational flow, the body must be Bmooth and 
elongated. Accordingly a body 1 was made in which the essential 
.feature of the symmetry about the wind direction, or axis of x, 
of the body represented by (43) was preserved, but the length 
was six times the maximum diameter. This body was made by 
flattening the two ends of a circular cylinder into two knife 
edges at right angles to one another, as shown in fig. 6. It 
was then rounded off carefully so that there were no sharp 
edges to spoil the flow except the knife edges at the nose and tail. It 
was suspended by a silk thread at S and hung in the wind tunnel shown 

x 3 



Fra. 6. 
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in fig. 4, bo that it would be raised or lowered through the central part oI 
the channel. 

When a draught was created by applying a vacuum sweeper to the lower 
end of the ohannel, the body set itself so that the upper knife edge was per¬ 
pendicular to the glass plates when it was in the upper converging part; but 
it turned through a right angle when lowered through the point of maximum 
constriction into the diverging part of the channel. 

It appears, therefore, that the predictions of mathematical theory as to the 
effect of two types of asymmetry in the flow on corresponding types of 
asymmetry in the body are completely verified by experiment. 

It is well known that the flow of fluid past a body differs considerably from 
that contemplated by irrotational theory even in the case of elongated bodies, 
but the flow at the forward end is far more like the theoretical flow than that 
behind the mid-ship section. In order to separate the effects of asymmetry 
of the flow and the body at the forward end from those 
at the after end, the body Bhown in the perspective 
sketch (fig. 7) was made. One end was cut to a knife 
edge like the body previously described, while the other 
end was turned to a point in a symmetrical ogival shape 
like the nose of an airship. There were no sharp edges 
except at the nose and tail of the body. 

When hung in the converging channel with its point 
downwards and knife edge upwards, this body set itself 
with its knife edge perpendicular to the glass plates. 
When hung in the converging channel with tho point on 
top, the knife edge at the bottom set itself parallel to the 
glass plates. It appears, therefore, that the agreement 
between theory and experiment extends to the tail end 
of the body when the body is of the “ easy ” shape 
shown in fig. 7 

A body cut into the shape of half a magnifying lepp 
and hung from the middle point of its curved edge 
set itself perpendicular to the glass plates m the con¬ 
verging part and parallel to them in the diverging 
part. The two positions of this body are shown in 
fig. i. 

A body shaped like a whole magnifying lens or disc sets itself in the «»«« 
position as that assumed by the half disc. If the flow were accurately the 



Fio. 7. — Body with 
circular cross-scc- 
tions in lower half, 
finishing in a point», 
and elliptical crow- 
, sections in upper 
half with knife-edge 
on top. 
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irrotational flow contemplated by theory, the stream should exert no directive 
effect on a body with this kind of symmetry. Failure of the stream lines to 
close in at the after end of the body in manner indicated by irrotational theory 
would, however, weaken the negative directive effect of the rear portion com¬ 
pared With the positive effect of the front portion, It Beems clear that this 
is the reason for the observed orientation of a lenticular-shaped body hung 
from a point in its curved edge. An oblate spheroid with one of its maximum 
diameters along the wind direction behaves in the same way. The experi¬ 
ments here described are very easy to carry out with a domestic vacuum cleaner, 
but in making a body like that shown in fig. 7 great care has to be exercised 
to keep it symmetrical and to hang it symmetrically. In my experiments 
I controlled it with a magnet, inserting a small magnet in the body perpendicular 
to the axis When the flow was established I removed the control. 

In conclusion I should like to express my thanks to Mr. W. S. Farren for 
preparing the three perspective sketches of figs. 2, 5c and 7, and to Sir Ernest 
Rutherford for facilities for making the experiments. 


On the Decomposition of Ammonia by High-Speed Electrons. 

By Prof. J. C. McLennan, F.R.S., and Gilbert'Greenwood, M.8c., 
University of Toronto 

(Received June 28, 1928.) 

Introduction. 

During recent years a knowledge of the ammonia equilibrium has attained 
a great technical importance. The fact that ammonia decomposes under the 
action of an electric Spark or on passing through a red-hot tube was known 
aa long ago as in the time of Priestly. It was, at this time, regarded as a com¬ 
plete decomposition. The first indication of a certain quantity of the ammonia 
remaining undecomposed, and thus of the balanced nature of the action, was 
obtained by Deville* m 1805. Measurements on the variation of the 
equilibrium with temperature, at atmospheric pressure, were made by Habei 
and Oordt.f They found that at 1020° C. the equilibrium mixture contained 
• ‘ C. R.,’ vol. AO, p. 317(1865). 
f ‘ Z. f. anorg Chem.,' vol. 44, p. 341 (1905). 
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only 0-012 per cent, by volume of ammonia, whilst at 27° 0. the concentration 
of amm onia, was 98*51 per cent. However, at this low temperature the speed 
of attaining the equilibrium was very slow. Many investigations have been 
carried out by various methods and different results obtained. The photo¬ 
chemical decomposition was investigated by Kuhn,* who reported that the 
decomposition was complete. The equilibrium under the action of a-rays has 
been studied by Lind and Bardwoll.f and these authors concluded that 
equilibrium would be established when 83*3 per cent, of the ammonia was 
decomposed. Decomposition by means of the silent electric discharge was 
studied by lie Blanc and Davies, J who found that the equilibrium was not 
governed by the ordinary laws of mass action. 

Experiments with low-voltage electrons have been carried out by Anderson,] 
and by Caress and Rideal.|| In these experiments, however, the gases were 
in oontact with the glowing filament, which produced the electrons, and thus 
thermal effects, as instanced by the work of Schwab,^ HinBhelwood and Burk,** 
might be present. It seemed, therefore, of interest to investigate the decom¬ 
position of ammonia by means of electron bombardment under Buch conditions 
that the thermal effects were eliminated, and a possibility of attaining thiB 
was offered by the use of the new Coolidge cathode-ray tube. 

Description of Apparatus. 

A diagrammatic sketch of the apparatus is given in fig. 1. The cathode-ray 
tube, which was constructed in this laboratory, was similar to that described 
by Coolidge.fi It consisted essentially of a large glass bulb B, with three side 
armB. One of these served for the introduction, and the holding in position, 
of the hot filament C. A second arm oarried the conical-shaped copper tube D, 
along which the cathode rays passed, to emerge finally through a thin window 
of “ resistal ” metal mounted in the metal end-piece, and supported by a grid. 
The third Bide-arm led to a mercury-vapour diffusion pump, and a rotary oil 
pump, which served to evacuate the tube. The accelerating potential waa 
applied between the filament and the copper tube. It was produced by mean* 

* • C. R., 4 vol. 177, p. 960 (1923); ‘ J. de Chem. Phyi.,’ vol. 23, p. 621 (1926). 
t * J. Am. Chem. Soc., 4 vol. 60, p. 746 (1928). 
t * Z. f. Elektrochem.,’ vol. 14, p. 361 (1008). 
f ‘ Z. f. Phyrik,' vol. 10, p. 64 (1922). 

|| 4 Roy. Soc. Proo.,’ A, vol. 116, p. 684 (1927). 

1 4 Z. f. phye. Chem.,’ vol. 128, p. 161 (1927). 

*• 4 J. Chem. Soc.,' vol. 127, p. 1106 (1926). 
tf 4 J. Franklin Inet.,’ vol. 202, p. 698 (1928). 
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of a transformer, uBed in conjunction with a mechanical rectifier. The centre 
of the transformer was earthed, and, as a result of this, the filament was at a 



high negative potential whilst the copper-tube window and end-piece were at a 
high positive potential. Both ends had therefore to be insulated. The 
filament was heated by a battery of about 12 volts, which was supported on an 
insulating table. Junction between the glass of the tube and the end-piece 
was made by means of a wax seal, and in order to keep this seal hard it was 
cooled by a stream of cold water, which was circulated round it by a pump. 
This cooling device also had to form an insulated system. 

The ammonia gas to be submitted to the action of the cathode rays was 
contained in the vessel E. This vessel fitted into an annular groove at H in 
the metal end-piece, and a vacuum-tight seal was made by means of wax. 
Leading into the reaction vessel was a tube from a reservoir, in which ammonia 
gas could be stored. This supply could be closed off by means of the tap T x . 
Evacuation of the reaction vessel could also be effected through this tap by 
means of a T-piece, and a tube leading to a pump. A second tube led from the 
reaction vessel to a McLeod gauge. In order to prevent any mercury being 
shot over from this gauge into the reaction vessel, a trap G was inserted 
between the two. The gauge could also be closed off from the reaction vessel 
by means of a tap T«. A calibration of the potential applied to the tube was 
made by means of a graduated spark-gap supplied by the Victor X-Ray 
Corporation of Chicago. 

Preparation of the Oases and their Analysis. 

Ammonia .—The gas was liberated from a strong aqueous solution by gentle 
heating. It was passed through a drying train consisting of tubes of quick¬ 
lime and tubes of phosphorus pentoxide. The dried gas was then solidified 
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in a fractionating vessel by means of liquid air. Any adventitious permanent 
gases were removed by the evacuation of both the fractionating vessel and 
the storage reservoir Fractionation was carried out, and the middle fraction 
only of the ammoma was collected in the reservoir. 

Aft/rogrcti.—This gas was prepared by the action of bromine on an aqueouB 
solution of ammonia. The moist gas was passed through a liquid air-trap 
and through tubes containing caustic potash to remove traces of bromine, 
through calcium chloride to remove traces of ammonia, and finally through 
tubes of phosphorus pentoxide. The dried gas was collected in a suitable 
storage vessel. A quantity of the gas could be passed from this vessel into tho 
ammonia reservoir, and in this way a mixture of tho two gases made. The 
approximate composition of the mixture was controlled by readings on a 
pressure gauge connected to the ammonia reservoir. 

Hydrogen.—The hydrogen was prepared by the electrolysis of a baryta 
solution in a suitable eudiometer. The oxygen was allowed to escape whilst 
tho hydrogen was led through a liquid-air trap, and a series of phosphorus 
pentoxide drying tubes into the same storage vchscI as was used for the 
nitrogen. Mixtures of hydrogen and ammonia could be made when desired. 

Analysis of the Mixtures -A side-tube from the ammonia reservoir led to a 
simple analysis apparatus, in which the volume of the dry gas mixture could 
be read. The sample was then driven over into an absorption vessel containing 
strong sulphuric acid. When the ammonia waB absorbed, tho residual gas 
(nitrogen or hydrogen) was drawn back into the measuring vessel, and again 
measured under the same pressure as before. 

Experimental Procedure. 

Tho reaction vessel was filled with the experimental gas m the following 
manner: By means of the pump, the vessel and the connecting tubes as far 
as the tap T s of the gas reservoir wen- evacuated to a pressure of about 
1/50 mm. The pump was then shut off by means of the tap T 3 and the 
experimental gas allowed to enter the vessel to a pressure of about 3 cm. Tho 
system was again evacuated to the low pressure, and gas admitted a second 
time. Small quantities of gas were then removed by the pump, and the 
pressure read each time on the gauge until the desired gas pressure in the vessel 
was reached. In this way the pressure could bo adjusted to within 1/25 mm. 
of any desired value. The tap T x was then closed and a pressure reading made: 
after 15 minutes a second pressure reading was made as a test for the absence 
of leaks. If there had been no change in pressure during the 15 minutes, the 
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actual experiment could be started. If, however, there was a leak the tapB had 
to be cleaned, or the wax joint at H improved, and the filling of the tube 
repeated. 

The cathode rays were now switched on and bombardment of the gas 
carried out for a definite penod of time, usually 2^ minutes. The rays wen* 
then turned of! and the pressure of the gas measured. The rays were then 
turned on again, and after a further period of time another pressure measure¬ 
ment made. That this mode of measurement -stopping the bombardment 
during the reading of the pressure—-is justified is shown by the fact that the 
same pressure readings are obtained immediately after stopping the bombard¬ 
ment and after waiting another 15 minutes, without turning on the rays. This 
fact is also of importance in showing that the increase of pressure was not duo to 
a rise of temperature Further proof of this is to be found m an experiment 
carried out with argon (sec later) Throughout the whole course of this argon 
experiment, there was no increase in pressure, thus proving conclusively that 
the increase was not due to a rise of temperature. Since the ratio of the 
reaction vessel to the total volume of the system- -t e., the ratio of the quantity 
of gas irradiated to the total volume of gas—was known, a Bmall correction 
could be applied to allow for the gas in the gauge being shielded from the action 
of the rays. 

Preliminary Results. 

An experiment carried out m the manner described above, with ammonia 
at a pressure of about l mm., showed a doubling of the pressure —i <?., complete 
decomposition—in about three minutes. An examination of the time-pressure 
curve, from the point of view of chemical kinetics, showed that the action 
was monomolceular, except for the final stages. Similar results have been 
obtained by Pohl* in investigations of the decomposition of ammonia by means 
of the silent electric discharge. Since the metal end-piece was at a high 
potential, and the gas in the reaction chamber at a low pressure, one might 
suBpect that the, decomposition was due to a silent electric discharge, especially 
since a distinct glow was to be seen in the reaction chamber. An attempt to 
eliminate this discharge was made by shielding the ammonia gas from any 
electric fields by coating the chamber with tmfoil, which was brought into 
intimate contact with the charged metal end-piece. To prevent any discharge 
taking place m the McLeod gauge itself, a large metal vessel, provided with 
doors, was built up round the gauge. The doors could be opened after an 

* 4 Ann. d. Physik,’ vol. 21, p. 879 (1906). 
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experiment in order to read the pressure. Under these conditions the decom¬ 
position of the ammonia was quite different from the monomolecular reaction 
caused by the silent discharge. A test experiment with argon was made at 
this stage. After irradiation for one hour with the cathode rays there was no 
increase of pressure, thus showing that no gas was being liberated from the 
walls of the vessel or the gauge, nor—as previously mentioned—was elevation 
of temperature playing any part. At this stage of the work another interfering 
factor was noticed. It was found that sometimes the pressure-time curves 
were straight lines, and at other times curves decreasing in slope and gradually 
approaching a constant pressure value. It was soon found that the straight 
lines were only obtained when a new glass reaction chamber was UBed, or when 
the chamber had been exposed to the atmosphere for some considerable time. 
Beginning with a new chamber, the straight line type of decomposition was 
obtained for the first two or three experiments, the next experiment would be 
of an intermediate character, and after this the second type if curve would be 
obtained. This final type of curve could be repeated as many times as desired. 
Now a straight-line time-pressure curve for decomposition indicates that the 
rate of the reaction is independent of the concentration of the reacting gas. 
The usual cause of such behaviour is to be sought in a surface reaction, and 
this would seem highly probable, on account of the change in the nature of the 
reaction, after the surface had been out of contact with the air for some time. 
A varying sensitivity of rilica surfaces has been noted by Hinshelwood and 
Burk in the thermal decomposition of ammonia. A possible explanation of 
the observed phenomenon is that glass, in its original state, possesses the 
property of catalytically decomposing ammonia under the influence of cathode 
rays, and that thiB property is destroyed by prolonged exposure to ammonia, 
hydrogen or nitrogen. The experiments about to be described were all carried 
out with the glasB vessel in the final non-active state. 


The Decomposition of Pure Ammonia. 

The first series of experiments to be carried out under the conditions 
described above was designed to test the effect of varying the voltage applied 
to the tube. In these experiments the pressure of the ammonia gas—i.e., its 
concentration—was kept constant: the current passing through the cathode- 
ray tube was also constant. The pressure of the ammonia was 1 mm., and the 
tube current 0*2 m. amp. The general type of pressure-time curve is shown 
in fig. 2: the pressure, which rose rapidly at first, gradually tended to a fixed 
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ammonia whioh had been deoompoeed. Fig. 2 illustrates a few of the curves 
obtained when different voltages were applied to the tube. At a voltage of 
70,000 there was no increase of pressure and thus no decomposition. When the 
voltage was suddenly increased from 70,000 to 115,000, decomposition set in 
at this point. The amount of decomposition was a function of the applied 
voltage. Table I gives details of the results thuB obtained. 
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Tabic I. 


Voltage 

60 

70 100 

115 

135 ' 

150 

165 thoound volte 

PreMure of NH, 

1 06 

1 02 1 01 

1-06 

0-98 

0-99 

1 02 mm. 

% decomposition 

0 

0 | 8 5 

9-6 

153 

19 

24-5 


These measurements give the somewhat surprising result that the percentage 
decomposition of the ammonia is a linear function of the voltage applied to the 
cathode-ray tube. This is well illustrated by the graph of fig. 3. An extra¬ 



polation of the straight line to the axis of zero decomposition gives a critical 
value of voltage of 82,000 volts. One might expect that this critical voltage 
was the voltage required to bring the electrons through the window of the tube. 
Confirmation of this view was obtained by making “ blue print ” pictures of the 
electron beam in the manner described by Coolidge. When the voltage applied 
to the tube was 80,000, no impression was obtained on the sensitive paper, 
whilst an applied voltage of 86,000 gave a distinct picture of the electron beam. 

The second scries of experiments was a test of the variation of the decom¬ 
position with the pressure of the ammonia, the value of the applied voltage 
and the filament current being constant. Their values were 115,000 volts 
and 0*2 m.amp. respectively. Time-pressure curves of the type described 
were obtained, and details of the results are given in Table II. 
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Table II. 


Pnmuh 

0 88 

0 88 

1 06 

1 

1 29 , 

1-80 2 24 

2 68 3 26 4 07 mm. 

% deoompoaition 

29 4 

15-2 

9 6 

s. | 

8 1 4 0 

3 1 2 4 0 


These results are illustrated graphically in fig. 4. It will be seen that the 
amount of decomposition was very sensitive to pressure changes. At low 



pressures—0-68 mm —it was comparatively large, and was changing rapidly. 
It was impossible, with the McLeod gauge used, to obtain results at pressures 
much lower. At higher pressures, but still only a few millimetres of mercury, 
it was impossible to obtain evidence of any decomposition. 

Let us consider the decomposition process as presented by the time-pressure 
curves of fig. 2 in greater detail. When the action begins— i.e , for f = 0—the 
speed of the change of pressure is a measure of the speed of the action 
NH S - N + 3H 

ass uming that any formation of molecular hydrogen or nitrogen proceeds 
at a much greater rate. At later stages of the action other processes are set 
up, e.o., the reverse action 

N + 3H -*• NHj 

and also possibly a retarding action of the nitrogen, the hydrogen, or of both, 
upon the decomposition of the amm onia. Thus at any point after a time, sc, 
the speed at which the action is proceeding is the resultant of the speeds of 
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these various actions. Now the measure of the speed of the action at the time 
2c is given by the tangent to the time-pressure curve at this point. Thus the 
tangent to the ourve at the time 0, or at the point where the primary action 
is free from these secondary effects, will be a measure of the speed of the 
primary decomposition. The change of pressure, over short time intervals 
during the first stages of the decomposition, was determined from the curves, 
and these rates of change plotted against the quantity of decomposed ammonia. 
The rate of change for zero decomposition was then determined by extra¬ 
polation. In this way the following figures were obtained 


Table III.—Variation of Speed of Decomposition with Pressure of Ammonia. 


Preware of NH, 1 0 68 

0-86 

1 06 

1-29 

1-60 

2-24 

2-68 

3-26 mm. 

dp/dt mm. per min. | 0 070 

0-078 

0-062 

0-068 

0 060 

0 068 

0 068 

0-066 


Mean dp/dt = 0 066. 


Table IV.—Variation of Speed of Decomposition with Applied Voltage. 


Applied voltage 
dpfdt mm. per min. 


180 
0 090 


165 thousand volte. 
0108 


It is thus to be seen from these tables that, with an electron beam of constant 
speed and intensity, the rate of the primary decomposition is independent 
of the pressure of the ammonia—that is to say, that each electron, having a 
definite velocity dependent on the constant applied voltage, is responsible for 
the decomposition of a definite quantity of ammonia molecules. In other 
words, the ratio 

_ number of ammonia molecules decomposed 
number of electrons causing decomposition 
is independent of the pressure of the ammonia, 

Prom the second set of values (those for the experiments carried out at 
constant pressure with electrons of different speeds) it is to be seen that this 
ratio increases with the speed of the electrons. 

These facts are, qualitatively at least, in agreement with the data on the 
composition of the equilibrium mixture. Consider first the experiments at 
constant voltage. The speed of the decomposition of the ammonia is inde¬ 
pendent of its pressure. Now equilibrium will be attained when the speed of 
the reverse action becomes equal to this speed of decomposition. The speed 
of this reverse action will be proportional to the number of collisions between 
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the H and N atoms, t.e., proportional to the amount of these atoms, or to the 
pressure of the ammonia. Hence, as the pressure increases the speed of 
re-combination will increase, and thus the quantity of ammonia in the 
equilibrium mixture will increase. In the case of the experiments at constant 
pressure and increasing electron speed, the rate of the decomposition increases 
with the speed of the electron, whilst we may assume that the rate of reunion 
is a process affected only slightly, or not at all, by the electrons, and that it 
will thus remain constant. Thus the amount of ammonia m the equilibrium 
mixture will decrease with increasing electron speed. 

The Effect of the Decomposition Products on the Course of the Decomposition. 

As described above, the effect of the presence of hydrogen and nitrogen in 
the proportion of three volumes to one is to cause a stopping of the reaction 
and the establishing of an equilibrium. It will therefore be of interest to 
investigate the effect of adding either nitrogen or hydrogen to the gas mixture. 
Mixtures of hydrogen and ammonia and of nitrogen and ammonia were made 
and submitted to the action of cathode rays produced when 115,000 volts 
were applied to the tube. The tube current was again 0-2 m. amp. Experi¬ 
ments were carried out at various pressures, and the results compared with 
those previously obtained for pure ammonia under these same conditions. 
Table V gives the values obtained using a mixture of ammonia and nitrogen 
containing 14-1 per cent, of nitrogen. 

Table V. 

Total prawn ro ' 0 81 j 1 10 I 1 37 j 2 2 mm 

Part prawuro of NH t 0 70 ! 0 96 I 1 18 i 1 09 mm. 

% decomposition ! 33 0 i 20-0 | 13 1 | 7 4 

_J_ I 1_l__ 

Table VI gives similar results obtained using a mixture of ammonia and 
hydrogen containing 9-1 per cent, of hydrogen. 


Table VI. 


Total pleasure 

O 06 

1 0 77 

0 99 

1 25 

1-64 nun 

Part pressure of NH, 

0 69 

1 0-70 

0 90 

113 

1 149 mm 

% decomposition 

150 

12 9 

8-4 

ns 

0-9 


These values are illustrated by fig. 5, where the percentage decompositions 
are plotted against the reciprocals of the pressure of the ammonia. The 
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presence of excess nitrogen has the property of increasing the quantity of 
ammonia decomposed when the equilibrium has been established, whilst the 



Reciprocal of Pressure. 

Fio. 8 

presence of excess hydrogen decreases the amount of decomposition. It is 
therefore at once evident that the ordinary laws of mass action do not apply to 
this equilibrium, since both an excess of hydrogen and an excess of nitrogen 
would result in there being a small quantity of ammonia decomposed when 
the equilibrium was established. This result may be compared with that of 
Lc Blanc and Davis, who found that in the decomposition of ammonia by the 
silent electric discharge the mass laws could not be applied, and that the 
presence of excess hydrogen decreased the speed of decomposition, whilst the 
presence of excess nitrogen increased it Further light can be thrown on the 
specific effects of the excess of hydrogen or of nitrogen by determining their 
effects on the primary decomposition process by the method already used in the 
case of pure ammonia. Table VII gives the results so obtained. 
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Table VII. 


Excess of nitrogen (14 • 1 per cent.). j 

Excess of hydrogen (9-1 per cent.). 

Part pressure of NH,. 

dp 

dt 

Part pressure of NH,. 

dp 

dt 

mm. 




0-70 

0 065 

0 65 

0 029 

0-95 

0 060 

0 70 

0 020 

1-18 

0 067 

0-90 

0 024 

199 

0 070 

120 

0 018 

Mean «■ 0 065. 

Mean - 0 023. 


It is again to be seen that the speed of the decomposition is independent of 
the absolute value of the gas pressure, and that the presence of extra nitrogen 
has no effect on the speed. Just as in the previous experiment, the addition 
of extra ammonia—t.e., increasing the pressure from 0-68 to 3-26 mm.—had 
no effect on the speed of decomposition, so is the extra nitrogen quite inert. 
In the case, however, of additional hydrogen, the result is different; the 
diluent is no longer inert, the speed of decomposition is decreased. The 
amount by which the speed is decreased is constant for mixtures containing the 
same proportion of hydrogen. 

I desire to acknowledge my indebtedness to the National Research Council 
of Canada and to the Carnegie Corporation for aid in helping me to meet the 
cost of this investigation.—J.C.M. 


VOL. OXX.—A. 



296 


An Investigation of the Absorption Spectra of Water and Ice, with 
Reference to the Spectra of the Major Planets. 

By Prof. J. C. McLennan, F.R.S., R. Rukdy, D.So., and A. C. Burton, M.A. 

(Received June 28, 1928.) 

[Plates 8-10.] 

The spectra of the light of the sun reflected from the major planets—Jupiter, 
Saturn, Uranus and Neptune—were photographed by Slipher* in 1909. Those 
spectra showed a general similarity in that there were a number of absorption 
bands superimposed on the ordinary solar spectrum. The intensity and width 
of these absorptions varied from planet to planet, increasing in general from 
Jupiter to Neptune in the order quoted. Of the chemical identity of the bands 
little is known. Some- -C and F, fig. 4, for example—can be attributed to 
absorption by atomic hydrogen in the atmospheres of the planets; others 
, might be due to water-vapour, though other water-vapour bands do not 
appear. The outstanding unidentified bandsf which are common to the 
spectra of the four planets are (sco fig. 4, Plate 10) 

(a) At X = 5430 A.—A rather weak band in the spectra of Jupiter and 
Saturn, but very strong in those of Uranus and Neptune 

(b) At X = 6190 A.—This is the mid-point of a conspicuous and dense 
band appearing in the spectra of all the four planets, broadening from a 
width of some 50 A in that of Jupiter to some 200 A in that of Neptune. 
Although quite strong m the spectrum of Jupiter, it showed no tendency 
to become resolved in the high dispersion plates taken of the spectrum of 
this planet. 

(c) A strong double band at X — 7200 to 7260 A recorded in the spectra 
of Saturn and Jupiter, and probably just as strong in those of Uranus and 
Neptune, but not recorded because of the insensitiveness of the plates in 
this region. 

About these three bands Slipher says : “ There is no hint as to the identity 
of the band at X 5430 or of that at X 6190. The band at X 7200 is 

* ‘ Lowell Observatory Bulletin,* No. 42 (1909). 

t There Is a strong unidentified band at X = S762 A in the spectrum of Neptune. It 
appears in the spootrum of Uranus as well, but Slipher states it is to be seen on only a part 
of his plates for Jupiter and Saturn. 
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practically coincident with the strongest band of water-vapour, but, as none 
of the other water-vapour bands are visible m the spectra, the quantity of water 
on these planets is at most only comparable with that in the telluric air.” 

T)u> Absorption of Water. 

As a starting point in the investigation, the absorption of water was 
examined. 

Abney,* m 1883, investigated the absorption of water in cells up to 2 feet 
in thickness, using a thermocouple, for the purpose of comparison with the solar 
thermograms obtained by Langley. His curves show absorption maxima 
at X = 7200 A and a slight maximum at X - 6200 A, even with £-inch of water 
only. The latter band has been observed and noted visually by Russell and 
Lapraik,t using 14 feet of water. The most complete investigation was made 
by AschkmassJ in 1895, using a bolometer. He obtained curves of absorption 
using different thicknesses of water from a few centimetres up to 100 ems, 
The curve for 100 cms. of water shows a maximum at X = 6100 A, and, in 
addition, smaller maxima at X = 5550 and 5150 A, though the absorption 
here is very slight. Ilufner and Albrecht,§ working with 125 cms. of water, 
used a visual comparison method, but obtained a steady increase of transmis¬ 
sion coefficient rather than maxima of absorption. There have been numerous 
measurements on the water-vapour and water bands in the infra-red at 0- 81 p 
and longer wave-lengths, and most of these bands have been resolved into their 
components by Sleator and Phelps,|| Hettner,|| Collins|| and Witt || The ultra¬ 
violet bands have been examined by Jack 
It was evident that there w^ a possibility of identifying the band at 6190 A 
in the planets with an absorption band of water As the latter apparently 
had not been recorded photographically it was thought desirable to take photo¬ 
graphs of a continuous spectrum through considerable lengths of water, and to 
compare the results with the planetary spectra. 

The sourco used was a “ Pointolite ” lamp, which gives a spectrum that 
is completely continuous in the visible region. The spectrograph was a 

* ' Roy. Soc. Proo.,’ A, vol. 35, p. 330 (1883). 
t * J. Chem. Soc.,’ vol. 21, p. 168 (1881). 
t ‘ Ann. Phys. Chom.,’ vol. 55, p 401(1895). 
s ‘ Ann. Phys. Chem ,’ vol. 42, p 1 (1801). 

II Sleator, ‘ Aatrophya. J.,’ vol. 48, p. 125 (1918) j Sleator and Phelps, ‘ Astrophys. J.,’ 
vol. 62, p. 48 (1925); Hettnar,' Ann. d. Physik,’ vol. 55, p. 476 (1918); Collins, ‘ Phys 
Rev..’ vol. 20, p. 486 (1922); Witt, ‘ Z. f. Physik,’ vol. 28, p. 249 (1924). 
f * Roy. Soo. Proo.,’ A, vol. 115, p. 373 (1927). 
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constant deviation instrument made by The Adam Hilger Co. Ilford panchro¬ 
matic plates were used in the first instance. 

A photograph taken through 100 cm. of distilled water showed no distinct 
absorption band in the region studied. A glass tube 4 metres long was then 
used. The photographs obtained are shown in Plate 8, fig. 1. (o) is the 

Neon spectrum, which is used for comparison throughout the photographs; 
(6) is the spectrum of the light through 4 metres of water, and (c) was obtained 
with the tube empty and the same time of exposure; (d) and (e) are from 
exposures with the tube full and empty respectively, the relative times of 
exposure being adjusted to give the same density in the green, in order to see 
if any absorption band were visible there. 

A glass tube giving a column of water 21-5 metres long was then constructed 
and used. The results are shown in Plate 8, fig. 2. A comparison with the 
tube empty is, of course, not possible here, as the Bame exposure would produce 
complete blackening of the plate. Various exposures were tried to see if any 
absorption in the green could be observed, but comparisons with the spectra 
through the empty tube show that the absorption band found by ABchkinass, 
if present, is too faint to be apparent photographically even with this length 
of water, (b) is one of such photographs (the comparison being Mercury). 
Green sensitive plates gave a similar negative result. 

The photographs with 4 metres of water show a diffuse absorption band 
with its sharper edge at about X = 6990 A, extending to about 6360 A. The 
centre of this band is coincident with that of the band m the planetary spectra ; 
its breadth is a little greater than thatinthe spectrum of Neptune, but consider¬ 
ably broader than in the spectra of the other planets. With the longer column, 
the short wave-length edge is shown much more distinct and sharp at about 
X = 6995 A, the other edge not being distinctly visible. There is the edge of a 
second band at about 6650 A, which seems to coincide with an absorption strong 
in the spectra of Neptune and Uranus, but weak in those of Saturn and Jupiter. 

Slipher used Seed plates that had been sensitised by dyeing in a dicyanine 
solution. Eastman 40 plates, which closely correspond, were therefore sensi¬ 
tised in a bath containing dicyanine and ammonia, the usual formula and 
method of operation being used (see Scientific Papers of Bureau of Standards, 
No. 422,1921). The bathing rendered the plates sensitive up to about 7600 A. 

Plate 10, fig. 4, shows the spectra obtained by Slipher, and beneath is a 
photograph taken through 4 metres of water on a sensitised plate. The 
similarity of the two bands visible on the plate to those in the spectrum of 
Neptune is obvious. The second band (whoso edge was visible on the pan- 
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chromatic plates) is seen to extend from about 6560 to 6700 A. Then there 
is a bright place on the spectrum, with its centre at about 6800 A, and the edge 
of a heavy band beginning at about 7000 A. 

In the spectra of both Uranus and Neptune, and to a less degree m those of 
the others, there is a broad band at 6670 A, which is practically coincident 
with a bright place in the water spectrum. In addition, there is in the spectrum 
of Neptune a strong broad band starting at 7020 A ; it is present faintly in the 
spectra of Jupiter and Saturn, and probably in that of Uranus, though here 
the spectrum is too faint for certainty. This may be identified with the edge 
of a third band obtained with water at 7000 A. The lower plate shows the 
sensitivity of the dicyanine bathed plates. As can be seen, there is quite a 
pronounced maximum sensitivity at about 7000 A. 

The uncertainty of the results obtained with the use of dicyamne is well 
known, and it is thought that the small apparent shifts of intensity may be 
attributed to the action of the dye, as well as to the differences in the intensity 
distributions of the source used in the laboratory and of sunlight It is believed 
that the broad heavy absorptions in the red, at any rate in Uranus and 
Neptune, are identical with those of water. 

The band at 5430 A in the green remains unidentified. It is seen that 
although Aschkinass obtained maxima of absorption in this region using 
1 metre of water by a radiometric method, photography with as much as 
21*5 metres of water was unable to show such maxima. The absorptions of 
very great thicknesses of water have been observed by the lowering of 
instruments into the sea and lakes, by Aitken,* Bertel,* Aufsess,* Vogel,* 
Pietenpol,* and others. The methods used were, in general, rough observation 
only, the aim being in many cases other than purely physical. None of the 
later observers record selective absorption m the green, but Vogel, 1895, 
observed that m the light of the “ Blue Grotto ” there was a strong absorption 
between the Frauenhofcr lines E and b (5270 and 5170 A). On the other hand, 
Bertel records that the green light was present in depths up to 300 metres. 
The evidence points to the conclusion that though water may have a selective 
absorption in this region, the band at 5430 A in the planets is not due to water. 


* Aitken, ‘Boy. Soo. Proo.,’ Edm., vol. 11, p. 472 (1882); Bertel, ‘Bull, de 1’Inst. 
Ooeanog.,’ Monaco, No. 219 (1911); AuImmw, ‘ Inaug. Dias.,’ MUnohen (1903), Vogel, 
‘Pogg. Ann.,’ vol. 0, p.325 (1876), and vol. 64, p. 176(1895); Pietenpol, ‘ Tran*. Wiaoomln 
Acad. Sol.,’ vol. 19 (1918). 
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The Absorption of lot. 

Until 1914 it was thought that the extremely vigorous circulation of the 
atmospheric clouds of the major planets must indicate very high temperatures, 
but the delicate radiometric measurements of Coblcntz have shown on the 
contrary that the surface temperature is probably as low as — 140° C. 
Russell* suggests that there is a warmer temperature at the surface of the 
planets, and that their atmospheres contain layer upon layer of clouds of 
condensed gases, such as carbon dioxide, at levels where the temperature is 
appropriate. 

It was thought of interest, therefore, to obtain photographs of the absorption 
of ice in the visible region, to see if they showed marked differences from those 
of water, and which of the two more nearly resembled the planetary spectra 

Saunders,f in 1899, was the first to study the absorption of ice from the 
visible to 3*2 p, Bodo.J in 1909, found that it absorbed 93 per cent, of the 
energy at 1 p with a thickness of only 0 • 01 cm. Plyler,§ in 1924, using a bolo¬ 
meter, investigated the infra-red absorption from 0*7 p. He found that the 
bands of water-vapour and of water were present, but were shifted towards the 
longer wave-lengths. He looked upon it as confirming Sutherland’s!| suggestion 
that water is a mixture of (H 2 0) a and (H 3 0) 3 , and that ice is (H 2 0) 3 . 

It was found impossible to obtain great lengths of natural ice that were 
sufficiently clear, or to freeze a column of clear ice, so a number of blocks of 
artificial ice, each a little over a metre in length, were used. When the faces 
of these had been rendered clear and plane by the application of a hot steel 
plate, and they were placed end to end, they were found to transmit a remark¬ 
able amount of light. Photographs of the spectrum of the source were taken 
through 4 metres, 8 metres and 14 metres of ice. No estimate of the actual 
absorption coefficients can be made from the photographs, as the loss of 
bght by scattering and reflections at the faces of the blocks was large. 
Plate 9, fig. 3, shows the result. 

There is a very marked difference from the absorption by water, as will be 
seen on comparison of fig. 3 (d) with fig. 2 (o) The absorption by ice has no 
distinct edge, but gradually increases. There is evidently a considerable 
shift of the absorption bandB towards the longer wave-lengths, there being 

* ‘ Scientific American,’ p. 312 {1927). 
t ’ Johns Hopkins Uwv. Circ.,’ No. 140 (1899). 
j ‘ Ann. d. Physik,’ vol. 30, p. 320 (1909). 

§ ‘ J. Opt. Soc. of America,’ vol. 9, p. 640 (1924). 

|| ■ Phil. Mag.,’ vol, 80, p. 400 (1900). 



Absorption Spectra of Water and Ice. 301 


in ice very little absorption in the region where, with water, the absorption is 
very strong. 

Fig. 5 shows the curves given by a Moll microphotometer with the various 



(1000 6600 7000 6000 6000 7000 


Fig. 5. 

plates, (a) is that for 4 metres of water, (6) for 4 metres of ice. It will be seen 
that the band, at 6100 A with water, is present in the spectrum obtained 
with ice (though not obviouB in the prints), but shifted towards the longer 
wave-lengths by some 200 or 300 A. (c) is for 14 metres of ice, while (/) is for 
the 21-5 metres of water. The shift of intensity is again recorded, (d) is 
taken from Slipher’s spectrum of Uranus, and (e) is for 4 metres of water 
with the sensitised plate. 
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Sutherland* arrived at his conclusions that water is a mixture of (H,0), and 
(11,0)* and ice is (H,0), from considerations of a large number bf the physical 
peculiarities of water He looked upon the melting of loe as a phenomenon of 
dissociation rather than one of a pure change of state The fact that ice 
contracts on melting while its latent heat is positive is an indication of the 
validity of his theory He calculated that the dissociation heat of (H,0), to 
(H,0), was 180 calories per gramme 

Pernnf has fully discussed, and Franck}: has accurately vended the 
relation for dissociation processes 

h iv = D 

where D is the dissociation energy per molecule Using for D the value given 
bv Sutherland, we get for the shift of wave length 
d\ = 400 A, 

which is, at any rate, of the order observed Thus dissociation may explain 
the observed displacement of the bands 

Summary 

The absorption of water has been taken with columns 4 metres and 21 5 
metres long Using plates sensitised by dicyanino, three absorption bands have 
been photographed in the red each of which can be identified with bands m 
the planetary spectra 

The absorption of ice has been found using lengths up to 14 metres There 
is a marked difference from that of water the intensities being shifted towards 
the longer wave lengths 

It is concluded that the absorptions in the red common to the four major 
planets can be attributed to water, not as vapour or as ice, but in the liquid 
state Water vapour at very low temperatures might explain the absorption, 
but this can hardly be tested in the laboratory (the vapour pressure being so 
very low) How this absorption by liquid water can arise is not suggested 
The absorption in the green at 5430 A cannot be attributed to water and its 
identity is unknown Search is being made for it in the absorption of certain 
liquefied gases 

We wish to thank Dr Harold Jeffreys for suggestions in connection with this 
investigation One of us (J C M ) desires to acknowledge his indebtedness to 
the National Research Council of Canada and to the Carnegie Corporation for 
aid in meeting the cost of this investigation 
• Loe eU. 
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On the Luminescence of Solid Nitrogen under Cathode Ray 
Bombardment * 

By Prof. J. C. McLennan, F.R.S., H. J. G. Ireton, M.A., and E. W. Samson, 
M.A. 


(Received June 28, 1928.) 

[Plats 11.] 

Introduction. 

After the discovery by Vegardf of the luminescence which occurred in solid 
nitrogen under cathode ray bombardment at the temperature of liquid hydrogen, 
considerable interest was attached to it on account of his attempt to explain 
the well-known auroral green line as due to this luminescence under certain 
conditions in the upper atmosphere. His theory of the auroral line was not 
corroborated by the experiments of McLennanJ and others, who showed that 
the line was due to oxygen. But the luminescence in solid nitrogen retained 
a very considerable interest as an outstanding example of the phenomenon 
of luminescence. From this point of view its spectrum and its properties 
were further studied in this laboratory where there were available all the 
necessary facilities for low temperature research. The investigation was 
commenced by McLennan, Ireton and Thomson, § and the present research 
was a continuation of their work. Its object was to photograph the spectrum 
more completely, and to obtain further data in connection with the luminescence 
which might lead to an adequate explanation of the phenomena observed. 

Apparatus for Producing the Luminescence. 

The apparatus for producing the luminescence was with some few improve¬ 
ments in detail, the Bame as that described by McLennan, Ireton and Thom¬ 
son^ Use was made of a type of cathode ray tube designed by Dr. Coolidge,|| 
of the General Electric Company. With such a tube it was possible to obtain 

* One of the authors, Mr. E. W. Samson, Is indebted to the National Research Counoil 
of Canada for the award to him of a Studentship that enabled him to participate in this 
research. 

t ‘ Oommun. Phyi. Lab. Univ. Leiden,’ No. 175; ‘ Ana, d. Phyrik,’ voL 79, p. 377 
(1926). 

t ‘ Roy. Soo. Proo.,’ A, voL 108, p. 501 (1920), and voL 114, p. 760 (1927). 

I'Rpy.Soo. Proo.,’ A, voL 110, p. 1 (1927). 

||' J. Franklin Inst.,’ vol. 292, p. 693. 
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In the cathode ray tube itself a high vacuum was maintained. The elec¬ 
trons were projected at a high voltage out of a hot tungsten filament at D. 
They travelled down the centre of the copper tube F, and passed right through 
a thin window of a nickel alloy foil at N,* into the outer ohamber of the vacuum 
flask G r The tube was operated usually at a voltage near 160,000 volts, and 
with a current of about half a milbampere. These were supplied by a Victor 
Snook special transformer, with rotary rectifier, capable of giving voltages up 
to 200,000 and currents as high as 30 milliamperes. 

Liquid hydrogen contained in the inner flask G g of a double-walled German 
silver flask, served to freeze nitrogen, which was passed between the two 
walls, on the outside of the inner wall. The electrons passed through the 
foil window N, impinged on the frozen nitrogen, and produced a bright yellow 
green luminescence. The bottom H of the inner flask was flattened and set at 
an angle of 46 degrees so that the luminescence could be observed or photo¬ 
graphed through a quartz window Q, which was placed in the side of the outer 
wall of the flask. The outer chamber of the flask was kept evacuated during 
the operation of the apparatus. The nitrogen was produced by the action of 
ammonium chloride and sodium nitrite solutions when heated. The gas was 
passed through drying tubes of P a 0 6 and CaO and a liquid air trap before 


* These foils were kindly given to me by Dr. Coolidge.—J.C.M. 
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admission to the flask. Fresh nitrogen was admitted every half or three- 
quarters of an hour during an experiment. 


The Luminescence Spectrum. 

The spectrum of the luminescence from the solid nitrogen was photographed 
throughout the spectral region from 2000 A.U. to about 8600 A.U., by means of 
spectrographs of very high light power. 

Spectrogram I (Plate 11) was taken with a small glass spectrograph having a 
direct vision prism. An exposure of 9$ hours was given using a panchromatic 
plate. The lower comparison is the iron arc spectrum, the upper is the neon 
discharge tube spectrum. The central spectrum is that of luminescent solid 
nitrogen. It shows the prominent visible bands denoted by Vegard with tho 
symbols N 2 , N 1; and N 4 , namely, those at the mean wave-lengths 5230, 5609, 
and 5945 A.U. On the same plate there appears a very faint narrow band at 
6187 A.U, and a broad band, also very faint, extending from 6360 to 6500 
A.U., with its maximum intensity at 6400 A.U. This latter band is probably 
the one photographed by Vegard between 6320 and 6580, which he called N s . 
In the blue there is a broad continuous band between 4300 and 4900 A.U. 
with its maximum at 4600 A U. 

A strong band at 8535 A.U. was photographed on an infra red plate with the 
same spectrograph. 

In order to get photographs ovct a large range of the spectrum, with moderate 
exposures, a small quartz spectrograph with a 60 degree prism was used. It 
gave spectrograms in fairly good focus over tho whole range from 2000 to 8600 
A.U., and had an F number about 2. Its low dispersion, as well as its small 
F number, rendered it a powerful instrument for the detection of bands. When 
it was in use the slit was made as wide as possible consistent with good defini¬ 
tion, thereby further increasing the intensity of tho bandB on the plate. The 
measurements of the maxima of bands on photographs taken with such an 
instrument were, of course, subject to considerable error. Spectrograms II 
and III (Plate 11) were taken with this spectrograph. 

Spectrogram II (Plate 11) shows two distinct series of bands, one series con¬ 
sisting of narrow bands extending down into the ultra-violet, the other con¬ 
sisting of broad bands degraded towards the red. The wave-lengths of the 
maxima in these series are given in Table II, with the wave-numbers and wave¬ 
number differences. The differences for each series decreases gradually towards 
the lower wave-numbers. The series of broad bands, denoted by 0, was 
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observed by Vegard* when the solid nitrogen was bombarded with canal 
rayB, but the other series, denoted by B, was not. The comparison spectrum 
shown on each side of the nitrogen spectrum is that of the copper arc. 


Table I. 


2347 B, 
2479 B, 
2023 B, 
27(10 
2781 B. 
2903 

2901 B, 
3009 


3060 

3100 

3158 

3234 

3285 

3388 

3002 

3044 


4250 i 
4493 
4085 • 
4770 


52-1 

18 U. 

»J „ 


0187 

0400 N, 

0725 

8630 


Table II. 


B, 2347 4269 

C. 3106 3220 

220 

177 

B, 2479 4033 

C. 3285 3043 

222 

188 

B, 2023 3811 

C, 3502 2855 

210 

170 

B 4 2781 3595 

C 4 3732 2079 

219 

107 

B. 2901 3370 

C, 3980 2512 

210 

102 

B» 3168 3100 

C* 4255 2360 

216 

170 

B, 3388 2961 

C, 4585 2180 

208 


B, 3044 2743 



Spectrogram III (Plate 11) was obtained with 11 hours’ exposure on an infra 
red (neocyanin) plate, dyed with dicyanin to render it sensitive to the yellow 
and red regions to which it is ordinarily insensitive. The upper comparison 
is the spectrum of a mercury arc lamp, the lower is the spectrum produced in 
an argon discharge tube. In the red and infra red it shows the bands at 
8530 and 6400 A.U., and a new band at 6725 A.U. The rest of the spectrum 
is the same as that on Spectrogram II. 

All the bands which were observed are recorded in Table I. 

Visual Observations. 

The three strong bands N 1 , N, and N 4 could be seen in a hand spectrosoope. 
It was noted that the N, and N 4 bands had an appreciable period of decay, 


* Loe. cit. 
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while the N x band appeared to vanish instantly the source of excitation was 
cut off. This observation was confirmed by viewing the glowing surface 
directly through colour filters which were capable of isolating each of tho three 
bands. The colour was a strong yellow green during the excitation, which 
changed to blue green when the excitation stopped. The blue green then faded 
over a period of 2 or 3 minutes. If the Bolid nitrogen were allowed to warm 
up slightly after the luminescence had apparently ceased, however, the bands 
flashed out quite strongly again for a short time, and the N x band was present 
with the others. This always occurred when the liquid hydrogen evaporated. 
The appearance of the bands thus showed that they were all phosphorescent, 
since energy which could give nse to all of them was stored up during excita¬ 
tion. At liquid hydrogen temperature therefore the N t band waB in tho lower 
instantaneous state. At a little higher temperature it became thermolumi¬ 
nescent. As the temperature of the solid nitrogen rose gradually after the 
liquid hydrogen had gone, a point was reached where the luminescence effects 
disappeared totally, a short time before the nitrogen itself evaporated This 
was the upper temperature limit of the luminescence, and was therefore be¬ 
tween tho temperatures of liquefaction of hydrogen and melting of nitrogen, 
that is, between 21° K. and 62 ■ 5° K., and it was appreciably below the latter. 

The luminescence was viewed through a double image Wollaston prism to 
test for polarisation of the visible light. If there were any systematic polarisa¬ 
tion a difference of intensity of the two images should have appeared at some 
point as the prism was rotated. No such effect was found. Colour filters 
were used to isolate each of the N 2 and N 4 bands. No effect was observed. 
Faint polarisation however, might have escaped observation by this method. 

The Decay Curve*. 

Measurements were made on the rates of decay of the two strong bands 
N 2 and N 4 These measurements were made with a simple photometer for 
low brightnesses designed by Karrer and Poritsky,* at the Nela Research 
Laboratories, Cleveland, Ohio, and kindly lent to us by the latter. The 
instrument consisted of a Lummer-Brodhun cube through which the object 
and comparison light were viewed. The comparison light was from the 
interior surface of a paper fibre sphere which was diffusely illuminated by a 
small electric lamp. The intensity of the illumination could be altered by 
means of a variable aperture between the lamp and the surface. Scale read¬ 
ings of the six© of the aperture could be taken, and the curve of relative depletion 
• * J.O^A.,' and ‘ R.S.I..’ vol. 8, p. 356 (1924). 
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of the intensity with the scale readings was known. Colour filters were used 
which were capable of isolating each of the bands from all other bands which 
were strong enough to have an appreciable effect on the intensity. In making 
the measurements the photometer was directed towards the phosphorescent 
surface, and the colour filter was placed over tho eyepiece. The photometer 
scale was set so that the variable aperture was wide open, and the strength 
of the comparison light was adjusted by means of a rheostat until there was a 
match of intensity with the phosphorescence a few seconds after the electron 
bombardment was stopped. The rheostat was then left at thiB position and 
readings wore taken in the following manner. The photometer scale waB set 
at a given reading, so that the illumination of the comparison field was deter¬ 
mined. The solid nitrogen was bombarded for 10 seconds with the cathode rays 
at a definite voltage, then the liombardment was stopped and a stop watch 
started simultaneously. The watch was stopped when the ( intensity of the 
phosphorescence matched that of the comparison in the photometer field. 
The photometer reading and tho time on the stop watch were recorded. Such 
readings were taken over the range of tho scale of the photometer. Sets of 
such readings were taken for each of the band N 2 and N v 
The readings were plotted with the time as abscissa, and the relative intensity 
corresponding to the photometer reading, as ordinate, and a curve drawn. 




Graph II. 


Graph I 

















Solid Nitrogen under Cathode Ray Bombardment. 309 



distinct sections, each being a straight line. Graph V, plotted in a 
similar manner from readings on the N 2 band at lower intensities, shows three 
straight lines of different Blopes. Bach straight line apparently represents a 
distinct process in the decay, following an equation of the form I (a + &)* = 1, 
where I is the intensity, t the time, and a and b are constants which are different 
for each process. The upward breaks in the curves characterise what is 
known as the “ vanishing type ” of phosphorescence, as opposed to the “ per¬ 
sistent type ” in which the breaks are downward. Cathodoluminescenoo is 
usually of the “ persistent type.” The intensity Beale in the graph V is different 
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from that in IV. On account of the lower intensity of the N t band it was 
uncertain whether there was a third section of the curve similar to that for the 



Tine (3*c •*£>•) 


Graph V. 


N s band. Apart from the characteristic form of the curves no definite relation¬ 
ships have been established. 


Possibility that the Luminescence is due to Hydrogen. 

The presence of a small quantity of a metal in solid solution in a diluting 
medium often constitutes a phosphore, in which the phosphorescent spectrum 
is characteristic of the metal itself. This fact suggested the search for an 
impurity which might cause the luminescence in solid nitrogen. T. Tanaka* 
• ' J.O.S.A.’ and ‘ RJ3.I.,’ vol. 8, p. 31« (1824). 
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plotted a curve which showed, for a large number of metals, a relationship 
of the atomic weight to the average frequency difference of tho two or more 
characteristic band senes of the metal. The average frequency difference of 
the two band series which occur in solid nitrogen, when compared to this 
curve, was seen to be too high to correspond to any metal on the curve, but 
formed a reasonable production of the curve to the atomic weight of hydrogen. 
It did not correspond at all to the atomic weight of nitrogen. This, together 
with the fact that hydrogen was known to be present in our apparatus in small 
amounts during tho experiments, indicated that hydrogen might have formed 
the active centre for the luminescence in solid nitrogen. Presence of adsorbed 
hydrogen in the solid nitrogen in such proportion as to constitute a phosphore 
would seem quite possible at such low temperature. The evidence is os yet, 
however, inconclusive. 

Summary. 

(1) The spectrum of the luminescence emitted when solid nitrogen was 
bombarded with high velocity electrons was photographed by means of spectro¬ 
graphs of high light power throughout the region from 2000 A.U. to 8600 A.U. 

(2) In addition to the well-known bands N x at about 6609 A.U., N 2 at 
5230 A.U., and H 4 at 6945 A.U., several bands were found in the red and infra 
red. One with its maximum at 6400 A.U., probably that designated by Vegard 
as N a , was recorded with long exposures. A strong infra red band occurred 
at 8636 A.U., a red band at 6726 A.U., and a faint narrow band at 6187 A.U. 

(3) In the region of shorter wave-lengths there were found two well-defined 
serieB of bands with nearly constant wave-number differences. There were 
alBo several other bands which did not fit into these series. 

(4) It was shown that the bands N 1? N 2 and N 4 , at 6609, 5230 and 6945 A.U. 
respectively were all phosphorescent bands, N„ and N 4 being m tho persistent 
state at liquid hydrogen temperature, while Nj was in tho lower instantaneous 
state, but appeared as thepmoluminescence at a little higher temperature. 

(6) There was no marked polarisation of the light of the visible bands. 

(6) The rates of decay of the bands N 2 and N 4 were measured individually, 
and it was found that the phosphorescence of each belonged to the “ vanishing 
type.” There were two distinct stages in the decay of N 4 , three in the decay 
of N t . Each stage fitted an equation of the form I (a -f- btf == 1 where I 
represents the intensity, t the time, a and b constants. 

(7) If the phosphorescent light was due to an active metallic centre in a 
diluting medium, then the large frequency differences in the two band series 
suggests hydrogen as the active centre. 


▼Oil. CXX.—A. 
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Further Investigations of the Spectrum of Singly-Ionised Carbon ( CII). 

By A. Fowler, D.So., F.R.S., Yarrow Research Professor of the Royal Society, 
and E, W. H. Selwyn, B.Sc., Imperial College, South Kensington. 

(Received July 4, 1928.) 

Introductory. 

In a previous paper* it was shown that a considerable number of lines 
attributed to singly-ionised carbon (C + or CII) could bo arranged in a regular 
system of doublet series, involving transitions of a single electron. Numerous 
lines which appeared to lielong to CII remained unclassified, but further 
analysis of the spectrum has been greatly facilitated by subsequent theoretical 
developments. In accordance with Hund's theory, quartet ^s well as doublet 
terms are to be expected, and several of these additional terms have now been 
identified. The present communication gives an account of the newly classified 
lines, and includes improved measurements for some of the lines previously 
considered. 

Observational Data. 

The wave-lengths of most of the additional lines involved in the present 
discussion were determined in the course of the investigation of the doublet 
system. The sources included the spark between graphite poles in air, tho 
Hpark in hydrogen, the arc tn vacuo, and vacuum tubcB of carbon dioxide. 
In the spark at atmospheric pressure, most of the lines arc too diffuse for 
accurate measurement and wave-lengths were consequently determined chiefly 
from vacuum tubes. The vacuum tube spectra of oxygon under similar 
varied conditions served for the elimination of lines due to oxygen in tho C0 a 
spectra. 

By comparing spectra produced under different conditions of pressure and 
strength of discharge, the lines representing successive stages of ionisation 
could bo sorted out with considerable certainty. In many cases the assign¬ 
ment of lines to CII was confirmed by their behaviour in the spark in air, since 
lines representing the higher stages of ionisatiou do not appear on the less 
refrangible side of X 2300 in this source. As previously observed by Lockyer, 
Baxandall and Butler, however, some of the lines of C III in this region are 
brought out when the carbon spark is passed in an atmosphere of hydrogen.t 

* A. Fowler, ‘ Roy. Boo. Proo.,’ A, vol. 105, p. 290 (1924). 
t ‘ Roy. Boo. Proo.,’ A, vol. 82, p. 641 (1009). 
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Spectrum, of Singly-Ionised Carbon (CII). 

lathe spark spectrum, it may be noted, lines of carbon are readily distinguished 
from lines of nitrogen and oxygen by using a rather long spark gap, so that the 
carbon lines are localised near tho electrodes while the gas-lines extend right 
across the gap. 

An additional source which has been employed is the “ vacuum spark ” 
or “ hot spark.” In the ordinary region of observation thiB has been found 
to be about equivalent to the carbon spark in hydrogen, which, as already 
remarked, includes tho more prominent lines of 0 III as well as lines of CII. 
Lines of 0 IV, in this region of the spectrum, are readily obtained in vacuum 
tubes, as first observed by Merton.* In the region of short wave-lengths a 
strong condensed spark in hydrogen has been found to give all the lines which 
have been recorded in the vacuum spark, and to exhibit the chief lines of C IV 
with as great a relative intensity as has been recorded by Millikan in the 
“ hot spark.” In vacuum tube spectra it is not uncommon to find the CIV 
doublet at X 1550 of intensity similar to that of the C I triplet on its longer 
wave-length side, and m some photographs it has been found of much greater 
intensity. It appears that where vacuum tpbe observations are convenient, 
they should bo of greater experimental value on account of their wide range 
and comparative ease of operation. 

Tho most convenient source for observations of CII in the region of short 
wave-longths is the vacuum arc ; in this case the C I and CII lines arc strongly 
developed, whilst only the more fundamental lines of C III appear with any 
considerable intensity, and even the “ D " lines of CIV at X 1550 are relatively 
feeble. As a comparative souroe, the carbon spark m hydrogen, with varying 
amounts of self-induction, provided useful confirmation of the classification 
of lines according to the different stages of ionisation ; spectra ranging from 
predominant C I and CII to predominant C III and CIV were obtained m 
this way over the region X 2000 to X1200, which is the limit when a fluorite 
window is interposed between the sparking tube and the slit of tho vacuum 
spectrograph. With the vacuum arc as souroe, the fluorite window being 
removed, photographs have been taken as far as X 800, some of them in the 
second and higher orders of the grating. The 1-raetrc concave grating in use 
was ruled at tho National Physical Laboratory and gives extremely good 
definition and resolution—-the CI triplet at X1561 is readily resolved into its 
three components in tho first order—but no lines have been obtained of wave¬ 
length shorter than X 800 with this instrument. 

Important contributions to -tho investigation of tho spectrum of 0II have 
* ‘ Koy. Soc. Proc.,’ A, vof. 91, p. 498 (1915). 
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been made by Bowen in His classification and remarkably accurate measure¬ 
ments of lines in the extreme ultra-violet.* These measurements have been 
adopted so far as they go, and have been used as standards for additional 
determinations. Some of the lines which occur in the visible spectrum of 
CII have also been classified by G. Mihul,f in agreement with the results which 
had already been obtained in the course of the present investigation. 

Most of the brighter lines in the region less refrangible than X 2300 have 
been measured m the first order of a 10-foot grating and several of them in 
the third order. From X 2300 to X 3900 other lines were measured on photo¬ 
graphs taken with Hilger’s large quartz spectrograph (E.l) and from X 3900 
to X 7300 with glass spectrographs of large dispersion. Some of the lines in 
the red which havo been found to form multiplets, however, are very faint 
and the wave-lengths of such lines arc probably subject to considerable errors. 
A specially adj'uBted quartz Bpectrograph by Bellingham and Stanley, obtained 
with the aid of the Government Grant Committee, has also been used for the 
region X1840 to X 2300. 

Predicted Terms. 

Most of the terms of CII may be considered as arising from the addition of 
an electron, in various orbits, to a 0 III core. The configurations corre¬ 
sponding with the deepest terms of 0 III, and Bowen’B term values are as 
follows 


Configuration. 


Terms. 

1, 

2j 2, 

1 




2 

2 

2 

1 1 

l**2s* 

l«*2«2p 

is ‘8, 
2p*Pi 

Siam 

331989; 2p‘P, 273110 


It should be remarked that while there are good grounds for the value assigned 
to 2 p the other values depend upon the identification of X 2297 (v 43524) 
with 1 So—*Pi, and there is at present no confirmation of this ■assignment. 
The terms 1 S 0 and however, are probably correct relatively to each other. 

The serieB dealt with in the previous paper are derived by the addition of 
an electron to the core in its most stable state (2s 1 S). The corresponding 

* • Phy*. Rev.,’ vol. 29, p. 231 (1927). 
t 1 O.R.,’ vol. 184, p. 1648 (1927). 
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configurations and terms are shown under A in Table I, where the previous 
notation has been modernised as shown below.— 


Previous notation. 

Present notation. 

2 (1) 7T X 

2p*P, 

2(1)*, 

2p*P 1 

3(2)0 

3s ^ 

3 (2) * x 

3d*D 3 

3 (2) 8 t 

3d*D 8 

4(3)^ 

4/*F« 

4 (3) fa 

4/*F, 

X 

2p'*S, 


A second family of terms arises when the fifth electron is added to a C III 
core in the 2 p 3 P state. This includes quartet and doublet terms as shown 
under B m Table I. The terms of this group are conveniently distinguished 
by " priming ” the electron symbols which are used as prefixes to the term 
symbols, as in previous papers.* 

Other doublet terms, arising from the addition of an electron to a C III core 
in the 2 p X P state, are also possible. From 3s' downwards these would be 
similar in type to the doublet terms tabulated for the *P state of the core 
but none of these has been identified, and they are not included in the table. 

Still another group of terms, as found by Bowen in the spectrum of the 
similarly constituted atoms of N III, corresponds to a displacement of both the 
2 X electrons to 2, orbits, as shown under C in Table I. The system of double 
primes which has become generally familiar does not appear to be completely 
applicable to this group, and the terms are accordingly distinguished by the 
prefix 2p s . 

The combinations to be expected are indicated by the rules for electron 
transitions ; namely, M = ± 1 for one electron, and, if there are simultaneous 
transitions of two electrons, M = 0 or 2 for the second (k = 1, 2, 3, ... for 
8, p, d, . . .). They are most conveniently shown by the diagram at the corner 
of the table, but it should be noted that combinations are further restricted 
by the selection rule for inner quantum numbers, i.e., Aj = ± 1 or 0, with 
0 -*■ 0 forbidden. Combinations of terms connected by broken lines are 
possible, but are unlikely to be of any great intensity. 

In Table I the electron configurations are exhibited first in the usual tabular 
* ‘ Roy. Soo. Proo.,’ A, vol. 117, p. 317 (1927), and vol. 118, p. 34 (1928). 
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form, and again, omitting electrons belonging to the completed rare gas shell, 
in a form which is more convenient for writing; e.g., 2«* 2 p means that 
there are two electrons in the 2s or 2 t level, and one in the 2 p or 2 a . Terms 
which have actually been identified are printed in heavy type. In addition, 
the combination 2 p' 4 P—2 jf 4 S has been identified by Bowen, but the terms 
themselves have not yet been evaluated. 


Doublet Term Values. 

In the revision of the regular doublet terms, no sufficient reason has been 
found to change the original values, except those which depended upon measure¬ 
ments of lines in the extreme ultra-violet, for which more accurate deter¬ 
minations have since become available through the work of Bowen. Thus 
the terms 2p' 2 Sj (previously “ x ”) = 100164-9 and 3s 2 S, = 80121-12 have 
been retained and utilised for amending the value of 2 p 2 P, giving 
2p t P t = 196695-0, 2p 196669-0. In deriving the 2p' 2 P terms from 
these the values have been slightly adjusted to accord with the Av more 
accurately determined from the combination 2 p' 2 P- 2p 92 D. Higher doublet 
terms from the previous paper have been utilised for the identification of 
additional lines in the extreme ultra-violet; namely, 2p 2 P--5d, 6 d, 7d 2 D. 
The agreement between calculated and observed valueB is fairly satisfactory. 

The 2 p' doublet terms, and thence 2p 32 D, it should be noted, have been 
determined from combinations with the main doublet terms, so that all tho 
values assigned to doublet terms are in correct relation with each other. In 
other words, all these terms are referred to the limit of the C III core. 

The term 2p* 2 P has not been identified ; from the irregular doublet law, as 
applied to CII, N III and 0IV, its value is estimated at about 25500, but 
corresponding combinations with 2p' doublet terms have not been certainly 
recognised. 

Quartet Term Values. 

There arc three sequences of two terms each, from which the quartet terms 
can be calculated with reasonable acouracy by the use of the simple Rydberg 
formula. Thus, from the known differences of the respective pairs of terms, 
with R = 109737, the following results are obtained:— 


Av 


31077 

33064 


3s'*P, = 82850 
4*' 4 P X = 40264 
3p' *8, = 64954 
Cp' 4 S, = 33877 
3p' 4 Dj = 68123 
4p' 4 D, = 35059 


3s' 4 P t — 3p' 4 S, = 17896 
3s' 4 Pa—V 4 Dj = 14727 
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If the calculated term values were entirely consistent, the differences shown 
on the right would have been equal to the observed linos v = 17724 and 
v = 14730 respectively. The deviations are not great, and the adoption of 
3« 4 Pj = 82850 will dearly provide a basis for quartet term values which is 
probably not far from exact. It should be mentioned, however, that the 
termB 3d' 4 Pj and 4 d' 4 P„ with Av = 21963, when treated m the same way, 
yield term values nearly 1100 units smaller than those given by the other 
pairs of terms. 

The terms which have now been identified and evaluated are collected in 
Table II, where wave-number separations of multiplo terms are also indicated. 
As already remarked, the value of the deep term 2 p' 4 P has not been found, 
for although Bowen has identified the combination 2p' 4 P 2p® 4 S« (v = 98972, 
etc.) neither of these terms has been recognised in other combinations. Hund’s 
rule that of the terms arising from a given configuration, the one of highest 
multiplicity is usually the deepest, suggests that 2p 3 4 S s is greatfer than 2p* a D 
(— 46196), and consequently, since 2p' 4 P 8 —2p* ‘Sj = 98973, that 2 p' 4 P 
is greater than 145170. It is somewhat disappointing that the intercombination 
2p*P—2p' 4 P, representing the two deepest terms of the Bpectrum, has not 
been found. The corresponding lines would be expected to have wave- 
numbers less than 51425, and thus to occur in a part of the spectrum which 
has been well explored. 


Table II.—Terms of CII. 


(A.) 


‘P, 

4 P*Pi 

•P. 


04 . 0 fcfh 80121-12 
4**Sx 39424.07 
11 13 0**8, 23310-82 
5-92 


M*D, 01109-01 
*D, 81107-60 

48*D, 28030-08 

*D, 28034 67 

M*D, 18164-2 
9d*D u [12008] 
7i*D„ [9193] 


1-45 

041 


4/*F m 27679-90 
0/*F m 17702-54 
6/*F m 12282-80 
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fSp' 4 P > 146170 
dv 29:21 


<B.) 

*S, 100164 9 

•P, 86033*9 9 

*P, 86992 7 41 * 

*D, 121728*1 , 9 
•D, 121726 9 1 

3*' 4 P, *82800*00 
4 P, 82828*24 
*P, 82781*27 

23-70 

44-97 



(*P) 

8p' *8* 68126 01 


*P, 63389*68 
‘P, 63373 38 13 33 
*P, 63360*96 m ' 43 

4 D, 68120*20 u J0 
‘D, 68106 60 " ™ 
‘D, 68080*49 
‘I) 4 68044 22 36 X7 

*(SPD) 

3d' 4 P, 60972*7 
*P, 60981*2 
4 P, 60937*0 

-21-6 
-14-2 

4 D, 63268*6 , - 

4 D, 63262 9 i ® 
4 D, 63244*2 , n \ 
*D t 63233*9 W 3 

ills 

•(PDF) 

* 

ill 

24-02 

46-OS 



(*P) 

4p' *8, 34049*1 


*P [33100] 

ills 

ass 

•(SPD) 

$ 

ill 

gas 

-20 50 
-11-90 

IDF) 


•(PDF) 

2p* ‘8, > 46200 


(C.) 

*P [26600] 

•D, 46196 2 , , 

•D, 46191*1 " 61 



* Calculated by Rydberg formula oa basis of quartet terms. 

t The 2p' term value* are referred to the *S limit, while the other term* of group B are referred 
to *P. 


The above estimate of the value of 2 j>' 4 P, it should be noted, is referred to 
the *S state of the C III core, and, following a suggestion made by Prof. H. N. 
Bussell, the term might be written in the form 2p' (MU) 4 P. Its value referred 
to the *P state, or 2p' (®P) 4 P, which would be expected to be in Bydberg sequence 
with 3p' 4 P, would be greater than this by the difference -Tx of C III. 
Bowen has taken this to be 43524 (representing the supposed 0 III “ reson¬ 
ance ” line X 2297) and assuming this to bo correct, the value of 2p' 4 P referred 
to the *P limit would be > (145170 + 43524), or > 188694. In view of its 
great intensity, however, it is possible that X 2297 may not be the resonance 
line of C III, and that a line of higher wave-number should have been selected. 
The order of magnitude is, nevertheless, generally confirmed by a comparison 
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of the doublet p P and quartet p' P terms, from which it may be inferred that 
2p' 4 P, referred to the 8 P limit of C III, is probably not much smaller 196696. 
A value of, aay, 193000 would not l>c inconsistent with the values assigned to 
3 p' 4 P and 4 p' 4 P. 

Thus, in searching for combinations between the doublet terms of groups 
A and C with the quartet and doublet terms of group B, the latter (except 
the 2 p' terms which are already evaluated with reference to the ] S limit) 
must be reduced by an amount representing 1 S 0 —^ of the C III spectrum. 
Attempts to trace such combinations, however, assuming alternative possible 
■identifications of the resonance line of C III, have so far liecn unsuccessful. 

Doublet Combinations. 

The doublet combinations whieh have been identified are collected in Table 
III. This includes all the lines considered in the previous paper, and additional 
lines which have been identified by Bowen and the authors. For lyies in the 
extreme ultra-violet which have not yet been measured with great accuracy 
the calculated wave-numbers, enclosed in squaro brackets, are indicated for 
comparison with the values corresponding with the observed wave-lengths. 
Other calculated lines are also distinguished by brackets. 

Quartet Combinations. 

The quartet combinations which have been identified are collected in 
Table IV. 

Unclassified fAnes. 


Among the unclassified lines are two complex doublets which may possibly 
involve doublet termB of group B, none of which beyond the firet row (2p‘) 
has yet been evaluated. These may be represented as follows 


I 3«' 

■P, 


•Pj 

t 3p'*D, 

16381 -06 (1) 

ton 

16392 70 (5) 

19 iS 

16401*43 (3) 


T <W' 

1 ,P * 


•Pi 

T3p'*D, 

•D, 

37864-2(1) 

7-3 

37846-9(3) 

5 0 

37860*2 (2) 


There iB also an unclassified pair XX 3167-96 (3), 3166*61(4), Av 24*33, 
which is notable for the sharpness of its lines. 





Table III.—Doublet Combinations of C II. 




Table TV —Quartet Combinations of CII 


822 
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Catalogue of Lines attributed to CII. 

Tablo V is a catalogue of all the lines between X 7236 and X2137 which 
have appeared to lie attributable to GII. The wave-lengthB, followed by 
numbers in brackets representing rough estimates of intensity, are given in 
the first column, the corresponding wave-numbers in the second, and the 
classification, where ascertained, in the third column. 


Table V. -List of CII Lines, X7236—X 2137. 


A. 



17237] 

[13814-18] 

3p »P, U J D, 

7236'19 (8») 

13816-63 

P, U, 

7231-12 (0»j 

13826-31 

P t 1), 

*7139-68 (00) 

14002-39 


•7133-62(0) 

14014-47 


*7126 49 (0) 

14030 26 


7119-45(2) 

14042-16 

/D, F, 

\1), F, 

7116-13 (2-) 

14060 69 

y f, 

7112-36(1) 

14066 16 

f"D, F, 

\D, F, 

7063 4 (In) 

14163 8 

3i»'‘S,-3d'*l>, 

7062-9 (1») 

14174-7 

8 P, 

7046-8 (On) 

14188-9 

8, P t 

6812 19 (0) 

14876-72 

3P*Pj — 3p' 4 D, 

6800-60(3) 

14700-76 

P, D, 

6798-04 (1) 

14706 06 

P, D, 

6791-30(3) 

14720-67 

P. D, 

6787 09 (2) 

14729 79 

P, U, 

6783-76 (6) 

14737 06 

P, D. 

6780-27 (2) 

14744 61 

P. I), 

6779 74(4) 

14746-77 

P, D, 

6764-76(0) 

14800-32 

3p' ‘D 4 —38' *D, 

6760-22 (2) 

14810-25 

D. D. 

6742-06(0) 

14828-20 

D, D. 

8738-38(1) 

14836-32 

D, D, 

6733-66(0) 

14846-89 

/ D, D« 

D, 

6730-79 (0) 

14862 69 

D, D, 

6726-84(0) 

14881-73 

r d, d, 

\D t Di 

8781-87(0) 

14873-17 


6707-80(0) 

14904-36 



A. 



0682 86 (8) 

6578 03(10) 

15186-80 

16197-93 

3» 3j> *P t 

«i F. 

*6243-98(0) 
*6116-21(0) 

16(01 02 
16348-15 


6102-69(0) 

6098 62 (3) 

6096 37 (2) 

10381 96 
10392-70 
16401-43 


6919 00(0) 
6914-92 (0) 

6907 38 (1) 

16888 4 
10901 7 
10923 4 

34'*P 1 -4p'*S l 

1< 8. 

P, B, 

6891 66(3) 
6889-97 (5) 
[6889-6] 

18968 18 
10973-32 
[10974 6] 

3 Id *1 ),—ip *P, 

D, P, 

1), P, 

6856-09(2) 

6843 77 (0) 

6830 31 (1) 
6827-80(1) 
6823-13(0) 

6817 87 (0) 

17071 5 
17107-5 
17129 4 
17164-4 
17168-2 
17183-7 

ip' *D t — 3d' *P t 

D, P, 

D, P, 

D, P, 

D, P, 

Di Pi 

5662-51 (4) 
6648-08(3) 

6640 60(2) 

17666-13 
17700-23 
17724 12 

P, 8, 

P, 8, 

6478-8(0) 

18248 

3d' 4 D,— ip' 4 D, 

6272-66(1) 

16961-4 


8269-62 (3) 

19007-6 

f'F. f*D, 

5267-36(2) 

5263 66(1) 
6249-43(0) 

19016-7 

19029-6 

19044-4 

K, D, 

F, D 4 


MemU (private i 
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Table V—continued. 


A. 

v 


' A 



<151-08 (3d t) 

19408 01 

3*' ‘P,— 3p' ‘P, 

3381-76(1) 

29737-90 


<148-16 (6) 

19430-34 

p, P, 

3361-00(2) 

29743-74 


<143-40 (2) 

19436 66 

P, Pj 




<130-21 (1) 

19482 84 

1*. P. 

3187 96(3) 

31667-06 


6137-26(0) 

10460 22 

P, p i . 

3165-51(4) 

31681-38 


<133-29(2) 

19476 27 

P, P, 




5132 06 (3) 

19176-63 

Pi I*. 

2992 63 (4) 

33105-71 

MD.,-5/ *F„ 

5121-60(0) 

10520 1 


2967-01 (3) 

33683-03 


6119 <<(l) 

19627 6 


2967 31(2) 

33690-75 


6114-07(1) 

19648 6 





4964-90(1) 

20136 8 


2886 47(2n) 

34646-26 


4618-85 (24 ?) 

21044 3 


2837 602 (8) 

36230 b9 

2p'*S 1 -2p *P, 

4411-62(2) 

22661-68 


2838-710(10) 

36241-75 

a, P, 

4411 20 (2) 

22663 22 




4410 06(1) 

22669 08 


2801-38 (2*) 

35680-46 


4374-28(2) 

22864 60 


2787 75(2) 

38119 78 

3p'*H,—M'*P, 

4372-49(1) 

22863 87 


3766-18 (1) 

39140 28 

S, P, 

4371 <9(0) 

22868 57 


2766-27(0) 

36152-18 

a, P. 

4287 27(10) 

23427 61 

3d >11,-4/ «K., 

|2747 34] 

[36388 1] 

2p *P,-2 d >1), 

4287-02 (8) 

23428 99 

1), F, 

2747 31(6) 

36388 52 

p. u. 



2746-60 (4) 

36399-24 

Pi J>. 

4074-89(1) 

24633 70 




4074-63 (2) 

24636 80 


2726-90 (1) 

36674 3 


4070-30(3) 

24681 30 \ 

cut 

2726 29 (1) 

36682 5 


4088-97(3) 

24589-33 / 

2724 87(0) 

36688-1 


4021-13(0) 

24881 63 , 

3p‘ 4 8,— W ‘P, 

2641 44 (3) 

37846-88 


4017-27(1) 

24886-52 

a f. 

2640 93 (1) 

37854-18 


4009-90(2) 

24931-28 

a, p. 

2640 68 (2) 

37859-20 


3980-36(2) 

26116 34 


2696-07 (In) 

38623-1 


3062-08(1) 

26296 00 


2592 00 (2») 

38608 7 


3920-877(8) 

26498 66 

2p >P,-2« >8! 

2674-86 (1») 

38825-6 

3d •D..-41/ «F„ 

3018-077 (6) 

28600-71 

P, S, 




2612 03 (8) 

39796-46 

2p' >P,—2p* 

3880-18 (1) 

26708-10 


2611 71 (4) 

30801-63 

P, D, 

3886-09(0) 

26726-21 


2500-11 (7) 

39842-77 

Pi D, 

3878-670 (1) 

26788 05 


2102 40(2) 

41612-37 

3p >P,—5i >8, 

3876-409 (2) 

26780 79 


2401-77(1) 

41823-27 

P. S, 

3878-188(4) 

26791-26 




3876-051 (1) 

25792 17 


2191 37 (2) 

46619 3 





2177 66(1) 

46906-4 


3690-87(2) 

27840 49 

2174-14(1) 

46980-82 

3* *8 l —4p »P, 

3680 67(4) 

27840-80 

i), P, ! 

2173-80(2) 

46986-74 

Si P, 

3688-92(1) 

278JS6 81 

i>. Pi 



3587 08 (2) 

27866 24 

ii, p. 

2183-00 (5) 

46204-7 


3686-83(2) 

27879-82 

i), p, 



3684-98(1) 

27886 23 

11, P, 

2137-93(2) 

46760-34 

3p *P,—M *D b 




2137-46(1) 

46769-84 

Pi D, 
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Table VI is a list of carbon lines which have been observed between X 2137 
and X1894; the distinction between CII and C III by experimental behaviour 
is somewhat difficult in fchia region, but suggested or known origins are indicated. 


Table VI.—Lines of Carbon lietween X 2137 and X1894. 


\lT 



2092 40 (4) 

47776-8 

cun 

2016 92 (Id ?) 

49564 5 


2010 18 (5) 

49730-6 


2009 67 (4) 

19743-3 





1988 05 (1) 

50300 5 

Oil ’ 

1979 79 (3) 

50510 4 

cun 

1979 35 (4) 

50521 6 


1931 03 (10) 

617B6 0 

Cl 

1923 52 (44 ’) 

51988 0 

| cm 

1923-13(5) 

51908-6 

1804-49(2) 

52784-6 

C III T 


Tabic VII includes lines of carbon below X 1760 which have been classified 
as part of the C II spectrum. All of these occur in the vacuum arc, in 


Table Vll.-Classified Lines of CII X1760—X 534. 



f Moan X, Millikan, Simeon, and LiiDg. 
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company with lines of CI Other observations of the vacuum arc have been 
made by Simeon * and of the vacuum spark by Millikan and Bowenf and 
by Lang J Wave lengths and classification of linos of CI have been given in 
a previous paper § 

Summary 

Ihe paper gives thi results of v further investigation of the spectrum of 
singly ionised carbon (CII) as observed over a wide range m various sources 
Pn vious re suits foi the ic^ultr doublet system have been revised and numerous 
lines havt been classify 1 in th< quirtet system which is predicted by Hund s 
theory A catalogue of ill the lines which appear to be attributable to 0II 
m the region X 720(1 to X 2117 is m In 1<d and also a liBt of classified lines of 
shorter wive length 

0n< of the authors (E W H S) is indebted to the Department of 
(scientific and Industrial Research for a giant which haB enabled him to take 
part m this investigation 

* Roy Soo Proo A vol 102 p 484(1022) anlvol 104, p 368(1923) 
t Phys Rev vol 23 p 8(1924) and other paper* 
t Phil irons A, vol 224 p 377 (1924) 
f Roy boo Proo, A, vol 118 p 34 (1928) 
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Bakerian Lecture.— The Aurora and its Spectrum. 

By Prof. J. C. McLennan, F.R.S, Professor of Physics and Director of the 
Physical Laboratory, University of Toronto. 

(Lecture delivered .June 28, 1928—MS received August 7, 1028.) 

[Platm 12-17.J 
I.—The Polar Aurora. 

The beauty of the Polar Aurora, when it is seen in its full glory, has always 
deeply impressed those who have seen it, and has excited many to search for 
the true nature and cause of its occurrence. It occurs in both hemispheres, 
that in the northern being designated as Aurora Borealis, and that in the 
south as Aurora Australis. The frequency of occurrence varies with latitude 
and is greatest m the two serial regions that make angles of about 20° with the 
earth’s magnetic axis. Auroral displays are generally accompanied by 
magnetic storms, and a view commonly held is that both phenomena arc due 
to streams of electrons emitted by the sun. Such streams, Prof. Birkland has 
shown, must necessarily describe paths on coming under the influence of the 
earth’s magnetic field that follow closely the course of the streamers in an 
auroral display. 

The polar aurora appears with varying intensities and in various forms and 
colours. At times it is seen as a weak, diffuse, formless luminosity; at other 
times it appears as luminous draperies, bands or arcs, and often only as luminous 
beams or rays. 

These forms are sometimes stationary and at other times they undergo 
movements more or less rapid. Pulsating types of luminosity have also been 
observed. The feebly luminous, diffuse types of aurora are usually greenish- 
yellow. In the case of curtain and arc forms with ray structure and of low 
elevation, the colour is also greenish-yellow. Blue, red, violet and other 
colours may occur however, especially in the more intense and moving varieties 
of aurora. In the case of displays at enormous heights, aurora of a red-violct 
colour have been seen, and curtains of a violet-grey colour have been observed 
that gradually became transformed into a feeble, diffuse mass of luminosity 
of a violet-mauve colour. Spectrograms taken of the light of such aurora 
indicate exceptionally strong intensity in the radiation of the shorter wave¬ 
lengths.. 

VOL. OXX.—A. 2 A 
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Since 1907 Prof. Storraer* bus devoted much time and effort in Norway at 
Oslo, Bygde, Bossekop, and other stations, in the direction of determining 
the height and position of auroral displays. The method used involved the 
simultaneous photography of an aurora from two or more stations separated 
by distances varying from 4-5 to 268 km. With the instruments developed 
by him good photographs can be obtained with exposures of only a second. 
A pair of such photographs, kindly given me by Prof. Stermer, are shown in 
Plate 12, figs. 1 and 2. They were taken in March, 1926. Fig. 1 shows an 
auroral curtain photographed by Prof. Stermer at Bygde, and fig. 2 the same 
aurora photographed simultaneously by Caraten Borohgrevink at Temte, 
48 km. to the N.N.W. of Bygde. The stars y, 8, c, K and v) of the Great Bear 
are shown very clearly in both pictures. The parallax referred to these stars, 
it will be seen, is considerable. Measurements made on the {dates showed 
that the altitude of the lowest border of the auroral curtain was unusually 
high, for four points at the foot of the rays gave the altitudes 135, 132, 131 
and 137 km. above the earth. The summits of the rays reached at least a 
height of 350 km. 

From hundreds of photographs that he has taken, Prof. Sterner has calcu¬ 
lated the heights of the upper and lower edges of many auroral displays. His 
results show that very few displays occur below 80 km., and that above this 
level the number increases rapidly with the most frequent occurrences, beginning 
at a height of 106 km. Above this height the number of aurorae falls off 
rapidly. Some, however, have been observed as high as 500 km. and 750 km. 
One notable auroraf was observed by Stermer on September 8, 1926, in the 
region between Iceland and the Shetlands, that extended to the enormous 
height of 1000 km. A point of interest that emerged from Prof. Stormer’s 
work is that the auroral displays observed at Oslo extended generally much 
higher in the atmosphere than those observed at Bossekop near Finland. 

The Auroral Spectrum. 

Angstrom^ appears to have been the first to have made observations on the 
spectrum of the aurora. This was in 1869. He had expressed the opinion 
that one should expect the spectrum to be the same as that of the electrical 
discharge in air, but this he did not find to be so, for he obtained only a “ green 
line at X 5567 and in addition three very faint lines in the blue region, all of 
which were of unknown origin.” Since the work of Angstrom a number of 
* ‘ Geophyi. Pub. Nonke Vid. Akad.,' vol. 4, No. 7. 
t Stfimer, Qeriud’* ' Beitt. x. doophyn,,’ vol. 17. p. 254 (1927). 
x ‘ Pogg. Ann.,’ vol. 137, p. 161 (1869). 
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investigators have studied the auroral spectrum, but with the exception of 
Gyllenslriold* in 1886, no one appears to have done anything of an extensive 
nature until the brilliant series of studies initiated by Prof. Vegardf in the 
winter of 1912-13 was undertaken. The results of Vegard’s work up to 1926 
have been ooHated and are summarised in Table I. In addition to the wave¬ 
lengths given in the table, a spectral line or band of weak intensity has been 


Table I. 
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observed in the spectrum of the aurora, whose wave-length has been variously 
given by different observers as X 5269, X 5205, X 5200, X 5233, X 5210, X 5239, 
X5207, X5200, X5228, X5235, X5166, X5230. Special observations made 
by VegardJ in 1927 gave values between X 5220 and X 5269 for this band. 
In his later work dealing with the red region of the auroral spectrum, Vegard 
reports a spectral line at X 5944 *id one at X 6320, both slightly masked by a 
diffuse band. Ho also observed a line or band at' X 6565. 

A characteristic photograph of the spectrum of the polar auroral light, 
taken by Prof. Vegard,§ is reproduced in the lower part of fig. 3 (Plate 12). 
Other typical ones taken by LordjRayleigh and Dr. V. M. Slipher respectively 
aw shown in figs. 4 and 5 (Plate 13). 

* ‘ Observations faites au (Jap Thordsen, Spitaberg, par l'Exp. SnW.,* voL 2, p. 158. 
t * Phil. Mag.,’ vol. 46, pp. 193,677 (1923) s ‘ Ann. d. PhysUt,’ vol. 79, p. 377 (1926). 
t 1 Natunr.,’ vol. 16, p. 438 (1927): 

1 * Nature,' vol. 119, p. 349 (1927). 


s a a 






330 


J. C. McLennan. 


The Non-Polar Aurora. 

The polar aurora occurs at irregular intervals and evidently therefore only 
when some special conditions prevail. On the other hand, it has been known 
since 1901 that the night sky can and does glow with a faint green light. 
Through the work of Wiechert, Campbell, Lord Rayleigh, Slipher, Babcock,* 
and others, we have learned that this soft green light is continually and con¬ 
tinuously emitted in all latitudes by all parts of the night sky when the latter 
is moonless and cloudless, also when it is moonlit, and even when it is moderately 
overclouded. Its existence is not conditional upon the occurrence of magnetic 
storms or upon the display of polar aurora Photographs of the spectrum of 
the light of the night sky, taken by Dr. Slipher and given to me by him for 
reproduction, arc shown in figs. 6 and 7 (Plate 13). From these and others 
we now know that the most characteristic and possibly only feature of the 
spectrum of the light from the night sky is a faint yellow-green ypectral line 
that has been identified with the strong line near X 5577 m the spectrum of the 
light of the polar aurora. 

Since both spectra have this interesting line near X 5577 m common, it has 
become customary for writers, following the practice of Lord Rayleigh,f to 
use the term non-polar aurora as a designation for this phenomenon of the 
emission of a faint, greenish-yellow light by the night sky ; but in doiug so, it 
is not to be understood that the polar and non-polar aurora are thought to 
have of necessity the same origin or to be produced necessarily by the same 
agent. 

The Band Spectrum of Nitrogen. 

By far the greater portion of the spectrum of the polar aurora finds its inter¬ 
pretation m certain features of the band spectrum of nitrogen. This latter 
sjiectrum has been analysed in jwrt by many investigators, including Birge, 
Hopfield, Dr. Sponer, and A. II. Poetker.J Through the work of the last 
mentioned especially, some outstanding difficulties havo been cleared up, and 
it is now possible to formulate definitely the systems of vibrational energy 

* Wiechart, ‘ PhvH. Z.,’ vol. 3, p. 385 (1901); Campbell, ‘ Lick Obs. Bull.,’ vol. 5, p. 4fl 
(1908) and ‘ Aat. Soc. Pol.,’ vol 29, p. 218 (1917) > Rayleigh, ‘ Roy. Soc. Proc..’ A, vol. 100, 
p. 387 (1922), vol. 101, p. 114 (1922). and vol 106, p. 117 (1924); Slipher, • Aatrop J.,’ 
vol. 49, p. 268 (1919), and vol. 55. p. 73 (1922), and ‘ Nature,’ vol. 109, p. 65 (1922); Babcock, 
‘ Aatrop. J.,’ vol. 57, p. 209 (1923). 

t ’ Roy. Soc. Proc.,’ A. vol. 119, p. II (1028). 

J Birge and Hopfield, ‘ Nature,’ vol. 110, p. 15 (1925); Hopfield, ‘ Phya. Rev.,’ vol 27, 
p. 801 (1926): Sponer, ‘ Proc. Nat. Acad. Sci.,’ vol. 13, p. 100 (1927), Poetker, • Phys. 
Rev.,’vol. 30, p. 812 (1927). 
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levels that correspond to and originate in the lower electronic transitions within 
the molecules of this gas. 

The energy levels corresponding to these lower electronic transitions are 
shown in fig. 8, the excitation potentials inscribed being those of the 0 -*•(> 
vibrational band for each electronic transition Thp band Hystem corre¬ 
sponding to the lowest electron transition in the nitrogen molecule has for 
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the excitation potential of its 0 -*■() band 8*1 volts, and consequently the bands 
are all in the extreme ultra-violet. 

The vibrational band systems for others of the lower electron transitions, 
together with their usual designations, their vibration quantum numbers, 
their frequency differences and a suitably inscribed wave-number scale of 
reference, arc shown m fig. 9. The wave-lengths of the heads of the First 

Table II. 


Nitrogen. First Positive Band Spectrum. 
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positive bands are given in Table II, and those of the Second positive group m 
Table III. 


Table III.—Nitrogen-Second Positive Band Heads. 
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The exeitation potential of the 0->0 band of the Fourth positive group is 
about 5-5 volts, and the wave-lengths of the band heads of this system, as 
far as thcv are known, fall tietween X 3000 and X 2660. 

For singly ionised molecules of nitrogen the most easily excited vibrational 
band system is known as the First Negative Band group. The excitation 
potential of the 0 -*0 band of this sytem is approximately 3-1 volts and the 
wave-length of the head of this band is X 3914. Those of the heads of the 
three bands next in importance are respectively X 4278, X 4708 and X 6227. 
The wave-lengths of the band heads for the complete system aro shown in 
Table IV. 


Table IV - -Nitrogen-First Negative Band Heads. 
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IdenttficalioH of the Band Spectrum of the Polar Aurora. 

From fig. 3, and also from figs. 4 and 6, it will be seen that one of the out¬ 
standing features of the spectrum of the polar aurora is a set of four well- 
marked bands with heads as shown at or near XX 3914, 4276, 4708 and 5227. 
These bands it is now generally agreed are among the leading members of the 
first negative band spectrum of gaseous nitrogen. The comparison photographs 
shown make this quite evident. The auroral spectrum includes three additional 
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though less intense bands of this system, and these and the four already 
mentioned are designated as such in Table I. A less important feature of the 
Bpcctrum of the polar aurora is a set of some 16 bands of low intensity. These 
it is now possible to identify with members of the Second positive band system 
of nitrogen. They are indicated in Table I and recorded in full in Table III. 
Two other bands in Table I, X 5925 and X 6465, remain still unidentified, but 
it seems likely that one, if not both of them, belong to the First positive band 
system of nitrogen. This system of bands is given in Table II. Their intensities 
as recorded by Poetker (Ion. rit ) are tabulated in fig. 10. The wave-length 
X 6465 would seem to originate in the 
transition n = 8 to n' = 5, and the 
wave-length X 5929 which may lie the 
same as that given by Vegard in the 
account of his later investigations as 
occurring at X 5945 may originate in the 
transition ii = 8 to »' = 4. If the two 
wave-lengths be not identical, the one 
could be taken to correspond to the 
transition n = 9 to n' = 5 and the other 
to the transition n = 8 to »' = 4. The 
wave-length at X 6320 which Vegard 
found particularly strong in the spectro¬ 
grams of the light of aurora) that had a 
noticeably reddish hue, could belong to 
the First positive band system of nitrogen and be given by the transition 
« = 10 to »' = 7. 

An observation that may have a bearing on the colour of aurorae was recently 
made m the course of an investigation by Dr. R. Ruedy, Mr. J. M. Anderson 
and myself. We were making a study of the distribution of intensity among 
the after-glow bands of active nitrogen when the rare gases, helium and argon, 
were m turn mixed with smaller and smaller quantities of nitrogen. With 
both gases we found that with small percentages of nitrogen in the mixture 
the afterglow became quite red in colour, and finally with the lost traces of 
nitrogen the glow strongly resembled the well-known red light given out by 
neon in a tube of large diameter. The mixtures that exhibited this very red 
glow contained very probably much less than J per cent, of nitrogen. When the 
afterglow was of this character we found on photographing its spectrum, 
that the only hands that appeared were X 6394, X 6469 and X 6545. A 
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reference to fig. 10 and Table II will show what appears to be an obvious 
connection between them and infra-red wave-lengths that have been observed 
in auroral spectra. 

The Auroral Green Line. 

Table I contains a list of 11 wave-lengths other than those that can be 
identified with certain bands in the spectrum of nitrogen. Of these 10 are 
between X 3000 and X 5000. None of them appears to be assignable to the 
arc spectrum of atomic nitrogen. The only wave-lengths of this category that 
one might expect to obtain with an excitation approximately the same as that 
which produces the First negative band system, are either far down in the ultra¬ 
violet or too far up in the infra-red to be recorded. Three or four of them 
agree fairly well with wave-lengths in the first spark spectrum of atomic nitrogen 
but as a group it does not appear to be possible to identify them with any known 
important group of wave-lengths in this spark spectrum. 

With the possible exception of one of them, X 4378-9, none of the wave¬ 
lengths referred to between X 3000 and X 5000 appear to be assignable to the 
Spectrum of atomic oxygen. In view of recent developments this wave¬ 
length has a special interest attached to it, and it may be that it will prove, on 
further investigation, to be identifiable with the cloBe triad v = 8 S, — *P otl 
(X4368) of the quintet-triplet spectral term system of atomic oxygen. 

Probably the most important wave-length by far in the spectrum of the 
polar aurora is that near X 5577. For long it defied identification. At various 
times suggestions were put forward as to its origin that on investigation failed 
to receive corroboration. In 1925, however, it was shown by the writer* 
in collaboration with his associate, Dr. Shrum, that this famous green line 
could be obtained from atomic oxygen when the latter was subjected to suitable 
electrical excitation. 

This remarkable line in the spectrum of oiygen has been found to exhibit 
great variations in intensity when the conditions of its production have been 
varied. In a vacuum tube discharge in pure oxygen the line is generally 
absent, very faint or masked by a band spectrum originating m molecular 
oxygen according to the pressure of the gas. By the use of a vacuum tube 
some 30 to 40 cm. long and 2 - 5 cm. in diameter, containing one or other of the 
rare gases helium, neon, or argon, in a highly purified state at a pressure of 
about 3 cm. of mercury, this spectral line can be brought out with very great 
intensity when oxygen obtained from potassium permanganate, for example, 
and also highly purified, is added at a partial pressure of about 3 mm. of 
* ‘ Roy. Soc. Proc.,’ A, vol. 108. p. SOI (1925). 
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mercury. While helium added in excess to oxygen enhances the intensity of 
the line, neon -with the same partial pressure does so too, and to a greater 
extent. With argon, however, the enhancement can be very great. In one 
test specially designed for the purpose, the enhancement obtained with argon 
was nearly 20 times that obtained with neon. 

By varying the mode of excitation it was found that the lino can be obtained 
most readily with strong intensity when a current of 100 milhamps. or over is 
passed through a discharge tube of the type shown m fig. 11, and of the dimen¬ 
sions given above, from a 2000 volt direct current generator. 



A spectrogram obtained with a mixture of oxygen and helium is shown in 
Hate 14, fig. 12, and one with a mixture of oxygen and argon in Hate 14, 
fig. 13. The partial pressure of the rare gas was about the same in both oases, 
but the times of exposure were different, and approximately in the ratio of 
the intensities of the wave-length X 5330 in the two reproductions. As the 
plates show, the intensity of the line X 5577, obtained with argon was much 
greater than that of the line X 5330, while with helium its intensity was some¬ 
what less than that of X 5330. 

In seeking for an explanation of this effect of the inert gases, one recalls that 
inert gases are known to have a small potential drop throughout the discharge. 
In xenon, for example, with a tube 15 mm. in diameter, and in argon with 
one 00 mm. in diameter, the voltage gradient is barely 1 volt* per centimetre, 
whereas in oxygen at the same pressure it is of the order of 10 volts. By adding 
only a small trace of oxygen to an inert gas— argon, for example—the potential 
gradient will be that of the inert gas, and the oxygen spectral lines produced 
will be limited to those of correspondingly low-excitation energy. 

* McLennan, Rncdy and Howlett, ‘ Trane. Roy. Soc., Canada,’ vol. 22, p. 76 (1828). 
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There is still another fact to be considered in connection with the case of 
inert gases. It is well known that atoms in the metastable states are able to 
transfer their energies to the atoms of a foreign gas. According to Franck, 
atonurib metastable states excite other atoms in such a way as to cause them 
to emit mainly lines that require approximately the same energy as that which 
is stored up in the metastable atoms themselves. Those energy transfers 
appear to have the preference that impart as little kinetic energy as possible 
to the atoms involved. A remarkable example is found in the character of 
the hydrogen band spectrum obtainable from hydrogen excited in the presence 
of argon. The bands in this case are limited to those originating in such 
molecules as are endowed with three quanta of rotational energy m their initial 
state. Effects of a similar kind can be obtained from mixtures of helium or 
argon with a very little nitrogen. 

The identity of the oxygen green line with the green line of the aurora was 
finally and definitely established by measurements of precision made on both 
wave-lengths with a Fabry and Perot interferometer. A reproduction of the 
system of interference band obtained by Babcock (loc. cit.) with the light of 
the auroral green line, is shown >n Plato IB. fig. 14, and that of the bands 
obtained by McLennan and McLeod* with the light of the oxygen green line, 
is in Plate 16, fig. 16. From the clear definition of the bands of the interference 
patterns it is evident that the light used was highly monochromatic, and in 
both cases corresponded to a sharply-defined very narrow spectral line. From 
Babcock’s measurements the wave-length of the auroral green line was found 
to bo X 8677-35 =F 0-005 I.A. with a line width of not more than 0-036 I.A. 
The measurements on the oxygen green line showed its wave-length to be 
6577-341 T 0-004 I A. with a spectral line width of 0-030 I.A. 

The Position of the Auroral Green Line in the Spectral Term Scheme of Atomic 
Oxygen. 

A reference to standard works on the subject will show that the wave-length 
scheme of the ordinary triplet-quintet spectral term system of atomic oxygen has 
been fully worked out, and that there is no place available in it for X 6677 - 341. 
It follows, therefore, that this w^ve-length must belong to one or other of 
the two singlet-triplet term schemes provided by the Heisenberg-Hund-Busselt 
theory for atomic oxygen, in addition to the triplet-quintet system. This 
complete spectral term scheme as it has been built up from the three funda- 

• ' Roy. Soc. Proa.,’ A, vol. 115, p. 515 (1027). 

t Hstoabog, ‘ 2. f. PhyrikJ vol. W, p. Ml (10X5) , Hand, ibid., t* 1. S3, p. 145 ^1925). 
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mental spectral terms, 4 S,, *D 1S and *P ia of a nitrogen-like core, is given in 
Table V. A diagram showing the relative values of the deeper spectral terms 
of the scheme is given in fig. 16. The problem before us is to fit the wave* 
length of the auroral green line into this term scheme. Information that may 
help in solving this problem can be obtained by a consideration of some of the 
features of the polar and non-polar auroral spectra. 

Table V. 

Nitrogen 

m 1, 2, 2, 3 t 3, 3, Term* 

2 2 3 — — — «K. *D„ *P„ 

Oxygen. 

A I B 


1, 2, 2, 3, 3, 3, Terms »* 1, 2, 2, 3, 3, 3, Term* 


2 2 3 ---- - *>X, 2 2 3 - *1),, 

2 2 4 — - - *P oll , 2 2 4 - - - «D, 

2 2 3 1 - - *8, *S, ! 2 2 3 1 - — *D„, l D, 

2 2 3 — I - *P,„ *'P 011 2 2 3 — 1 — *P #I , 

2 2 3 — - 1 ‘Dum'D,,, IF, ID, ‘P t 


Hi l t 2, 2, 3, 3, 3, Terms. 


2 2 3 — - - *P„ 

2 2 4 - - • * l S, 

2 2 3 1 —-- »P tll «P, 

2 2 3 — 1 — •!>,„ *P„, *S, 

l D, *p, l a 0 


The “ first negative bands ” of nitrogen that appear so prominently in 
the spectrum of the auroral streamers are due to singly ionised nitrogen 
molecules—that is, to molecules which have lost one electron. The excitation 
potential of these bands, as the diagram of fig. 8 shows, is about 20 volts. 

The “ positive bands ” are due to non-ionised nitrogen molecules and can 
be exoited with less stimulation than the first negative bands. An excitation 
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potential of about 14 5 volts will serve to bring out the second positive bands 
and one of 11 8 volts to bring out the first positive group 


B A 



8ince the nitrogen bands are ibsont from the spectrum of the light of the 
night sky it is clear that the excitation potential required for the production 
of the auroral green line must be 1( as than 11 5 volts It is known that oxygen 
is readily dissociated into neutral atoms on absorbing radiation of nave 
length about X1780 and this fact when considered in conjunction with the 
results of investigations in other directions has made it practically certain 
that 7 1 volts is very approximately the dissociation potential of oxygen 
As the two resonance potentials for atomic oxygen are respectively 9 48 volts 
(v « •Pou *8i = 76788 X1302) and 9 11 volts (v = *1? m ~ 8* = 73760 
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X1356) it follows that under a stimulus having an excitation potential of 11 *5 
volte or less, molecular oxygen cannot be made in one act to emit any radiation 
belonging to the triplet-quintet spectral system of atomic oxygen, since the 
residual excitation potential available after 7*1 volts is abstracted for dis¬ 
sociation will not be more than 4*4 volte at most. 

If, however, we assume that in the production of the light of the auroral 
green line in the night sky the process involved is a two act one, of which one 
represents dissociation, then it can happen that neutral atoms of oxygen will 
be subjected to an excitation of 11*5 volte. In this case the resonance radia¬ 
tion X 1302—X1366 will be emitted, and the radiation X8446 ( 3 S r -- I P 01l ) 
and X 7775 ("'S,- - 5 P lts ) as well. As the resonance radiation is in the extreme 
ultra-violet and cannot therefore penetrate the atmosphere, it cannot be 
recorded photographically in observations made at the earth’s surface even if 
emitted. As to the radiations X 8446 and X 7775, all one can say is that such 
radiations have never been recorded up to the present on spectrograms of the 
light of the night sky. It would appear, then, from all the evidence accumu¬ 
lated so far, that the equivalent excitation potential of the agency responsible 
for the emission by the night sky of the auroral green light cannot at most be 
greater than 11*5 volte, and may be very much less. 

With such an excitation potential as a maximum applied to molecules or 
even to atoms of oxygen, the only transitions available for the production of 
radiation giving rise to the auroral green line X 5577-341 arc limited to those 
between the low levels l S 0 , x Dj and *P 011 in pairs. 

Confirmation of this view is found in the fact that the wave-lengths 
X 4368 and X 3947 do not appear in the spectra of the light of the night sky. 
This would show that under the conditions that give rise to the emission of 
radiation from the night sky corresponding to the auroral green line there is 
not sufficient energy available to raise the oxygen in the upper atmosphere 
to the atomic levels involved in the production of the wave-lengths X 4368 
and X3947. 

It follows from this that there cannot be sufficient energy available to permit 
of electronic transitions to the low * ,1 P levels of the J S 0 system from higher 
ones in it, or to the low “D levels of the J D S system from higher ones in it. 

Moreover it is certain that an electron jump from any one of the low *• *P 
levels of the 1 S 0 system to the level or from any one of the low M D levels 
of the *D| system to the 1 I) 2 level would give rise to radiation too far in the 
ultra-violet region to include X 5577. 

This follows from the fact that the resonance lines of the *P W1 system which 
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are of the same order are far down in the ultra-violet region. We are limited 
then to the consideration of transitions between the low levels X S„. and 

•Poia- 

Two of these levels, hS,, and 1 D a are known to be metastable ones, and 
transitions between them or between either of them and one of the stable 
levels 3 P 01J with the emission of radiation, have been held until recently to be 
“ forbidden.” Such transitions would involve the violation of either one or 
both of the inner quantum number and the electronic azimuthal quantum 
number selection rules. Collisions of the second line have been considered 
until recently os the only means of bringing about transitions between 
metastable atomic states and stable ones 

Before proceeding to consider more fully the subject of the emission of 
radiation by atoms in metastable states, it may be well to consider why it is 
that the oxygen green line is possibly with one or two exceptions the only 
constituent of the oxygen spectrum that is obtained on spectrograms of the 
light of the polar aurora where an excitation potential as high as 19-6 volts is 
known to be operative The wave-length X 4368 has been referred to earlier 
in this paper. Its quantum equivalent corresponds to an excitation potential 
of 2-83 volts. This added to 9-48, the resonance potential of oxygen, gives 
12-31 volts, and this in turn added to 7 * 1, the dissociation potential of oxygen, 
gives 19-4 volts. This voltage is practically equal to the excitation potential 
of the first negative bands of molecular nitrogen—the bands that constitute 
one of the moat outstanding features of the auroral spectrum. It is possible 
then that the wave-length observed by Yegard at X 4378-9 in the auroral 
spectrum may be that of the unresolved oxygen arc triplet X 4368. If this 
should be so, it would indicate that the agent responsible for producing tin- 
polar aurora—probably slow-moving electrons—could in one act dissociate a 
molecule of oxygen into two atoms with one of them left m an excited Btate 
suitable for the emission of radiation of the wave-lengths X 4368. A reference 
to the diagram of fig. 16 will show that with a stimulus having an excitation 
potential of 19-4 volts operating on molecules of oxygen, we should have 
some excited atoms produced capable of emitting radiation with the wave¬ 
length X 3947, as well os others capable of emitting the radiation X 4368. It is 
interesting to note in this connection that Table I contains a wave-length 
X3942 that I have assigned, following Vegard, to the Second positive band 
system of nitrogen. It may be, however, that this wave-length should have 
been identified with the atomic oxygen arc triad, B S, — 8 Pi J 3> having wave¬ 
lengths approximately equal to X 3947. The two groups of wave-lengths 
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X 4368 &n<l X 3947 are apparently the only ones in Table I that molecules of 
oxygen subjected to a 20-volt excitation can be made to emit in a single act 
process involving dissociation. 

It would appear then that to account for all the features of the Bpectrum 
of the polar aurora that are known and understood, a 20-volt excitation of 
molecular nitrogen and of molecular oxygen would suffice, if applied occasionally 
and at irregular intervals. Such excitation could be provided by streams of 
electrons emitted by the sun from time to time, if they reached the atmospherio 
zone of the earth in which aurorae occur with an energy equivalent of 20 volts, 

There is a very definite distribution of auroral displays in time as well as 
in space. The number of displays per year varies from year to year m such a 
way that every eleventh year there is a maximum of auroral activity. It is 
known that the number of spots on the sun also varies from year to year with 
a maximum every eleven years. A long senes of observations on polar aurora 
and sunspots has shown that this is not mere coincidence, and that the maxima 
occur at approximately the same time. There must therefore be some con¬ 
nection between the aurora and the kind of volcanic activity that produces the 
sunspots and prominences on the sun. It is fairly certain that the sun gives 
off streams of electrons at such times of activity and that some of these electron 
streams strike the earth’s atmosphere and excite the molecules there to emit 
the light of the aurora. If such electrons were all stopped in the upper layers 
of the atmosphere, it would follow that the aurora might not appear below such 
a level as the 80-90 km. limit. 

Tho ever-present green light from the night sky may possibly be due as 
well to electrons emitted by the sun or to electrons from some source other 
than the sun, but it is more likely in this case that the atoms of oxygen are 
excited to emit the auroral green light by ultra-violet radiation of short wave 
length which must be emitted by the sun, but which cannot penetrate the 
denser lower layers of tho atmosphere. Consideration arising from a study 
of the reflection of radio waves by the Heaviside-Kennelly layer, and from 
investigations on the amount and distribution of ozone m the upper atmosphere, 
lend confirmation to this view. 

Radiation from Atoms in Metastable States. 

In an earlier part of this paper I have pointed out that the only possible 
energy levels associated with atomic oxygen that can be involved in the emission 
of the auroral green light are the two lowest ^ and J D a metastable levels and 
the lowest stable *P 011 levels. Transitions involving any two of these levels 
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accompanied by the emission of radiation would have been deemed “for¬ 
bidden ” prior to last autumn on account of the so-called “ Selection rules.” 
It was shown by Bowen,* however, that the eight strong nebular wave-lengths 
given in Table VI could originate in transitions, ordinarily classed as forbidden, 


Table VI—Spectral Wave-lengths of Nebula). 


Wave-length*. 

A(IA). 

Transition. 

Atom I on System. 

7325 0 


Oxygen 11 

6683 « 

»P, - >11, 

Nitrogen II 

6548-1 

•P, - >D, 

Nitrogen II 

5006 8 

*T>, - »D, 

Oxygen III 

4058 0 

»p, _ <D, 

Oxygen 111 

4363 2 

»I>, - *8, 

Oxygen 111 

37211 2 

*3, - *P, 

Oxygen IT 

3728 9 

*8, - 'D* 

Oxygen 11 


from metastable states associated with the atomic systems Oxygen II, Oxygen 
III, and Nitrogen II. These transitions are shown in the diagrams of fig 17. 
Bowen’s view has received general acceptance and the discovery that the strong 
lines m the spectra of nebulae originate in this way furnishes conclusive evidence 
that metastable states arc not absolutely stable, and that they, too, are states 
from which spontaneous transitions accompanied by the emission of radiation 
can occur. The probability of the occurrence of such a transition in unit time is, 
however, extremely small. Under terrestrial conditions collisions of the second 
kind with other atoms, or with the walls of a discharge tube, are so frequent 
that a spontaneous jump with the emission of radiation having the wave-length 
of a nebular spectral line seldom occurs. In highly rarefied nebulae, however, 
collisions of the second kind occur but rarely, and the time interval between 
oollisions can bo very long compared with tho life periods of atoms or atom ions 
in their mctastable states. In nebulae transitions of this kind have time to 
occur, and the existence of tho characteristic spectral lines of nebula) constitutes 
a proof that they do. 

In the upper atmosphere in tho region in which the polar and non-polar 
aurorae occur the conditions of pressure and density cannot be very different 
* ‘ Nature,’ vol. 120, p. 473 (1927). 
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from those that obtain in nebulae. In thm fact we find strong justification 
for our view that the auroral green line must originate in a transition from one 
or other of the met.astable states ^ and 1 D J , in which atoms of oxygen are left 
as a result of the action of solar radiation direct or indirect on molecular 
oxygen found in the upper atmosphere. 

Of the life periods of metastable atoms little is known. One can only say 
it is great compared with the life periods of atoms in normally excited states 
which are of the order of 10 -8 secs. Recent investigations by Dorgelo* have 
shown that the life period of the metastable states of some of the rare gas 
atoms can reach as high values as 10 -s or 10 -a secs. 

The Zeeman Effect. 

With a view to reaching a decision as to what electronic transition in the 
atoms of oxygen gives rise to the auroral green line, a special effort was recently 
made by the writer with the assistance of his co-workers, Mr H. J. McLeod and 
Dr Richard Ruedy, to determine the Zeeman effect of the line. A complete 
account of the investigation will appear elsewhere, but a summary of the resultB 
achieved on account of the interest attached to them should be included in 
this communication. Our efforts were first of all directed to obtaining the 
oxygen green line with as strong intensity as possible, and it was found 
that best results could be obtained by using a direct current generator for 
producing the electrical discharge. The machine used for this purpose operated 
at '2000 volts and was capable of giving a current of 1 ampere. 

By means of rheostats attached to the maohmo the current could be modified 
at will. In our actual experiments we found that the green line could be 
obtained quite strongly for a period of over an hour when a current of between 
30 and 40 milliamperes was passed through the discharge tube, provided great 
care was taken to ensure the purity of the rare gas used and of the oxygen with 
which it was mixed. Care had always to be taken to remove as much gas 
as possible from the electrodes if the green line was to be kept at a strong 
intensity throughout runs of long duration. 

The coil for producing the magnetic field was wound on a brass tube 3-2 cm. 
in diameter. It was 35 cm. long, and had an outside diameter of 8 cm. It 
was made with ten layers of No 16 B. k S gauge enamelled single silk-covered 
wire. Each layer was separated from the neighbouring one by ebonite strips, 
of an inch by J of an inch, laid parallel to the axis of the coil, and about 
1 cm. apart. The whole cod was enclosed in an outer brass tube with plates 
♦ ‘ Z. f. Physik,’ vol. 3i, p. 766 (1925). 

2 B 2 
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of brass joining the ends of the outer tube to those of the inner tube. The 
wire terminals of the coil were brought out through watertight insulating 
bushings inserted in the end plates. The covering brass tube was provided 
with an inlet tube at one end and an exit one at the other, so that when heavy 
currents were sent through the coil, water from the mains could be forced 
between the various windings to keep the wires from getting too hot. 

The total number of turns in the coil was 2390, and the number of turns per 
centimetre was 68*28. This gave a field of 86-74 gauss per ampere at the 
centre of the coil. By means of an exploring coil the field along the axis was 
carefully investigated and found to be uniform over a length of 26 cm. During 
our experiments the current in the magnetising coil was kept at 30 amperes, 
which gave a magnetic field slightly over 2600 gauss. 

The discharge tube was made of pyrex glass 2-8 cm. in diameter. At both 
ends it was provided with clear plane glass windows. One end of the tube was 
re-entrant, the inner portion being 1 cm. in diameter and 3-6 cm. long. The 
electrode at this end was an aluminium cylinder located in the space between 
the outer and re-entrant portions of the tube. This form of tube was used 
so as to make certain that the portion of the discharge emitting the light under 
investigation was in that portion of the space within the coil where the magnetio 
field was uniform. Besides, with the tube having this form it could be readily 
slipped into or out of the coil at will. The other ond of the tube was provided 
with two electrodes of magnesium and one of aluminium, all three being 
inserted in side tubes attached to the mam one. The magnesium electrodes 
were used when purifying the gas m the tube, and the aluminium one when the 
discharge was passed through the gas for the purpose of having observations 
mado on the Zeeman effect. Some observations were made with a mixture 
of argon and oxygen and others with a mixture of neon and oxygen. 

The longitudinal Zeeman patterns were photographed and the special equip 
ment used for the purpose consisted of a very fine Echelon spectrograph* 
backed by a constant deviation spectrograph with camera attached. All were 
made by the Adam flilgcr Co. The Echelon spectrograph had 45 plates, 
14-76 mm. in thickness, with a width of step of 1 mm. With this instrument 
differences in wave-length of 0-007 A could be measured readily for wave¬ 
lengths close to >,6577-341. With the special apparatus arranged in the 
manner indicated it was possible to get photographs of the Zeeman patterns of 
a number of wave-lengths m the one setting. In the experiments made by us, 

* Thu Instrument was a gift to the Physical Laboratory of the University of Toronto 
by Messrs. Samuel and Benjamin, of London and Toronto. 
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photographs were obtained of the magnetically resolved components of several 
of the rare gas wave-lengths along with those of the wave-length of the auroral 
green line of the oxygen spectrum. From the separations of the magnetically 
resolved components of the rare gas wave-lengths for which the Zeeman effect 
was already known the magnitude of the actual magnetic fields employed in 
the resolution could be found and used as a check on the calculated values. 

Under tho conditions of omfexperiments the Neon wave-length X 6852*487 
was found particularly suitable for the magnetic field determinations. Accord¬ 
ing to Beck it is magnetically resolvable into a triplet with a separation of the 
outer components 31/30ths of that of tho outer components of a normal triplet 
In our experiments the wave-length of the Oxygen auroral green line 
X 6677*341 was found to be resolvable under longitudinal observation into a 
Zeeman triplet with a separation equal to that between the other components 
of a normal doublet. Beautifully clear resolution was obtained with exposures 
of 60 min , and it was found possible to maintain the condition of the experi¬ 
ment constant for a period of this duration. Tn some experiments Astronomical 
green sensitive plates were used, and in others Cramer's Iso-Chromatic plates 
(medium). Fig. 18 (Plate 15) shows the original line, and the resolution of the 
wave-length obtained when the light was concentrated in one order of the 
interference pattern. Fig. 19 (Plate 15) shows the resolution obtained when 
the light was concentrated in two orders. 

It was not possible to observe or photograph the transversal effect, but the 
evidence seems clear that the resolution was that of a normal triplet. 

The results obtained in this investigation confirm the conclusions drawn from 
visual observations by McLennan, McLeod and 
McQuarrio* in 1927. 

The Zeeman resolutions corresponding to the 
various transitions possible between atomic states 
represented by HI* *D, and *P 011 , and calculated 
according to the ordinary rules laid down for 
normal and anomalous Zeeman effects under weak 
fields, are given in Table VII. From this table it 
will be seen that the only transitions giving 
normal Zeeman triplets are v = — l S 0 and 

v «b *P # — iDj. It is necessary to decide then which of these two transitions 
gives rise to the auroral green line. From fig. 17 it will be seen that strong 

• ‘ Roy. 8oc. Proc.,’ A, vol. 114, p. 1 (1927). 
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lines exist in nebular spectra corresponding to the transition v = ®P 13 — ^Dj, 
and that lines corresponding to the transition v =: *P 0 — *D a are either absent 
from nebular spectra or appear with intensities too weak for detection. Or it 
may be that the line represented by v = 3 P 0 — 1 D 2 , if it existed in nebular 
spectra, would not be separated sufficiently from the one given by v = *Pj — 
to be readily detected. If, then, we assume that the frequency of the auroral 
green line be given by v = 8 P 0 — ‘Dj, we should expect, judging from what 
obtains in nebular spectra, that lines with frequencies v = ^ — *D a and 
v = 3 P a — 1 D g would accompany the auroral green line and appear with much 
greater intensities. As the wave number differences 3 P 0 — a Pj and *P X — *P a 
for the lowest atomic levels of oxygen are known, and are 67 cm. and 159 cm. 
respectively, it is clear that such spectral lines should be easily detectable. 
Prom the fact that these lines do not appear either in the spectra of polar and 
non-polar aurora or in the spectrum of oxygen when the radiation of the wave¬ 
length X 5577-341 is emitted by it, we must conclude that the green lino cannot 
be represented by v = 3 P 0 — >D 2 , but must be given by v = 1 D 2 — ^p. 

Our analysis of the polar and non-polar spectra has led us quite definitely 
to the conclusion that the atomic transition involved in the production of the 
auroral green line must be a low level one in the atom of oxygen. The only 
possible spectral levels that can be involved are the metastable ones ^ and 
x D a , and the stable ones 3 P ma . With the magnetic resolution of the wave¬ 
length X 5577-341 that we have succeeded in photographing so clearly, it 
would appear to be impossible to reach any other conclusion than that the 
auroral green line has its origin in atomic oxygen and is due to a transition 
between the low metastable energy states represented by *D a and * 89 . This 
conclusion ta of some interest for it is not in accordance with a view recently 
published by L. A. Sommer.* In a Bhort note by him that appeared recently 
he assigned the auroral green line X 5577-341 to the low level transition 
*1*1 ~ 1 S,., in the atomic ByBtem of oxygen, and stated that he found the line 
resolved under longitudinal observation into a doublet with 3/2 times the 
separation of the outer components of a normal triplet. 

If we may take the transitions taking place in the atom ion system of 
Oxygen III which give rise to nebular Bpectral lines as indicative of what 
might be expected to occur with the atomic system of Oxygen I under conditions 
of high rarefaction, it would follow from our conclusion that the auroral green 
line originates in the atoms of oxygen and has a frequency given by 
* ‘ Naturw.,’ vol. 13, p. 210 (1028) 
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v = 3 D 2 — 1 S 0 , that both polar and non-polar auroral spectra should contain 
lines corresponding to v = S P 12 — 1 D J and possibly to v 3P 0 — r D a as well. 
Moreover, such spectral lines should have wave-lengths longer than X 5577-341. 
They would probably lx*, however, too far in the infra-red region to bo recorded 
with X 5577-34L in night sky work, unless plates specially stained were used. 
During the course of our investigations of the spectral lines obtainable with 
oxygen-argon mixture, it was found when plates stained with neocyanm were 
used, that a line always came out on them at or near X 7600 whenever, and 
only whenever, the auroral green line came out strongly. A second Btrong 
sharp line was also recorded at X 2977, when the oxygen auroral green line was 
strong. Neither was obtained on the plates with oxygen or with argon alone. 
Both lines always appeared to lie single and were nevpr accompanied by a second 
second line with a wave-number difference of 67 cm.' 1 or 158 cm 1 ( 3 P oa — 
3 Pj). No wave-lengths appeared at either X6363-8 or at or near X3200. 
This led us to conclude that the wave-length X 2977 could not lie given by one of 
the frequencies v — 3 P 01i! — ‘S,,. and the wave-length X 7600 not by any one of the 
frequencies v — 3 P 0 | 2 — This point is, however, worthy of further investi¬ 
gation, and as photographic plates suitably stained enable one to record spectral 
lines as far up as X 10000, it should lx- possible to photograph with the spectro¬ 
graphs that have been developed recently for night sky work the infra-red 
spectrum of both the polar and the non-polar auroral light and obtain a record 
of the wave-lengths v = 3 P 01J — *D a if they have a real existence in such light. 
The mfra-red spectrum of the light of the electrical discharge m argon-oxygen 
mixtures should also be more fully explored to see if the conditions that give 
the auroral green line with strong intensity also favour the emission of radia¬ 
tion that can correspond to one or more of the frequencies v = 3 P 0ia — ’Dj. 

Daily Variations in the Intensity of the Auroral Green lAght from the Night Sky. 

Lord Rayleigh* has recently given an account of the results of a very exten¬ 
sive survey organised by him and carried out with the co-operation of a number 
of workers, on the intensity of the light of tho auroral green lmo from the night 
sky, as observed at a number of stations scattered over the world. The broad 
result of this investigation is that while the intensity of this light varied for the 
most part irregularly its values at all stations were included m the same general 
range of intensities that were found to apply to observations in England. 
Indications were obtained of an annual periodicity with a maximum intensity 
* ‘ Roy, fkxs. Proc.,’ A, vol. 119, p. 11 (1928). 
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in October m the Northern hemisphere and in April in the Southern hemisphere. 
Lord Rayleigh’s observations in England have also indicated a progressive 
increase in intensity from year to year for the last four years. 

As this increase has occurred during the rise from sunspot minimum to 
sunspot maximum, it is thought by him to indicate a periodicity in the 11-years’ 
period of the solar cycle. 

At tho close of his paper Lord Rayleigh states that he has overcome most 
of the difficulties connected with the use of a photo-electric cell, and that in 
preliminary observations made with it during some months past ho has been 
able to follow the changes m intensity of the night sky light from hour to 
hour on clear nights. 

Some observations I have recently made with the help of my associates, 
Mr. H. J. C. Ireton and Mr, J. H. McLeod, are of interest in connection with this 
matter, for they appear to show quite definitely that from sunset onwards 
there is a gradual increase in the intensity of tho auroral light received from the 
zenith. of the clear night sky. Our observations showed that the intensity 
reached a maximum in about an hour and a half after midnight, and from that 
time onwards until sunrise, gradually lessened. 

In this investigation two lines of procedure were followed. In tho one case 
a continuous record of the intensity was obtained by means of a filter and slit 
moved at a uniform rate over a photographic plate, and in the other a sequenoe 
of records of intensity was obtained by photographing the auroral green line 
with one or other of a number of spectrographs of high light power. With the 
most efficient of the spectrographs used it was found possible to obtain satis¬ 
factory spectrograms of the green line radiation from the zenith of the night 
sky with exposures as short as 30 minutes. 

Some of our observations were made at a point a few miles north of Toronto. 
A few were made at Esterhazy, Saskatchewan, but most of them were made 
through the courtesy and with the help of Dr. V. M. Slipher, at the Lowell 
Observatory, Flagstaff, Arizona, U.S.A, 

Four spectrographs were used for this work, and their speeds varied by 
amounts that at first sight may seem surprising. The considerations whioh 
should guide one in the design of a spectrograph for work of this kind (observa¬ 
tion of variations in the intensity of a single spectral line) may perhaps be 
recorded here with advantage. 

Instrument No. 1.—In our first spectrograph, an instrument assembled at my 
request by the Adam Hilger Co., the collimator was provided with a simple lens 
of focal length about 12 cm. The prism was a direct vision one of high 
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dispersion, which happened to be immediately available, with an aperture of 
about 10 X 13 mm. The camera lens was an F/l *9 Dallmeyer photographic 
lens with a focal length of 2 inohes. With this instrument it wsb found possible 
to record the green line very faintly at Toronto with a total exposure of about 
16 hours. The dispersion of this instrument was considerable for its Bmall 
size, the spectrum range per millimetre being only 60 A. 

It was desirable for the purpose of these experiments to increase as greatly as 
possible the speed of the spectrograph. High dispersion, per se, is no cause of 
lack of intensity in the spectrography of sharp spectral lines, but it was with 
the prism used in this instrument associated with high absorption (as it usually 
is), with a large loss of light by reflection from the glass surfaces and, most 
serious of all, with a small aperture 

Instrument No. 2.—In the second spectrograph the collimator lens was a 
photographic F/2*7 one, having a focal length of 3 inches. The prism was a 
dense flint one, and had a refracting angle of 60°. The refractive index was 
p = 1*621. For a camera lens the 2-mch focus camera lens belonging to 
Instrument No. 1 was used In tests made with this instrument at Saskatche¬ 
wan observable records of the green line were obtained with an exposure of 
4 hours on a moonless night in December. A whole night’s exposure of about 
10 hours at Toronto gave a fairly good record. 

Instrument No. 3.—In spectrograph No. 3 the collimator and camera lenses 
were identical, and were Taylor-Hobson F/2 anastigmats of focal length 
2 inches. The prism was of dense flint glass, with refracting angle 60° and 
refractive index p, = 1 • 64695. With this instrument a good spectrogram of 
the auroral green light was obtained in 8 hours at Toronto, on a clear moonless 
night. In this case Eastman Green sensitive plates were used. With this 
instrument it was found that the green line could be recorded with an exposure 
of 2 hours and 40 minutes, at the Lowell Observatory at Flagstaff, Arizona, 
when Cramer Isochromatic plates were used. Exposures of 4 hours with this 
instrument at Flagstaff gavo excellent spectrograms. 

A few points that became clear to us through our experience in using these 
three instruments may be mentioned. First, there was much loss of light 
incurred by the use of compound uncemented lenses. The loss at each surface 
of an element of a lens for light falling perpendicularly upon it was found to be 
as much as 4 to 5 per cent. Secondly, in the spectrography of extended light 
sources Buch as the sky, the focal length of the collimator lens has no direct 
effect on the “ speed ” of the spectrograph. It is true that a lens of very short 
focal length may require, for its whole aperture to be effective, special attention 
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to be paid to the jawa of the slit in order that they do not obstruct light passing 
through them at high obliquity, and for this reason the collimator lens had 
better be of long focus, say not less than ten times the effective aperture. It 
is desirable too that the slit should not be too narrow, or the individual grams 
of the photographic plate might not lie fully illuminated ; and although this 
can be remedied very simply by widening the slit, it is perhaps an argument 
against choosing a collimating lens of excessively long focus. 

The factors of prime importance are A, the effective area of the catnera lens 
as limited by the prism, and F, its focal length ; and if we ignore loss of light 
by absorption and reflection, the relative speeds of spectrographs intended for 
the photography of well separated bright lines are given by the expression A/F. 

Instrument No. 4.—By far the most speedy instrument we employed was one 
Dr. V. M. Slipher kindly allowed my collaborator, Mr. Jreton, to use. In its 
construction it fulfilled most of the requirements set forth above. The details 
of this spectrograph, hitherto unpublished, are given hire with Dr. 
Slipher’s jiermission, as follows. Its collimator lens was an ordinary 
visually corrected lens such as is found in the finder of a telescope. It consisted 
of two elements, one of flint and one of crown glass separated by a ring of paper. 
Its focal length was 16 inches and its diameter 2 inches. The prism was made 
by Brashear and was of Mantois glass. It had refracting angles of 64°, 56° 
and 60°. Its faces were approximately 4 inches by 2} inches. The camera 
lens was a single one made by John E. Mellish, of St. Charles, Illinois, U.S.A. 
Its focal length was 2 inches and its diameter 2 inches. With this instrument 
very strong records of the green line were obtained at Flagstaff in 30 minutes.* 
It had a dispersion of about 250 to 300 A per millimeter. 


* In the data on Boo tod In the following table there ia a sufficient explanation of the different 
■peed* of the four instruments — 


Camera. | 

Prism. 

Colli¬ 

mator 

focus. 


effective j 
aperture 

Approxi- 

ditpenion 
A.U. per 

Relative 

speed. 

Exposures 
with which 
good records 
were 

obtained. 

No. 1, Hilger 
No. 2, Toronto 

No. 3, Toronto 

No. 4, Dr. Sli¬ 
pher, one prism 
instrument 

DV. 

60° 

00° 

64° 

86° 

00° 

r 

3" 

10'' 

2"//l-0 

2"//l-» 

3"//2 

2''//l 

0-12 

0 78 

1 70 

3-14 

60 

500 

300 

250-300 

0-06 

0 39 

0-50 

1 57 

1 0 
0-5 

9 8 

26-0 

16 houre. 

10 houn. 

8 houn. 

30 minutes. 


(1) In the column headed “ Approximate dispersion ” the number* given have been calculated 
from the data that were available at the time of writing. 

(2) The oolllmator focal length haa no effect on the expoanre (within wide limit*). 

(3) For sharp line* on dark ground the dispenion per millimeter ha* little effect on exposure, 
but huh dispenion is associated with high absorption and reflection from the glass surface. 

(4) ItfoBowa (ignoring lo*t of light by absorption and reflection) that the relative speeds are— 
effective area of aperture of camera lens /focal length of camera lens 
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Exposures were made at Flagstaff with Instruments Nos. 3 and 4, on the 
moonless portions of nights between April 15 and April 24 last, and the detailed 
results of this work will appear m another place. 

Illustrations of the records of the auroral green line obtained with Instrument 
No. 4 are shown m the reproduction D of fig. 21 (Plate 17). Each was obtained 
with an exposure of 2 hours 30 minutes. The one on the left was obtained 
between 8.40 p.m. and 11.10 p.m., the centre one between 11.10 p.m. and 
1.40 a.m., and the one on the right between 1.40 a.m. and 4.10 a.m On this 
night the sun set at 7.01 p.m. and rose in the morning at 5.50 a.m., the moon 
rose at 5 34 a.m. The sky was described as fairly good during the night, but 
best during the first period of exposure. 

Moll photometric tracings of the bnes in D, fig. 21, are shown in C, fig. 21. 
The central photograph, it will be seen, shows the line strongest. 

Filler Experiments. 

The filter camera was made so that a plate in which there was a carefully 
made slit covered by a glass filter could be slowly moved over a photographic 
plate that was held close up to it. The motion was provided by an ordinary 
alarm clock. The pitch of the screw moving the plate with the slit in it was 
J of an inch, and the width of the slit was £ of an inch. The clock rotated the 
screw once each hour, so that excepting for the first and last hours of exposure, 
each point illuminated on the photographic plate was exposed for 1 hour. The 
filter used was one of the “ auroral filters ” kindly provided by Lord Rayleigh 
with the photometer referred to in his recent communication (loc . oil.). The 
photograph reproduced in fig. 20 (Plate 16) shows the spectrum of the light 
from a pointolite lamp that was transmitted by this filter. 

The transmission was practically limited to a range of 250 A, between 
X 5450 and X 5700. The filter was therefore well suited for observations on 
the night sky light corresponding to the auroral green line. The exposures 
were made with the photographio plate in a horizontal position, so that it was 
directly exposed to the whole of the sky. One of the records obtained is shown 
slightly enlarged in A of fig. 21 (Plate 17). A Moll tracing of the distribution 
of intensity is shown in B, fig. 21. The exposure was begun at 8.30 p.m. and 
was ended at 5.34 a.m. on the same night as the spectral lines shown in D, fig. 21, 
were photographed. 

In order to make the meaning of the tracing shown in B, fig. 21, clear, let 
us suppose the apparatus started at 8 p.m. with the slit and filter moving to the 
right. The portion of the photographic plate that was under the right-hand 
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edge of the slit at 8 p.m. would then be exposed to the sky until the left-hand 
aide of the slit passed over it. This portion of the plate would therefore have 
recorded on it the effect of light falling on it between 8 p.m. and 9 p.m. Each 
point on the plate to the left of that just referred to would either not have 
been exposed at all or would have been exposed for a time somewhere between 
zero and 1 hour. This explains the sharp increase in intensity up to a maximum 
value shown by B of fig. 21. Where the maximum begins, corresponds to the 
point from which the right-hand Bide of the Blit started. The point at which 
the microphotometer first rises to full value gives the mean intensity of the 
light between 8 and 9 p.m. This point should be taken as 8.30 p.m., and this 
means that at that point on the microphotometer curve the intensity is for the 
hour whose centre time is 8.30 p.m. Similar reasoning shows that the point 
in that part of the curve corresponding to the morning where the curve starts 
to drop sharply, corresponds to the mean intensity of the light for the last hour 
of exposure. The time of this point should bo recorded as obe-half an hour 
before tho time at which the instrument was shut off m the morning. 

Prom the tracing shown in B, fig. 21, it is evident that while the intensity of 
the night skylight was continually changing, there is clear evidence of a gradual 
increase in intensity during the first half of the night, followed by a decrease 
in the second half. As to this feature, tho tracings in B, fig. 21, and C, fig. 21, 
agree, which goes to Bhow that in using the auroral filter there was justification 
for supposing that it practically transmitted only the light of the auroral green 
line. 

Exposures were made with the filter camera during suitable portions of the 
nights between April 15 and April 23, and with most of the exposures indica¬ 
tions were obtained of this gradual increase in the intensity of the green light 
from the sky during the first part of the night. In order to bring this point out 
more dearly the results obtained wore combined in a composite tracing. 

As the total time of exposure for each plate was known it was possible to 
mark on all the microphotometer curves a series of points corresponding to 
each half-hour of the night. For example, in the case of an exposure from 
8 p.m. to 4 a.m., a total duration of 8 hours, the horizontal portion of the 
microphotometer tracing would correspond to 7 hours, from 8.30 p.m. to 
3.30 a.m., and this horizontal portion could be divided into 14 equal parts, 
giving 15 points on the curve, each pair of points being separated by a distance 
corresponding to half an hour. 

If h 0 represents the deflection of the microphotometer galvanometer for the 
part of the plate where no image was recorded, and h is the deflection for any 
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point in the image, see B, fig. 21, then the blackening of the plate is given by 
log h 0 /h. The heights h and h 0 were measured for each half-hour point on the 
tracing for each night, and the blackening was calculated for each of these 
points. Then the mean blackening for a series of nights was calculated for each 
of the same points of time, and in this way a mean value was obtained for the 
blackening corresponding to each half-hour for a series of mghtB. Two curves 
were plotted showing the mean blackening as a function of the time during the 
night. These are shown in fig. 22. The upper is a curve for full exposures on 



five consecutive nights, i.p, from 9.10 p.m. to 3.40 a.m. The lower is for the 
mean blackening from 11.40 p.m. to 3.40 a.m. for nine consecutive nights, the 
first five nights of which were the same as before. 

In order to get a mean curve that could be compared more directly with the 
original microphotometer traces obtained from the plates for each night, h 0 was 
taken as 90 mm. (this being the approximate value of h Q for the series of curves), 
and h was then calculated from the mean blackening for each interval. The 
mean h was then plotted againBt the time and gave the curves shown in 
fig. 23 and fig. 24. Fig. 23 is for the five days April 15 to 19 inclusive, for the 
time 9.10 p.m. to 3.40 a.m., and fig. 24 is for the nine days April 16 to 23 
inclusive, from 11.40 p.m. to 3.40 a.m. Both curves Bhow a maximum intensity 
at about 1.40 a.m. 

Information regarding weather conditions at the Lowell Observatory for the 
period of the investigation is given in Table VIII, and data relating to the 
exposures made are recorded in Table IX. 
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Table VIII.—Weather Conditions for Nights at Flagstaff. 

Night of April 10. Clouds in the north-east alt night, hut fair in other regions Better after 
midnight. 

Night of A pnl 1ft. Sky uniformly hasty throughout the night Slightly lea* haay in north and 


Night of Aprtl 17 Sky somewhat haisy hko the 10th during first period, but clear after 
11 o’clock and perfect after 1 o’clock 
Night of Aprtl 18 Sky fairly good but beet during first period 

Night of A /ml 10. Sky slightly overcast during first ponod, but quite dear after 11 o'elock. 
Night of April 20 Sky dear, transparency good. 

Night of April 21. Sky dear but not brilliant. 

Night of April 22. Sky good. 

Night of April 23 Sky good 
Night of April 24. Sky good. 


Night. 
April 15 
„ 10 
17 

.. 18 
,, 19 

.. 20 
„ 21 
.. 22 
.. 2it 
.. 24 


Table IX.—Data on Exposures. 

Sun set Exposure. Moon rose 

0.58 p m. 8.30 p in to 3 50 a m. 3 54 a.m 

0 59 ,. 8.30 „ „ 4 21 „ 4 28 „ 

7 00 „ 8 30 „ „ 4 21 „ 4 01 „ 

7.01 „ 8 30 .. .. 4 21 ,. 5 34 „ 

7.01 „ 8.30 „ „ 4 21 „ 0 08 „ 

Moon set 

7 02 „ 8.30 „ .. 4 21 „ 7.32 pm. 

7 03 „ 8.50 „ „ 4.10 „ 8.48 „ 

7 04 „ 10 05 „ 410 10.00 „ 

7 05 „ 11 15 „ ,. 4.10 „ 11.14 „ 

7 Oft „ 12 10 a in „ 4 10 „ 12 00 a.m 


5 47 ., 
5.46 „ 
5 45 
5 43 „ 
5 42 


While the records of intensity obtained m thiB investigation cannot be 
described as other than meagre, they were made with great care and under 
conditions moat favourable for obtaining reliable and accurate information. 

These experiments appear to be the first to give evidence of the existence of 
a diurnal variation in the intensity of tho light from the night sky, with a 
maximum in the intensity of the light giving rise to the auroral green lino 
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occurring at or near one hour and h half after midnight. It is desirable that 
the experiments described here should be continued and extended to include 
observations at as many points on the earth as possible. 

The results recorded here seem to indicate quite definitely that a diurnal 
radiation and solar radiation may, in some way, as yet obscure, be connected 
with the origin of the noil-polar auroral light. It will be interesting to see if 
any connection can be established between the daily variations known to occur 
in the state of ionisation of the upper atmosphere and the variation indicated 
here in the intensity of the night sky light. 

The observational material collected in studies on the height and thickness 
of the ozone layer in the upper atmosphere should be examined to see if any 
relation can be found between these factors and the intensity of the night sky 
radiation Some results obtained by Chalongc* appear to show that the ozone 
layer remains of constant thickness during any individual night, and that it is 
thicker at night than during the day. Tt may be noted here that m the course of 
some observations made at Toronto, with the help of Dr. Richard Ruedy and 
Mrs. Krotkov, during the past year, heights for the ozone layer were found of 
49-4, 47, 53, 55 and 57 km 

These values are of the same order as thoso found by Dobson and Harrison, 
Fabry and Biushoii and Cabanncs and Dufayf at other points on the earth’s 
surface. 

In concluding this paper I desire to express rny deep appreciation of the 
loyal co-operation of various associates from time to time. These include 
Messrs. Hhrum, McLeod, McQuame, Ireton, McLay, Ruedy, Ball, Thompson, 
Anderson, Grayson-Smith, Wilhelm, and Chappell I am grateful to Dr. 
Slipher for courtesies extended during the recent visit- of my associate, 
Mr. H. J. C. Ireton, to the Lowell Observatory, and to the Superior of the 
Roman Catholic Seminary near Toronto for his hospitality at times during the 
past winter. 1 desire to express my thanks to Lord Rayleigh, too, for valuable 
advice m our development of spectrographs of high light power'. To Mr. Frank 
Twyman, F R S., I am indebted for valuable advice and information freely 
given on numerous occasions. For aid granted to meet in part the cost of 
investigations dealt with above I am indebted to the National Research Council 
of Canada and to the Carnegie Corporation. 

* ‘C R ,’ vol. 188, p. 44(1(11128). 

t Dobson and Harrison, ‘ Roy. Sue. Proo ,’ A, vol. 110, p. 660 (1026), and \ol. 114 
p 521 (1027); Fabry. ‘ Proc Phys 8ocvol. 30, p. 1 (1927); Cnbannes and Dufav, 
* J. de Physique,’ vol. 7, p. 257 (1026),and vol. 8, pp. 125,353(1927), also ‘ C. R.,’ \ol. 182, 
p. 331 (1020). _ 



A Series of Bessel Functions connected with the Lattice-Foints of 
an n-Dimensional Ellipsoid. 

By J. R. Wilton. 

(Communicated by G. H. Hardy, F R 8.—Received March 8, 1928.) 

This paper is a continuation of the earlier part of the argument of a recent 
communication to the London Mathematical Society,* to which I shall refer as 
L.P, II, but the explanation is sufficiently full to enable it to be read without 
having the earlier paper at hand. 

1. Explanation of Notation. 

Let 

Pi (wij)— Pj = L L OyWjWj (fly = Qji) 

be a positive-definite quadratic form whoso coefficients a {] are rational. Let D 
be the discriminant of P lf and let DQi, be the form adjoint to P lf so that the 
discriminant of Q t is l/D, and Pj/D it» adjoint to Q r 

Let Pd p v ..., p n and q v q % . q n bo two sets of rational numbers such 

that 

0 < Pl < 1, 0 < q t < 1 (* = 1, 2, ..., n); 

let P —- Pi (tn t -\- p { ) and Q -- Q x (m t -|- q { ) , and let II and K be, respectively, 
the least integers such that IIP and KQ are positive integers for all integer 
values of the variables m<. 

Further, let, 

r P (x) = L (x> 0), 

p = « 

whero 

'Lmq = m x q Y + -f- m n q n , 

and the sum is to be taken over all positive and negative integer values of 
W 4 ,..., m n for which P = x, so that r P (x) is zero unless Hx is an integer. Let 

R P (x)= r r P (A)= r e-^, 

A-i \H/ 0<P«s 

where the accent denotes, in each case, that if Kx is an integer, tho terms for 
which P = x are to bo halved. 

* Wilton, “ A Series of Bessel Functions connected with tho Theory of Lattice-Points,” 
‘ Proo. liondon Math. Soc.’ (not yet published). 1 shall not have occasion to refer explicitly 
to an earlier paper (L.P. I), “ Tho Lattice-Points of an n-Dimensional Ellipsoid,” ‘ J. London 
Math. Soc.,’ vol. 2, p. 227 (1927). 
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In the same way let 

r Q (x) = 2 e lHXm, t R„ (x) = $ r Q (£) = 2' e* 1 ””. 

Q ^ * 1-1 o<g<i 

If indices indicate (fractional) integration, defined when k > 0 by the equation, 


R< *’ (x) = pj-r f R («) (* - «)*' 1 

r(«) Jo 

R P W (as) = 2' (x - P)* e“ s ' ilw */r (#c + 1), 

0<P5l 


with a corresponding oquation for R Q ( *’ (x). 

Finally the function ipp u> ( x ) is defined by the equation 


where 


4>p c<1 (») __ 

VB 




r(*+i) w v/Dr(«+i«+i) 


+ R p w (*). 


rjp = 1 if Pi~Pi ~ ... = p n = 0, otherwise 7] P = 0, 


n](j — 1 if ?i = q t = = 0, otherwise tj q = 0 ; 

and i|»q w (x) is defined by the corresponding equation, in which, it must be 
remembered, 1 /D takes the place of D. 


2. Statement of the Problem. 

Lemma 1.— With the notation of § 1, if k > — 1, X = 1 */ k > i (n — 5), and 
otherwise X = [^n — k — f|, x > 0, N > 0, n > 2, e/i 

(2.1) VD {rfVM**' - s"'p ( 2 " Vff)} 

f® /<r\ 

(Li) = 71* [Zj J|,+. + A {27tV , ('«)}+p ( *'' 1) (®) 

(2.) - S J,.+. + » (2* V(Nx)} fcW(N) 

*=o '.W 7 

wo +>»{ sj N ‘“ _ * (§) “ Ji.-.-* esfe V(n») >+«.(*)} 

= 2 X + 2, + 2*, 

say, where 0* (x) = 0 when n is even, and when n it odd, 

e.(*)« \/-mT 

« JztJOXx) t * 

and Jit the Bessel function of the first kind. 
vol. oxx.— a. 2 o 
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The lemma results from the combination of Theorems B and B' of L.P. II. 
It is not necessary for the truth of the lemma that the q { should be rational; 
this restriction is introduced for the sake of the application. Further, X may be 
any positive integer not less than the values stated; and, in fact, (2.1) will be 
employed with A = [|n4-J], when the senes for t|> P (x " 1) (a), corresponding to 
that for ^q < * ) (*) on the left of (2.1), is convergent, though not absolutely 
convergent.* 

The problem is to determine an “ Abschatzung,” in terms of x and N, for 
the expression on the left of (2.1). I believe that this has not been previously 
attempted in quite the same form except when k > J (n — 1), so that the series 
is absolutely convergent,! and m the particular case when n = 2, k = 0, 
Pi = q ’i — 0. The theorem stated below is a generalisation of this case, which 
is due to Hardy.J 

Theorem— If k> — 1, * > A > 0, N > A, n>2, then 

(2.2) 8(k,N,*) = J,... (to^/(|)} 

= 0 (**«+»—tNl»-i«-l+-) + 0 ( 2 »»+»«-l+-N-fc-*)+^ («, N, x ), 
for every e > 0, where 

(i) <f> (it, N, x) = 0, 

if 

[Kz] + 1 - rj> Kz> [Kz] + i, (i > n > 0), 

or if Kx m an integer and k — 0; 

(li) for arbitrary values of x, 

<f>(x,K,x) = 0(x‘" + *‘- l+ 'N-‘*), if k>0, 


while (Kx not being an integer) 

<f> (*, N, x) = O (j^- 1 *-) {(Kz - [K*])" 1 * 1 + (1 + [Kz] - Kz)-H}, 

»/0>*>-l. 

* L.P. II, Theorems C and O'. 

f E. Landau, ‘ Berlin. Akad. Ber.,’ vol. 31, p. 468 (1915), for the case when sis an integer; 
the general oase is doe to Manta, ‘ Berlin. Sitsungsb.,’ vol. 24, p. 81 (1925). 

x ‘Roy. Soo. Proc.,’ A, vol. 107, p. 623 (1925), Theorem 3. Hardy omits the term 
4 (k, N, x), whioh is, in his ease, O (x*). 
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It is possible, at heavy cost* to improve slightly upon the theorem; namely, 
if the second O-term on the right of (2.2) be multiplied by log x, the theorem is 
true, when n > 6 and x>0, if we put t = 0 throughout^ 

3. Proof of the Theorem. 

Lemma 1.-1 f n > 2, (x) = 0 (sc*"”*), and 

V*' (*) = 0 (**"-* + -) (0 < it < *» - *) 

for every t > 0. 

As stated in L.P. II,J this iB a crude theorem, very far from representing all 
that is known. It shows that 

(3.1) E, = 0 ( Max . 

\N' J 

Thus, if A > 0, and N > Ax, 

(3.11) E, = 0 (*l»+i«-lN‘"-l‘-‘ + ‘), 
and if N •< Ax, remembering that X <. Jrt + i* 

(3.12) E, = 0 («■), where 2 = 

It iB evident that 

(3.13) E, = O (*i«+l‘-lN>-i«-»), 
which is clearly included in (3.11). 

The sole difficulty in the proof of the theorem lies in the determination of an 
upper bound to the integral E r The final result is contained w equations (3.5) 
to (3.53). I find it necessary to assume that X = [Jn -f H and therefore 

(3.2) \/(|)}, 

* The improvement require# (1) that fq (x) shall be 0 (ad"- 1 ), and (li) m order that in the 
first 0 term N« should be replaced by 1 , the assumption that, in Lemma 7,« = 0 for integer 
values of ■ < 4* — J. Of these ( 1 ) is certainly true when n > 5—that it 11 not true when 
»«■ 4 is shown by Walfisi, ‘ Math. Z.,’ vol. 26, p. 66 (1927)—but, slight as is the improve¬ 
ment on the elementary (3.321), I am not aware that a proof has been given without employ¬ 
ing ^,( 2 ) — Otad"- 1 ), n>5, a deep theorem due to Walfisi, ibtd., voL 19, p. 300 (1924), 
and Landau, ibid., vol. 21, p. 126 (1924). The assumption (li) is classical when * = 0 (see 
footnote t following Lemma 7); but when * > 0 it requires 

( 2 ) =- O (x 1 " -1 l "JI+T — ") for some r > 0 ; 
and when 0 >«> — II do not know whether it is truo or not. 

f In ease n — 4 we may put N< =* 1 and replace *• by log* x; lor, when » = 4, 
fq (*) = 0(xlog* x) (Landau, loc. ctt.), and this must be multiplied by log x —See (3 61). 
t Lemmas 2 and 4. 



362 


J. R. Wilton. 


where 

and 

(3.21) 


Q' = Qi (»*,-?*) (* = 1. 2, ..., n), 


r Q> ( x ) — S e-- wa * p = r<>(x), 


as is seen by changing the sign of m, (t = 1 , 2 ,..., n). 

By the asymptotic expansion of the Bessel function, 

(3.3) J)» +,+a {‘2tc\/(<«)} = 7t -1 (era)' 1 <f> (a, x) + x (a, *), 


where 


«ft (a, x) = cos ~ C (oa.) -1 sin s v 

(3.30) * x = 2 tcV(«w) - (i«H- « + X + i), 

C is a constant, the precise value of which is of no consequence, and 


x«x’(®.*) = 0(«r*; 


bo that, in E x , if wc choose e < J in Lemma 2, 
r*7 r U* H*+l* 

(3.31) k* j^ (— ) xfr U («) da-0 (?), 


where z is defined by (3.12). 

Lemma 3.—// w > 2, k > — 1, X = fin 4- J], and (o) is jriven by 
(3.2), change of order of integration and summation is ■permissible in 2 X ; and if 
(ft — <f> (a, x) is defined by (3.3), 


(3.32) 2 X = (>(*) 


provided that, when 0 > k > — 1, Kzisnotan integer. 

The series (3.2) is uniformly convergent* over any finite interval (N, N') 
of values of a ; hence, by Dini’s test.f the change of order is permissible if the 
series of integrals in (3.32), when taken between the limits N and T, converges 
uniformly over the infinite interval T N. 

Omitting the argument of the Bessel function, and observing that 

w-i = l \/(f) £ (.'**“ ■ 


• L.P.II, Theorems 0 and C'. 

| Bromwich, * Theory of Infinite Series 1 (1926), p. 602, Theorem 0. 
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in have, on integrating by parte, 

£»-<-> ’(£)[«-*■" *wj 

- ; v^f) X ■( a s _ (i " + + i> *} J '"** *• 

Since* 

(3.321) r Q (klK) — 0(ik 1 "~ 1+ *) (c>0), 

the series of integrated parte is absolutely convergent, and is 0 *), 

uniformly with respect to T. And, in fact, 

= V / * l 2 1 r Q(g)(j) 1 ' <b + 0{N-t—l) 

“ JV*-' Bio*, «»„*+ O(N-M), 


uniformly with respect to T, where 

(3.322) < 2 = 2* V(*WK) -1* (*» + X + 4). 

The whole expression is 0 (N _J *) if k > 0; and if 
-1 <*<0, 

it is, by the second theorem of the mean, 

(3.33) 0(N-“-‘) 1^^-‘ a - ju £ sin{27rVo(v*-V / |)-i 7t ' f }^| 

+ 0 (N-l«-»), 

where N < T' < T. If k = 0, (3.33) is 0 (N -1 ) for every x, and if — 1 < k < 0, 
it is 0 (N“*‘- J ) provided that K* is not an integer. This proves the lemma. 

From the asymptotic expansion of the Bessel functionf 
(3.4) (ka)~ i {S x cos (*, + fr) - S„ sin (s, + \n)} 


where m is an integer 1, and 


+ 0(0—»jfe' m -*), 


S, = l+^+...+^ 


•Landau, ‘ GOttinger Nachr.,’ p. 687 (1922). 

16. N. Watson, ‘ Theoiy of Bessel Functions,’ p. 199 fl922). 
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in which A lt ..., B m _ 1 are constants whose precise value is immaterial. They 
are, of course, independent of k. 

In (3.32) we may replace X -i by 

— w -1 K l (fa)"* (S x sin » t + S a oos s,), 
provided that we introduce a remainder term 

(3.41) 0 (*»" 1 »■H*-*N-‘«—) = 0 (*‘ ,,+ *«N-‘*—). 

Lemma 4.—// 3 > 0, and N > z 4 , and if m is chosen so that 

2m > 1 + 1/8, 

then, under the conditions of Lemma 3, 

(3.42) <£,-- 

X j*o -1 ‘" , {coa* 1 (S 1 8 iiis l -t-S,c 08 s 1 ) J C(«t) - *mD« 1 8uu l )4i+0(*). 

The truth of the lemma follows from (3.41), since the integral on the right of 

(3.42) is clearly 

f (J-**- 1 (S, sin s, + 8, cos *,) da + 0 (ar»ife-‘N-‘‘- 1 ). 

Jn 

Consider now any term of the integral (3.42) other than 

(3.43) | a" 4 * -1 (cos — C (era;) -1 sin Bin s, da. 

Such a term is a constant multiple of 

(3.44) ^ ±8 ») * (P == !» 2 . 2m ” «• 

In the corresponding term £ 1 (J>> of (3.42) divide the interval of summation 
with regard to jfc into the three parts 

(1, JKx), (JKx, 2Kx), (2Kx, oo). 

In the first part the integral (3.44) is, by the second theorem of the mean, 

0 ‘**-»®-») = 0(i“*ir*-V-*); 

in the second it is 0 (A“*N~*«~‘); and in the third it is 

0 (jfc-*»-»N-*«-**-*) * CXt-W-* -1 *-*). 



865 


Lattice-Points of an n -Dimensional Ellipsoid. 

Hence, for every value of p, 

2K« 

S 1 <W = 0(z lH+ ‘ ,+ ‘* -1 N~ u ~ 1 ) + 0 (a; 1 " i-»*+»»-*N -4 *- 4 S jfc«»-» x -t i-*) 

=*0 («•). 

We are left with the integral (3.43), which may be regarded as replacing the 
integral in (3.42). 

Lexica 5 .—Under the conditions of Lemma 3 

Si“" = r Q ^^ N a ~ 1 *" , 008 ± **) * = 0 (*)• 

Divide the interval of summation into the three parts 

(1, Kx - Kx®), (Kz — Kx®, Kx -f* KA (Kx + Kx®, <*>), 

where 0 < 6 < 1; and as in the case of (3.44), apply the second theorem of the 
mean to the integral in the first part and the third, and the first theorem of the 
mean in the second part. In the first partial interval 

y/(Kx) - y/k > Ax*" 4 (A > 0), 

and in the third 

y/k - V(Kx) > B*»-* (B > 0). 

Hence 

= 0 (N-*-‘x‘" + i«+»*-») { S xMtTW-^-n* 
ll „ 

+ z* . a .l»-iA-t+ , + 2 0(s), 

provided that 

} + e < 6 < 1 - c (* < |), 

the lower bound being necessary for the convergence of the last series in case n 
is even. 

Again, since 

£«-*—«« (.,+.J*r =0 

the integral is 0 (N -4 " -4 x _l ) when k ^ Kx, and 0 (N -4 * -4 k ~ 4 ) when k > Kz. 
It now follows from Lemmas 4 and 5 that 

(S.6) = ( 2 r,^-‘£^.,-^,0,., 

where 


*i ~ *i 


27 t\/o {y/x — yf (£/K)} — {tw. 
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(i) Let x be included in a closed interval which does not contain an integer 
value of Kx; there is then a number 7 ] such that 

[Kx] + < Kx < 1 + [Kx] - 7) (0 <ij < *). 

In this case 


f[Kt] 

2 1 =0(x*‘N-i-*)J 2 
U-i 


|rq| 


V(Kaj) - y/k n 


? - 

i i [Kx] y/k —y/ (Kx) 


+ x‘»'» x ‘ 2 jfcl»-lA-Vtt.l + 0(u 

t=2Kx J 

In the first sum 

1 = V(Kx) + yt < 8 V(Ks) 

V(Kx) - y/k Kx — k 7) [Kx] + I — k' 
and in the second 

_!_<2 V* 

V* - V( K *) tj A — [Ka-r 

Therefore 

(3.61) 2j = N“«-» 2* J) + 0 («•) = 0(zx* log x ), 

in which log x is without significance unless e = 0 * 

(ii) If Kx is an integer, the particular term k = Kx vanishes if ic = 0; it 
diverges if k < 0 ; and if k > 0 it is 



It is interesting to note that, when N > x, thi3 may be the dominating term 
of 2,. 

(iii) If Kx may approach arbitrarily near to an integer value, the two terms 
for which k = [Kx] and k — 1 4* [Kx] must be considered separately. When 
k — 0 the two integrals in (3.6) corresponding to these two values of it are of 
the form 

j" dt = 0(1); 

and if k > 0 they are clearly 0 (N -1 *). Hence, if k > 0, 

(3.62) 2j = 0 (**■) + 0 (x*" + *« - ,+ *N-‘*). 

And, finally, if — 1 < k < 0, the integral in 2 X corresponding to k — [Kx] is 

2 (2r i)'{s/x - v' ([Kx]/K)}‘ j" r*- 1 sin (t - ±kk) dt, 

where 

y — 2ttVN {y/x — v/([Kz]/K)}, 

* That» — 0 is true when » > 5 i e. footnote * on p. 361. 
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and, since 0 < k + 1 < 1, the integral is 0 (1), uniformly with respect to N and 
x. Hence in this case, if Kx is not an integer, 

(3.53) 2, = 0 (x*"- 1+< ) {(Kx - [Kx])- 1 ' 1 + (1 + [Kx] - Kx)-'' 1 } + 0 (zx*). 

Lemma 6 .—If 8>0, A> 0, and x*<N<Ax, x>B>0, > — 1, 

t > 0, n 2, and if, when — 1 < k < 0, * belongs to a dosed interval within 
which there is no integer value of Kx, then 
(3.6) S (ir, N, x) = Zj -f 2, 1-2, = 0 (tx*), 


where, z is defined by (3.12). 

This follows, by collecting results, from (3.12), (3 13), (3 5), (3 51) and (3 52). 
But, when N<. Ax, 




= 0(2|r l .|A H "-‘«-‘x‘" + ‘«-») 


(3.61) =0(xi" + **-*Ni"-*'-‘logN) (*<*»-*), 


by partial summation, since 2 jr P | — 0 (N*"‘ x ). The log Nis introduced so as 
to include the particular case k = — |. If k > \n — \ the series is absolutely 
convergent, and is 0 (x l * +1,_1 ).* 

Lemma 7.-7/ n > 2, x > A > 0, in — J > * > — 1, e > 0, 

*q w (») = 0 (x‘"" 1+ hT- 1 + *) + 0(x‘"- 1+ *){(Kx - [Kx])' + (1 + [Kx] - Kx)'}. 


The proof consists in the observation that (3 6) and (3 61) are both 
0 (x l * 1+ «7i + ‘) w hcn N is chosen so that 


Bx"^ 1 < N < (Y* +1 (B > 0). 

The second term in the “ Abschatzung ” of (x) is, of course, significant 
only when — 1 < k < 0, and Kx is allowed to approach arbitrarily near to an 
integer value. 

Lemma 7, when k == 0, is classical; it is duo to Landau, who proved it, when 
q x = ... = q u = 0, so long ago as 19124 In subsequent papers he extended 
the theorem and refined upon it to the extent of showing that c = 04 All 
Landau’s proofs are by complex analysis. A proof by real analysis (Pfeiffer’s 

* See footnote t on p. 360. 

t ‘ GOttinger Nadir.,’ p. 687 (1912). 

} ‘ Berlin. Aka. Ber.,’ p. 458 (1915); ‘ Wiener Siteungab.,’ Ha, vol. 124, p. 445 (1925); 
‘GOttinger Naohr.,’ p. 209 (1910). 
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method) in the case when p x = ... = p 9 = 0 (as well as q x = ... = q n — 0) 
has been given by van der Corput.* When k > 0 the lemma may be derived 
from the particular cases k = 0 and k > Jn — J by the use of a mean value 
theorem due to M. Riesz.f When 0 > k > — 11 believe it to be new. 

To have assumed, instead of proving, Lemma 7 would not have shortened the 
proof of the theorem by half a page. 

It is now possible to improve upon (3.1). For, returning to the definition of 
in Lemma 1, since X — 1 < {n — i, it is clear from Lemma 7 that 

(3.7) S » ==O { 0;S fJ x 1 

»+i 

Thus, if A > 0, and N > A*"" 1 . 

(3.71) S, = 0 ( x »-+l*-«N‘*-»*-« + *); 

5±1 

and, if N < Ac , 

(3.72) 2, = 0(zx*). 

The equations (3.71) and (3.72), together with (3.13) and (3.51) to (3.53), 
prove the theorem in case N > x 4 , 8 > 0. To complete the proof it is sufficient 
to show that there is a 8 > 0 such that the left-hand side of (2.2) is 0 (zx*) when 
N<x*. 

(i) If k > in - S (at, N, *) = 0 (x*" + “-‘), 
and there is obviously a 8 > 0, e.g., 8 = i (n — 1 )/(k -f 1), such that 
i» + i«-i + «-i8(« + l)>in + i*-i. 

(ii) If ac ■< |» — i, it follows from Lemma 7 that 
S(k, N, x) = 0 (x 4 " _1+,+ ^) + 

and the condition is satisfied, for both terms, if 8 < (» — l)/(n -f 1)- 
The following corollary to the theorem is a generalisation of a theorem stated 
by HardyJ in the particular case of the lattice-points of the circle (k =■ 0). 

• ‘ Nieuw Archie! voor Wiskunde,’ voL 13, p. 125 (1019). 

t ‘ Aota Univ. Hungario*,’ voL 1, p. 114 (1923). The theorem is stated as Lemma 3 of 
L.P. n, and is there employed for a similar purpose. 

$ Hardy, loc. cii,, equation (4.12). The term 0(as*) should be added on the right on 
account of the discontinuities of P (*) for integer values of x. 
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Corollary.— I/n>2,*> - 1, z> 0, A> 0, B >0, and A < N < BaP» 

then 

+ 0(*» ,+ »'-* + 'N-««-*) + ^( l c l N,*) > 

when <f> (*, N, x) is defined in the statement of the theorem. In particular, if 
B > A > 0 and 

Ax<N<Bx, 

then, in every case, 

S(k, N, x) = 0 {(Kx - [Kx]Y + (l + [Kx] - Kx)'}. 


Note by G. H. Hardy. 

Prof. Wilton points out in his footnotes to pp. 360 and 368 an error in my paper 
which I take the opportunity of correcting explicitly. In the formulae (4.11) 
and (4.12) an additional term 0 (x*) should be inserted on the right-hand side. 
This term is, in fact, substantially 

■—-r(v)«< 7 »(v —x) f 

when x is very near to an integer v; and tends to zero when x x -* oo, but not 
uniformly. 

The error arises on p. 633, (4.24), which should read 

(4.24) S r (v) = 0 (x*X + x*) = o(*£) + 0 (x*); 

a *-* V*i 

the sum is not 0 (x*X) if X is small. The application in § 4.3 to the theorem of 
Littlewood and Walfisz is not affected, since there X is large. 

I take this opportunity also of correcting a slip on p. 629, vol. 107. The 
last line but one should read 

= Ji (NV)J»(tO + j”ji(N'«)J 0 («)Ai. 

There are slight consequential changes in the equations at the top of 
p. 630, but the final expression is unchanged. 
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The Chemical Reactions of Carbon Monoxide and Hydrogen 
after Collision with Electrons . 

By A. Caress and E. K Ridkal. 

(Communicated by T. M. Lowry, F.R S.—Received May 8, 1928.) 

In a previous communication* the authors described a method of measuring 
rates of reaction of molecules and atoms which were being activated by electron 
collision in suitably constructed triode tubes. The method has since been 
extended to study the decomposition of carbon monoxide and its interactions 
with hydrogen. 

Carbon monoxide has long been known to undergo decomposition, chiefly 
into carbon and carbon dioxide in the silent discharge.-)- ^ mixture of solid 
oxides containing chiefly C 3 0 2 is always observed J Carbon monoxide and 
hydrogen yield an even greater diversity of products. Thus Losamtsch and 
Jovitschitsch§ and de Hemptimu*|| noted the production of formaldehyde 
and its polymers and also some formic acid. Slosse and Nowakf and Lob** 
obtained formaldehyde and methyl alcohol, while the latter also found glycollic 
aldehyde. M. Borthelotft stated that excess of hydrogen favours the produc¬ 
tion of (CH 2 0)„, whereas excess of carbon monoxide yields (C 3 H 4 0 8 ),. 

Similar reactions occur when the gases are ionised by alpha particles. 
Cameron and Ramsayjt found that carbon monoxide was decomposed into 
carbon, carbon dioxide and oxygen, while Lind and Bardwell§§ observed chiefly 
carbon and carbon dioxide but also some Buboxide; mixed with hydrogen, 
carbon monoxide yields a white solid. 

As regards the photochemical reaction, D. Berthelot and Gaudechon|||| 
found traces of a solid polymer of formaldehyde when a mixture of carbon 

• ‘ Roy. Soc. Proc.,' vol. 118, p. 684 (1027). 

t See, for example, Brodie, t bid., vol. 21, p. 246 (1873), etc. 

% See M. Berthelot, ‘C R.,’ vol. 82, p. 1360 (1878), eto.; Creep! and Lunt, ‘ J. Chem. 
Soc.,’ vol. 127, p. 2062 (1926), Ott; ‘ Bcr, Dent. Chem, Gee,,’ vol. 68, p. 772 (1926). 

§ ‘ Bor. Deut. Chem. Gee.,’ vol. 30, p. 136 (1807). 

||' Bull. Acad. Roy. Bdg.,’ vol. 34, p. 269 (1897). 

f * Bull. Acad. Roy. Belg.,’ vol. 36, p. 647 (1898). 

•* ‘Z. Elektroohem.,’ vol. 11, p. 760 (1906). 

tt ‘ C. R..’ vol. 126, p. 609 (1898). 

XX ' J. Chem. Soc.,’ vol. 93, p. 966 (1908). 

H ‘ J. Am. Chem. Soc.,’ vol. 47, p. 2676 (1926). 

IIH ' C. R.,’ vol. 160, p. 1690 (1910). 
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monoxide and hydrogen was exposed to ultra-violet light, but the existence of 
a direct photochemical reaction, t.e., unsensitised by mercury vapour, is still 
in doubt. 

The Research Staff of the General Electric Company* observed the dis¬ 
appearance of carbon monoxide in thermionic valves at pressures of about a 
thousandth millimetre, and potentials capable of sustaining an arc ; the rate 
of “ adsorption of ions ” was shown to depend on the condition but not on the 
material of the surface 

The object of the present investigation was to study quantitatively the chemi¬ 
cal behaviour of the various active species. By choosing a suitable range of 
pressures (about one-tenth to two-tenths millimetre for the electrode dimensions 
used), it was possible to collect quantities of products sufficient for chemical 
tests ; whilst the method has the advantage over discharge-tube methods that 
the initial energies of the colliding electrons is known with sufficient accuracy 
to enable the breaks in the curves showing reaction-rate as a function of grid- 
potential to be correlated with the definite limiting electronic energies necessary 
to produce the various physically active molecules by collision 

Experimental 

The details of the method are similar to those described in the previous paper.f 
The main essentials consisted of the reaction system which included a quick- 
reading McLeod gauge and a cylindrical triode immersed to a constant level 
in liquid air ; the electrodes were symmetrically placed, consisting of a straight 
wire filament, a helical wire grid and a cylindrical platinum anode ; all could 
be removed by a ground-joint which held a vacuum with only a very fine ring 
of grease. The vessel V is shown with the lift by means of which the liquid- 
air level was kept constant. The products of several experiments were drawn 
into the cooled trap T, where chemical tests were applied. For exhaust, 
two hard-glass mercury diffusion pumps were used, backed by a Hyvac rotary 
oil pump. 

Hydrogen was purified by slow passage over red hot copper and palladium. 
Carbon monoxide was made by running pure formic acid into concentrated 
sulphuric acid on the water bath and was passed through potash bulbs. Phos¬ 
phoric anhydride was used for drying the gases and for lining the bulbs in 
which they were stored. The purity of the carbon monoxide was tested by the 
completeness of its absorption by ammoniacal cuprous chloride. 

* 1 PhiL Mag.,' vol. 48, p. 658 (1924). 
t Loe. off. 
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Fia. 1.—L, eleotrioftl connection. G, to gas mixtures. M, to gauge. 
Measurements. 


The determination of primary importance is that of reaction-rate for various 
voltages, x e., electron energies, the electron current being kept constant and 
measured. The rate is a complicated function of the gas pressure as, in addition 
to the effect of decreasing partial pressures of the reactants, there is the effect 
of the lengthening mean free path of the electrons. By plotting a series of 
pressure-time curves, it was possible, however, to compare the average rates 
over a standard range of pressure. 

Measurements were also made of the initial pressure (Pj), the equilibrium 
pressure (P 2 ) after the liquid-air baths had been adjusted, the pressure (P,) 
at the end of a reaction, the liquid-air baths being still in place, and the final 


pressure (P 4 ) at room temperature. 


evidently 


gives a rough measure of the ratio of the decrease in the number of gas mole* 
cules by reaction to the number of molecules of reactants. Thus for the 


reactions 


2C0 —► C + COg 
CO + H| —► HCHO, 
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/should be O’5, while for the reaction 


n CO + tt H a —*• (CH,0)„ (solid), 

/ should be unity. 

A further measurement was made in order to calculate the “ efficiencies ” 
defined as the number of molecules removed per electron. An effective current 

of C milliampere8 is equivalent to the passage of 60 x ^ X 10 -t electrons per 


minute, where e is the electronic charge in e.m.u. If each electron causes the 
removal of n molecules, the decrease in pressure in millimetres of mercury per 
minute is 


- § = 60 x ~ X 10" 4 
at e 


760 
N * 


where N is the Avogadro number and V the volume of the system, corrected 
for temperature. Inserting the values e = 1-591 X 10 -20 e.m.u. and 
N = 6-062 X 10”, we obtain 


n = -0-0944 


Vdg 
C dt' 


V being measured in cubic centimetres, C in milliamperes and ^2 in millimetres 

dt 

mercury per minute. 


The Decomposition of Carbon Monoxide. 

Langmuir* has shown that at very high temperatures tungsten combines 
with carbon monoxide to form the compound WCO. It was found, however, 
that the gas could be kept in the presence of glowing tungsten for several hours 
at a temperature high enough to give a suitable thermionic emission without 
appreciable decrease of pressure. Tungsten filaments were therefore used 
for the study of the decomposition of carbon monoxide by electrons. 

On increase of the electron energy through carbon monoxide, pressure de¬ 
creases were observed at potentials above the arcing potential. Carbon dioxide 
was shown to be a product by drawing baryta into the testing trap and com¬ 
paring the cloudiness with the result of blank tests. After the tube was taken 
down, carbon was found on the electrodes. Traces of a grey deposit showed 
inside the valve after such experiment but disappeared during the baking which 
had to be performed between experiments. Under the conditions of experi¬ 
ment very little oxygen could have been left as the thinning of the filaments 


* ‘ J. Am. Chem. Soo.,’ vol. 87, p. 1139 (1915). 
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was extremely alow. That the main reaction can be represented by the 
equation 

2CO = C + CO, 

is shown by the following table of permanent pressure decreases:— 


Tv 

Pv 

;>a- 

Pv 

/- 

ram. 

0 300 

0-180 

0 114 

0 236 

0-085 

0-443 

0 200 

0-144 

0 323 

0-09 

0-230 

0-142 

0-080 

0-183 

0-07 

0 300 

0 185 

0-128 

0 201 

0-070 


That/ is slightly above 0*5 is in agreement with the production of a little 
solid, probably CjO, 

Fig. 2 includes some typical pressure time curves. The rates were very 



Fxo. 2 —The numbers represent voltages (uncorrected). For convenience of representa¬ 
tion a shifting scale has been employed. Two divisions of the ordinate represent 
0-1 mm., one division of the abscissa represents 10 minutes. For each ourve the range 
includes 0-2 to 0-1 mm., except for the lower voltages. V for this tube = 678 c.o. 
Emission 1*62 milliamp, 

nearly constant over the range 0-2 mm. to 0-1 mm., and the average rates 
over that range have been plotted against tho uncorrected voltages in fig. 3. 
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It will be observed that reaction commences at electron speeds equivalent 
to ca. 14 v., the rate remaining almost constant until ca. 19 v., when a marked 



Fio. 3.—Reaction rate and eleotron energy in carbon monoxide. 


rise in rate occurs. Less distinct breaks are noted at ca. 32 v. and 40 v. For 
the better elucidation of the changes in rate of reaction, three investigations 
were pursued. First, the slow rates between 14 v. and 19 v. were confirmed 
on several different samples of gas whose purity had been ascertained ; more¬ 
over, the reaction in two cases was demonstrated to proceed almost to 
completion. 


Initial. 0-168 0*165 

Pressure after 8 hours . 0-046 0*042 


The decrease in pressure in the same time with no voltage was less than one- 
tenth as great. 

Secondly, it was confirmed that the reaction-rate scarcely rises at all between 
16 v. and 18 v. but rises abruptly between 19 v. and 20 v., simultaneously with 
the intensification of the characteristic “ sky-blue ” radiation of carbon 
monoxide. 

In the third place, attempts were made to fix the higher voltage breaks by 
measurements of average rates at intervals of half a volt near an apparent 
break, but it was found that the violent arcing prevented the repetition of 
results with sufficient accuracy. In the curve, rates have therefore been 

VOL. oxx.— a. 2 u 
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inserted only when they have been repeated to an accuracy of 3 to 4 per oent. 
Very little reliance can be placed on apparent breaks above 20 v. 

The Combination of Carbon Monoxide and Hydrogen. 

A. Combination of Carbon Monoxide and Hydrogen Atoms. —Equimolecular 
mixtures of the gases were mainly employed. It was found that the pressure 
decreased at all voltages and even with no voltage when the filament tempera¬ 
ture was sufficiently high. That this pressure decrease was not due solely to the 
freezing out of hydrogen atoms formed by thermal dissociation on the hot wire 
was shown by the fact that the pressure fell to a value below that corresponding 
to the removal of all the hydrogen and that the product frozen out readily 
gave the resorcinol and gallic-acid tests for formaldehyde. There is thus a 
synthesis of formaldehyde under conditions conducive to the production of 
hydrogen atoms by dissociation. Formaldehyde can readily be obtained by 
illumination with light of X — 2537 A. of a gas mixture ^hotosensitised by 
mercury vapour,* but it is uncertain whether hydrogen atoms ate actually 
formed by the interaction of hydrogen and excited mercury atoms.t Since 
in the synthesis of ammonia from its elements it was found that hydrogen 
atoms combined with nitrogen molecules only in the presence of a metal catalyst 
or when activated by 13 v. electrons, it was of special interest to examine the 
formaldehyde synthesis from atoms in detail. Special precautions were taken 
to exolude reducible substances from the leads and glass walls, and it was found 
necessary to make all connections without solder and to coat the leadsj with 
glass, the tube being also baked out until it fulfilled the requirement that after 
hydrogen atoms had been frozen out on the walls, the pressure returned to the 
initial pressure of hydrogen on allowing to stand at room temperature. 

It was found that formaldehyde synthesis occurred readily with or without 
the large platinum anode, and thin reaction thus differs from the ammonia 
synthesis in which the presence of a metal catalyst was necessary. Specimen 
pressure-time curves are included in fig. 6. 

B. Combination of Hydrogen Molecules with Carbon Monoxide— Preliminary 
experiments with oxide-coated filaments indicated that there was a ready 
reaction when the electron velocities exceeded 20 v., but after several hours 
use abnormally high rates were sometimes observed. Subsequent examination 

« Taylor and Marshall, * J. Phys. Chem.,’ vol. 29, p. 1140 (1926). 

f See Compton and Tamer, ‘ Phil. Mag.,’ vol. 48, p. 360 (1924 )\ Phillips and Taylor, 
4 Phys. Rev./ vol. 29, p. 809 (1927). 

X Any onprio oxide on the leads is easily rednoed in agreement with the observations of 
Bonhoefler, 4 Z. Phys. Chem.,’ vol. 113, p. 199 (1924). 



Chemical Reactions of Carbon Monoxide and Hydrogen . 3 77 

of the filaments shoved that the oxide had become localised in spots, thus 
rendering a higher filament temperature necessary and consequent production 
of a small but effective number of hydrogen atoms by thermal dissociation. 
We are indebted to the Research Staff of the G.E.C. at Wembley for a fine 
vuapension of the mixed carbonates of barium and strontium which could bo 
deposited in extremely thin uniform layers both on platinum and (more 
effectively) on tungBten. As noted in the previous communication, the oxide 
coating is reduced by H + produced about 26 -30 v., but these filaments (even 
with high rates of thermionic emission) produced in puTe hydrogen scarcely 
any reduction of pressure below 30 v. and only a very slight reduction about 
30 v. In these experiments only those emitters were employed which gave 
reaction rates not much greater than the mean values plotted m curve III, 
fig. 4 ’ 

Curve I, fig 4, was obtained by plotting the mean values of two, three or 
four measurements of the average rates over the range 0-2 to 0-18 mm., 



0 20 40 so 


Volts 

Flo. 4.—Reaction rate and electron energy over range 0-2 to 0-15 mm. I, Equimoleoular 
mixtures of oarbon monoxide and hydrogen. II, Carbon monoxide alone. Ill, 
Hydrogen alone. 

exoept for the smaller rateB for which the middle of the range was used. In 
order to compare the efficiencies with those of the carbon monoxide decom¬ 
position, a few rates were also measured with carbon monoxide alone at the 
same total pressure and election current in the same tube. These are shown 
in curve II, which is similar to fig. 3, except that the latter showB more detail. 
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The low filament temperatures used in this tube made possible a more 
aocurate determination of the potential breaks. Thus, under the same con¬ 
ditions of pressure and filament current, the arc broke in carbon monoxide 
at 14-0 ± 0*3 v,, as shown by current-potential curves, and the double point 
occurred at 28 • 8 ± 0 • 2 v. This agrees well with the known ionisation potential 
of carbon monoxide, vis., 14*3 v. The first rise in reaction rate both for carbon 
monoxide alone and for its mixture with hydrogen takes place in the interval 
19-5 to 20*5 v. and can therefore be attributed to a break at about 20 v. 
A correction of about 1 v. should therefore be applied to the curve in fig. 8. 

The second rise in reaction rate with hydrogen is likewise well defined at 
29*5 to 30 v. 

We thus obtain three critical potentials for the interaction of carbon monoxide 
and hydrogen in the absence of adorns formed by thermal dissociation, viz., 
14-3 v., 20 v., and 29-7 v M the first two being coincident with those necessary 
for the decomposition of carbon monoxide. 

C. Combination effected by Electrons in the Presence of Hydrogen Atoms .— 
In order to examine the effect of firing electrons into an atmosphere of carbon 
monoxide and hydrogen atoms, measurements were made on the rates of 
decrease of pressure for various voltages with a tungsten filament at a high 
temperature as the source both of electrons and atoms. When this is done, 
it is useless to compare the absolute rates for a fixed emission and different 
voltages, Bince the small adjustments of temperature involve large differences 
in the rate of production of atoms by dissociation. Consequently, the rates 
with voltage on and with voltage off over short ranges of pressure were com¬ 
pared. The ratio of the increase of reaction-rate to the rate at zero voltage is 
then a measure of the effect of the electrons. Those ratios are plotted in fig. 5. 
Sharp rises in this ratio arc noted at 13-14 v. and 19-20 v. Owing to the 
high filament temperature there is a larger error in the voltage measurement, 
but that the first break corresponds to the ionising potential of the CO molecule, 
t.e,, 14-3 v., and not to the ionisation of hydrogen atoms, ».e., 13-6 v., waa 
confirmed by measurement of the total current under identical conditions for 
a constant filament temperature, when the first break became evident at 12 ▼. 
(corresponding to H—* H + atl3*5v.); and the second at 13 *5 v. (CO —► CP + 
at 14*3 v.). We may conclude that the combination of hydrogen atoms and 
CO+ ions is more rapid or effective than the combination of the atoms with 
unexcited molecules, and, in addition, either H + ions are not appreciably mare 
reactive than H atoms or that they are not furnished in sufficient numbers to 
contribute greatly to the reaction. 
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energy. The ordinate* represent ratios of inorease of rate with voltage on and rate 


with voltage off. Abscissas are unoorreoted voltages. Emission = 0-348 millismp. 


The Products of Reaction. 

In all cases there was a permanent decrease of pressure and formaldehyde 
was detected in the testing trap. Neither methane, water, carbon nor methyl 
alcohol (as methyl salicylate) could be detected with equimolccular mixtures 
of carbon monoxide and hydrogen, even after the product of several experi¬ 
ments had been collected. It was observed further that after the product had 
been brought to room temperature the pressure began to decrease simul¬ 
taneously with the appearance of a thin layer of white solid over the previously 
cooled surface of the reaction-tube. A few curves showing this “ after effect ” 
ate included in fig. 6. 

Eight curves examined were found to fit the formula 
log (p — p 0 ) — & + const., 

where p 0 = final pressure, and in every case the constant k did not differ 
greatly from 2 X 10 -3 sec. -1 . Such a low value precludes the possibility of a 
true unimolecular surface reaction, even if the rate of adsorption of molecules 
on the walls was limited by a diffusion layer. On the other hand, from the 
dimensions of the apparatus and the computed value of the diffusivity of form¬ 
aldehyde at experimental pressures, the rate of diffusion from the McLeod 
gauge into the reaction-vessel was estimated to yield a rate of reduction of 
pressure of from 2 x 10~* p to 4 x 10~* p, on the assumption that the formslde- 
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byde was removed (t.e., by polymerisation) inside the vessel. The alternative 
possibility, that the pressure decrease was due to the diffusion into the gauge 



the Anal lowering to polymerisation. II, Repeated with a platinum anode. Ill, Fart 
o# carve after reaction at 20 v. to show polymerisation. IV, The polymerisation 
carve after reaction at 00 v. 


of a product of low vapour pressure, is precluded by the following values of 
the maximum and minimum pressures when the tube was immersed in liquid 
air and brought to room temperature a second time. 


Experiment. 


Pressure at liquid-air temperature 
Highest pressure at room temperature 
Lowest „ n „ 



First. 

1. 

| 8eoond. 

I ’ 

First. 

| Second. 


67 

66 

86 

1 86 


172 

j 120 

202 

172 


106 

| 105 

160 

1 1W 


The unit pressure is 10“* mm. 

It would seem, therefore, that there was a definite reaction, vapour -*- solid, 
at room temperature. This in accordance with the observed behaviour of 
liquid formaldehyde, which condenses to trioxymethylene on warming. 

Further msight is gained by an examination of the permanent pressure 
decreases under varying conditions. 
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Permanent Pressure Decreases : CO -|- H,. 


Pi- 

Pt- 

Pt- 

1 

l f ' 

Remarks. 

<M78 

0-325 

0-278 

0-323 

I 

110 

204 

175 

102 

38 

52 

67 

86 

1 j 

72 

102 | 

106 ; 

160 | 

1 

0-91 

0 92 
0-92 

0-91 

Hydrogen atoms bnt no ekw 
> tron current. 

I Mean/= 0-916 

0 603 

0 373 

0 326 

0 310 

303 

226 

198 

197 

187 

100 

80 

60 

322 1 

177 

1 157 

102 

0 94 

0 95 

0 94 

O 96 

Hydrogen atoms and electrons 
> up to 22 v. 

I Mean/ = 0-06. 

0-220 

0 330 
0-345 

136 

207 

217 

20 

40 

126 

1 67 

107 

227 

0 83 

0 84 
| 0 81 

\ Oxide emitter 20 \ .-30 v. 
fMean / = 0 S3 

0-313 

202 

5 

36 

0 91 

80 v / = 0 91. 

0-268 

157 

106 

! 186 

0 80 

\ 35 \. 

0 340 

210 

96 

| 182 

0 86 

/Moan/ = 0 86 


The ratio / is seen to rise from 0-8, approaching unity. This iB in accord¬ 
ance with the observation of a solid product and some formaldehyde in the 
gas phase. 

As regards the variation of / with the conditions of experiment, it was found 
that the lowest values (mean about 0*83) were obtained when atoms were not 
present, intermediate values (mean about 0-915) for the atom reaction without 
electrons and maximum values (mean about 0-95) for reactions into which 
atoms and electrons entered. Calling the highest pressure observed at room 
temperature p\, the ratio, f — p 2 (p 2 — p' 4 )/p, (p. t — p a ), was calculated for 
several experiments. There was a large variation in the values obtained, as 
is only to be expected, since the true maximum cannot be known accurately. 
Two important general observations were that /' was never less than 0-5, 
agreeing with the view that simple formaldehyde molecules are the first pro¬ 
duct ; also/' was greater for the larger values of/. This would seem to indicate 
that there is an actual synthesis in the first place of more complex molecules, 
the proportion of which varies with the conditions, being greatest when hydro¬ 
gen atoms react with excited carbon monoxide molecules and least when atoms 
do not enter into the reaction. 
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The Electron Efficiencies. 

The efficiencies for a few voltages calculated from the rates Bhown in figs. 
3 and 4 are given in the following table :— 


Efficiency, i.t., molecule* removed per eleotron («). 


Volta oorrected. 

Reaction. 

(1) 

SCO -► C + CO,. 

<*> 

CO + H, -*• HCHO. 

| (8) 

17 

0013 

0*016 

0 018 

21 

010 

0 127 

0 14 

31 

0 19 

0*21 

0 61 

40 

0 28 

0-29 

0*7# 

BO 

— 

0 10 

093 


Column (1) tabulates the results with a tube for which V = 575 o.c. and an 
emission of 1-62 milliamp., while (2) and (3) are for an emission of 0*348 
milliamp. in a tube with V = 1340 c.c 

The efficiencies obtained when hydrogen atoms are furnished by thermal 
dissociation ore much higher, depending on the rate of production of atoms ; 
thuB for fig. 4 at 20 v. under the conditions of experiment the rate of reaction 
was doubled by an emission of 0*348 milliamp., whilst the absolute rate waa 
about 10 times the rate for that emission and voltage when hydrogen in the 
molecular form alone was present. 

It muBt be concluded that with every ion produced, more than one molecule 
of carbon monoxide enters into reaction and that some type of chain or duster 
mechanism is operative. 

The Mechanism of the Reactions. 

The synthesis of formaldehyde can be effected by a variety of processes. 
The simplest reaction is the direct union of carbon monoxide and hydrogen 
atoms produced by thermal dissociation. 

(1) H, —► 2H ; 

(2) CO + H —► HCO; 

(3) CHO + H —*■ HCH6; or 
(3') HCHO + H, —** HCHO + H. 

This reaction is similar to the sensitised photochemical reaction examined 
by Taylor and Marshall.* In addition there is an increase in reaction rate at 
* ‘ Trans. Faraday Soe.,’ March, 1026. 
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29*7 v., when only molecular hydrogen iB originally present. This corresponds 
to the dissociation of hydrogen into atomic ions* 

(4) H a —* 2H+ (29-7 v.). 

Since, however, there was no break at 13-5 v. corresponding to the reaction 
(5) H —- H + (13-5 v.). 

the H + ion does not appear to be more reactive than H and the break at 29 ’7 v. 
is merely due to the fact that this is the potential at which the actual dis¬ 
sociation of molecular hydrogen by electrons begins to become an efficient 
process. 

In addition to the reactions involving modifications of molecular hydrogen, 
there are two others in which the excitation of the carbon monoxide alone 
causes combination with both molecular and atomic hydrogen. The observed 
critical reaction levels are 14*3 v. and 20 v. The lower level corresponds to 
the ionisation potential of the normal carbon monoxide molecule and we may 
infer either that the reaction 

C0+ + H, + c —*■ HCHO 

proceeds with small efficiency or that the carbon monoxide ions are raised by 
a subsequent electron collision to the more reactive 20 v. level. The transitions 
of the carbon monoxide positive ion to the 1 *P and 2 *8 states occur at the 
following levels:— 

C0 + — C0 + ', l*P,atl6-8v. 

00+ —• 00+', 2*8, at 20-0 v.f 

We note no change in reactivity of the positive ion either on transition to 
the 1 *P state nor on excitation to levels between 14 • 3 v. and 20 v.; indeed the 
reaction rate rose very little in that range both in the decomposition of carbon 
monoxide alone and in its union with hydrogen. In striking contrast is the 
increase in reactivity, in both cases, of the excited positive ion in the 2 *8 
state. The ion in this configuration may be expected to present a larger target 
area than the normal ion and consequently the efficiencies may be anticipated 
to be greater. If, indeed, the normal ion is reactive, the target area, to hydrogen 
molecules, of the ion in the 2 *8 state must be about eight times that of the normal 
ion to account for the observed increase in reaction rate. It is interesting to 

* See Compton and Holder, ‘ National Research Council Bulletin,’ No. 48, September, 
1924. 

t See Birge, 1 Nature,’ vol. lift, p. 170 (192S), vol. 117, p. 229 (1928); Duffendaek aad 
Fox, • Sdenoe,’ vol. 84, p. 277 (1926), and ‘ Astroph. J.,’ toL 66, p. 214 (1927). 
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note that no abrupt changes in rate either of the decomposition of carbon 
monoxide or its union with hydrogen occur at 24 v., the approximate dis¬ 
sociation potential of the molecule into C-f 0 + , and, in addition, that the mean 
time between collisions in these experiments of the order of 10 -# second, an 
indication that the molecular ion in the 2 *S state must have a somewhat larger 
life than that generally attributed to excited atoms. 

The parallelism between the reactions of CO + ' (2*S) with normal carbon 
monoxide, hydrogen molecules and hydrogen atoms suggests that the various 
reactions may be interpreted with the aid of the theory of ionio’cl usters advocated 
by Langevin,* J. J. Thomson,f and Lind.J On this view the enhanced re¬ 
activity of the CO + ' in the 2 *S state would be due, not merely to its larger 
collision area, but also to the fact that after radiating part of its energy, it 
leaves a positive ion with more energy in the vibrational or “ chemical ” degree 
of freedom than the normal ion § By virtue of thiB energy, it is enabled to 
form clusters with CO, H s and H, the clusters reacting with one another, with 
electrons and with the original molecules. ThuB, the cluster ion (CO . CO) + 
yields CO, + C, (CO .*CO . CO . CO) + yields C 3 0, and CO„ (H,. CO) + gives 
HCHO, (CO . CO) + + 2H, -f e could give 2HOHO and so on. The observa¬ 
tions that CO + ' (2 a S) ions combine with hydrogen atoms with great avidity, 
and that the first product in this case is not simple formaldehyde molecules 
but contains also polymers, find a Teady explanation on the view that the 
original (HCO) + cluster is capable of forming longer clusters of the type 
(HjCO), 

Summary. 

The decomposition of carbon monoxide into carbon and carbon dioxide 
(also some suboxide) and its union with hydrogen to form formaldehyde (and 
polymers) under excitation by electron impact have been examined. It is 
shown that hydrogen atoms produced by thermal dissociation react directly 
with carbon monoxide molecules, and also react with enhanced efficiency with 
carbon monoxide positive ionB. It is believed that this increase in reactivity 
is to be attributed to either a chain or a cluster mechanism. Hydrogen mole¬ 
cules react with carbon monoxide positive ions, but much more readdy with 
ions excited to the 2 *S level; this may be due either to the larger target area 

• ‘ Ann. Chim. Phy*.,’ vol. 6, p. 245 (1006). 

t 4 Phil. Msg.,’ vol. 47, p. 887 (1927). 

$ 4 Science,’ voL 64, p. 1 (1926). 

| See Franok,- 4 Trans. Faraday 8oc.,’ vol 21, p. 640 (1926) j Birge, 4 Nature,’ vol. 117 
p. 860 (1926) ; and Birge and Sponer, 4 Phys. Rev.,’ vol. 28, p. 259 (1926). 
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of the ion in the 2 *8 state or to its greater tendency to form clusters with CO, 
H, and H. Excitation of the normal CO + ion and transition to the 1 *P state 
do not affect the reaction rate. No indication of direct decomposition into 
carbon and oxygen was noted at the dissociation potential. The subsequent 
polymerisation of formaldehyde has been shown to follow a ummolecular law, 
but this is due merely to slow diffusion of the simple molocules from the pressure 
gauge. The reaction products have been obtained in quantities sufficient for 
chemical tests. 

Our thanks are due to the Salters’ Company for a fellowship which enabled 
one of us (A. C.) to participate in these investigations, to the Imperial Chemical 
Industries for a grant out of which part of the cost of the apparatus was 
defrayed, and to Prof. T. M. Lowry, F.R.S., for the communication of this 
paper. 


The Velocity Distribution of Photoelectrons produced 
by Soft X-Rays. 

By E. Rudbero, King’s College, London. 

(Communicated by 0. W. Richardson, P.R.S.—Received June 5, 1928 ) 

1.— Introduction. 

In the literature published on the subject of soft X-rays, there are two 
papers* to be found, which deal particularly with the velocity of the photo¬ 
electrons produced by such rayB. Both authors of these papers state, that 
they have found a photoelectric emission built up of homogeneous groups of 
electrons with characteristic velocities, giving rise to very sharp and steep 
jumps in the curves obtained by P. Lukirsky with retarding electric fields, 
and to equally sharp lines on the photographic plates in J. A. Becker’s magnetic 
deflection apparatus. There were scarcely any electrons with low velocities 
present. In the autumn, 1925, the writer engaged himself in an investigation 
on the same problem at King’s College, London, as a direct continuation 
of experiments whioh Prof. 0. W. Richardson had been carrying out, chiefly 

* Lukinky, ‘ PhiL Mag.,’ voL 47, p. 466 (1924), and * Z. f. Physik,’ voL 22, p. 301 
(1924); Becker, * Phya. Rev.,’ voL 24, p. 478 (1924). 
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in collaboration with Mr. A. A. Newbold. The electric stopping potential 
method was used, and a number of different tubes were designed and tested. 
In this way the many disturbing factors which may easily completely mask 
the true effects in experiments of this kind were gradually reduced, and the 
remaining sources of error could be allowed for. As a result of these experi¬ 
ments, it was quite clear, that the greater portion of the total emission from 
metals consists of electrons with energies of a few volts only. In addition, 
a small discontinuity in the current vs retarding voltage curves was found 
in the higher voltage region, the position of which at 266 volts agreed very 
well With the value of the K,-quantum for carbon, the substance used for 
the anode, as calculated from the best critical potential determinations and 
confirmed at about the same time by A. Dauvillier’s* first measurements 
using a crystal method. The curves obtained arc totally different from those 
published by Lukirsky. From the experience gamed in experiments with 
several different tubes the writer is inclined to think, that* the shielding of 
the photoelectric target in Lukirsky’s apparatus from the electric fields of 
neighbouring electrodes at high potentials may not have been sufficient 
to prevent a considerable distortion of the true curve. This might explain 
the conflicting results arrived at. As regards Becker’s work, it seems to the 
present writer a dangerous thing to keep the photoelectric part at the same 
potential as the anode, for any electrons leaking out through the games 
from tho X-ray tube must inevitably have been recorded as fast photo¬ 
electrons. In a notef by Becker’s collaborator, which appears to have 
escaped the attention of those who quote this investigator, such an effect is 
actually stated to have occurred 

Tn the stopping potential method the current between the photoelectric 
emitter and the surrounding electrode is always composed of two : the electrons 
emitted from the target against the opposing field, and a current of electrons 
produced by scattered radiation at the surface of the outer electrode. This 
current will always be present; it flows in the opposite direction to the 
first one and causes the total current from the emitter, as measured by the 
electrometer, to reverse its direction for a low value of the stopping potential. 
For higher stopping potentials this second current constitutes almost the 
whole of the measured negative current in which the changes in the small 
superposed current carried by fast electrons from the target must tend to 
disappear. Since it does not appear to be possible to get rid of the effects 

* • Joum. de Physique,* voL 8, p. 1 (1027) i * O.R.,* voL 182, p. 108S (1028). 

t Rase, * Phys. Rev.,’ vol. 28, p. 888 (1026). 



Velocity Distribution of Photoelectrons. 


88 7 


of scattered, radiation, the stopping potential method has been abandoned 
for a magnetic deflection method of a special kind, described in the following. 

2. Theory of the Method. 

Several attempts were made to employ the usual arrangement based on the 
focussing principle first introduced by Danysz and later used in most work 
on the magnetic spectra of fj-rays. They failed because of the difficulty to 
get a measurable intensity. The following method, illustrated in figs. 1 and 2, 



Fig. 1. Fra. 2. 

was then adopted. The photoelectrons are produced at the surface of a 
narrow metal rod and the current flowing to an annular collector, surrounding 
the rod concentrically and maintained at the same potential as this, is 
measured. When a magnetic field is applied, parallel to the cylinder axis of 
this arrangement, an electron starting from the rod will describe a helix round 
the direction of the field, composed of a uniform motion on a circle in the plane 
of the ring together with a uniform translation along the axis. The radius of 
the circle is given by 

f as mo left, (1) 

where v is the velocity component in the xy-plaue. If the height of the whole 
arrangement is Bmall, only electrons for which the direction of emission falls 
nearly in this plane will come into play, so that v may be taken as the resultant 
velocity as well in this case. If the radius of the rod can be neglected com¬ 
pared with r 2 , the radius of the collector, all of these electrons for which 
v > v 0 = roH.e/m, the “ critical velocity ” will be measured at the outer 
cylinder, and the rest will be returned to the rod independent of their direction 
of emission. Here r 0 = $r 8 . The effect of a finite value of r t , the radius 
of the rod, is to make this distinction less sharp. Thus, as will be seen from 
fig. 2, there will be a range of velocities Av 0 such that of the electrons belong¬ 
ing to this group some will be collected and othere returned, depending on the 
direction of expulsion from the surface of the rod. The resulting relative 
uncertainty in the value of the critical velocity will be : 

At? 0 _ fi 

2i’o 2r„ ’ 


(2) 
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and in the corresponding energy in volts, since V v*: 

= (2a) 

2V 0 v u - r 0 V ' 

Inserting numerical values, the latter expression comes out a little lees than 
10 per cent, for the apparatus used. It will be seen that (2) and (2 a) give 
the extreme limits of the transition interval, and that the main change in 
current produced by the variation of the magnetic field in the neighbourhood 
of the value corresponding to v 0 should occur within an interval considerably 
smaller than this. 

The experimental procedure, then, is to measure the current flowing to the 
ring collector for a series of different values of the magnetic field. If the 
former is plotted against the latter m a diagram, the curve obtained should 
give the number of electrons with any given velocity as the negative deriva¬ 
tive in the corresponding point. This method appears to Jiave been first 
used by F. Pasohen* in a study of the (J-rays from radium; the arrangement 
is also very similar to the Magnetron of A. W. Hull.f The theory as outlined 
above is modified somewhat, when the effect of the finite height of the cylinder 
and of the openings in it, which it was found necessary to introduce, are taken 
aooount of. The writer has considered this point m detail, but since some of 
the calculations are rather lengthy and the resulting change in the formulas 
is practically insignificant, the matter will not be dealt with here. Only one 
result must be mentioned. The ring-shaped collector occupies a certain rone 
of the unit sphere laid round the centre of the rod. The width of this zone, 
which is effective in collecting electrons, is not constant for electrons with 
different energy, supposed great enough to carry them across, on account of 
the difference in the distance covered along the path of the electron during 
the transition, but is a function of the ratio of the energy V 0 , associated with 
the critical velocity for the particular field in question and the energy, V lt 
of the electron. This function may be shown to be : 

9 (V 0 /V,) = VvWVT/arcsin VW~v (3) 

This function indicates an extreme variation from it ft to 1 of the width of 
the zone, and therefore of the ourrent to the collector due to electrons of 
energy Vi, as the magnetic field is raised from zero to the value corresponding 
to V x . With the particular way of plotting the curves—current against 
log V—described below, it is possible to correct for this change. The recalou- 

* ‘ Ann. d. Phynik,’ vol. 14, p. 389 (19041 
t ‘ Phyi. Rev.,’ voL 18, p. 31 (1921). 
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lation is rather tedious but has been oarried out with all curves given in the 
following, although the omission of this correction should not introduce any 
serious errors, when curves for different elements and the effects of different 
treatment of the target are compared 

3. Description of Apparatus. 

The mam features of the experimental arrangement finally adopted after 
several preliminary tests with more or less different constructions, will be 
seen from fig. 3, showing the whole tube from the side, and fig. 4, representing 
a cross section through the principal parts of it. The main body of the 
apparatus is formed by a cross of wide glass tubing, the “ analysing chamber,” 
where the photoelectrons are produced and measured, occupying the large 
central part. The X-radiation is generated in one of the side tubes, the 
second arm of the cross serving as a light trap for the part of the radiation, 
which passes to both sides of the rod and therefore is not utilised for the 
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production of electrons. Through the uniform hemispherical eurfaoe by which 
this trap iB closed up the slits can be observed and adjusted in a line with 
the rod. 

The anode, a small rod filed from a piece of arc carbon, and the tungsten 
filament, are firmly supported on quartz tubing fixed to a large glass stopper. 
They are completely separated from the rest of the apparatus by means of a 
surrounding copper cylinder, fitting tightly on a glass tube of wide bore pro¬ 
jecting from the stopper. This cylinder is closed by two diaphragms, in which 
slits 1*8 X 7-5 and 1-8 X 8-5 mm. have been cut to stop the emerging 
X-ray beam down to the required size. The second stop has been constructed 
as a removable lid, so that the ion trapping device can be introduced in the 
space between the two slits. An arrangement of the plane condenser type 
was first used for this purpose, but later one single electrode has been employed, 
the shape of which may be seen in fig. 4 It can be described as a flat box with 
openings, covered with a network of very fine copper wire, On two opposite 
sides corresponding to the slits facing them. The whole is kept in a fixed 
position and well insulated from the walls by a tiny quarz framework fitting 
into the Bmall space limited by the diaphragms. The whole length of this 
trap measured along the beam is only 8-5 mm., but when the electrode is 
charged to a potential about 50 volts higher than that of the anode, the trap 
works very satisfactorily. The lead to the trap electrode is run along the inside 
of the cylinder m a narrow quartz tube and finally comes out through the 
stopper, so that the whole X-ray tube can be taken out by removing the stopper. 
This is directly connected to the pumping system by a wide side tubing 

The analysing chamber is built on a complicated quartz framework, w hich 
has been blown together to form one single piece m the oxygen blowpipe, 
thereby ensuring a very high degree of rigidity of the whole system. This 
framework is fixed by means of a tight-fitting copper cylinder to the upper 
end of a wide glasB tube joined into the large stopper, which terminates the 
wide main tube. The outer cylindrical electrode of the chamber, 50 mm. in 
diameter, is 50 mm. high, but only a central strip of this, 8*5 mm. wide, con¬ 
stitutes the annular collector. This strip, except for a small portion con¬ 
taining the entrance slit for the radiation, which therefore separated the two 
halves of the collector, as will be seen from the diagram, is insulated from 
the rest of the cylinder by annular slots about 1 mm. wide and connected 
to the electrometer. The collector is thus an insulated part of the larger 
cylindrical surface, the rest of which may be looked upon as a guard ring 
for the central part. This arrangement was adopted in order to reduce the 
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effect of scattered radiation as much as possible. It was expected that the 
intensity of such radiation falling on the outer cylinder would not vary by any 
greater amount over a considerable length in the middle of a strip of this 
surface parallel to a generator of the cylinder. But if thiB is true, it is easily 
recognised that the total emission from the collector and the current flowing 
to it due to electrons emitted from the guard nng should almost completely 
balance each other, particularly for higher magnetic fields, when the paths 
arc very much reduced. As a matter of fact, when the arrangement was 
tried the disturbance due to scattered radiation was found to have been very 
much diminished as compared with what was the case in an earlier tube, 
where this precaution had not been taken. The analysing chamber is provided 
with a large opening facing the light trap for the emergent radiation. The 
whole is surrounded by a wider cylinder, which shields the back of the collector 
from radiation and electric fields ; this cylinder is permanently connected to 
the guard ring and to a short piece of wire placed on the cylinder axis some 
distance above the rod to enable the saturation current from the rod under 
an accelerating potential difference to be measured for different magnetic 
fields. The whole equipotential system thus formed will be referred to as 
the “ shield.” 

The central rod, originally fixed to a central quartz stem, is in the final 
construction attached to the bent end of a narrow quartz tube, which is able 
to pivot round the axis obtained if the central line is displaced 10 mm. to 
the side, perpendicular to the X-ray beam. By this arrangement the photo¬ 
electric target can be swung into position or turned out of the X-ray beam 
from outside, by acting on the ground joint at the bottom of the largo stopper, 
so that velocity measurements and blank runs can be taken alternatively in 
rapid succession and under identical conditions. The exact position is ensured 
by the contact between quartz surfaces in each case. 

The magnetic field is supplied by a pair of Helmholtz coils, each consisting 
of 604 turns of a mean radius 80 mm. They axe calculated to give 66 * 62 gauss 
per ampere with an extreme variation of 0-4 per cent, over the space utilised 
in the measurements. 

4. Experimented Procedure. 

The tube was exhausted by means of a set of two Volmer mercury-vapour 
pumps, the mercury-vapour being prevented from diffusing into the apparatus 
by an interposed liquid air trap. The analysing chamber was coated with 
lamp-black to reduce the emission of electrons, but when this coating had once 
been outgassed through baking at 400° C., it was never found to affect the 

VOL. OZX.—A. 2 S 
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good vacuum obtained, even after air had been admitted. The tube was run 
with the current to be used in the measurements for at least an hour before 
these were started, and no readings were taken unless the pressure was 
1 x 10"® mm. or less. Under these conditions there is no appreciable radiation 
from the gas residue. When the conditions were found to be satisfactory, a 
run was taken in which the saturation current flowing from the rod to the 
system-collector and shield was measured for a series of different values of 
the magnetic field. The rod was connected to the electrometer and was made 
some 140 volts negative to the shield. This has to be done, because the field, 
being perpendicular to the stream of bombarding electrons in the X-ray tube, 
will act on this like a sideward pull on an elastic string and shift the point 
of impact over the surface of the anode, which in turn must alter the intensity 
of the radiation incident on the rod. The mean of a couple of such curves 
was taken and later on used to correct the currents in the velocity measure¬ 
ments, by dividing the measured value of the current by the corresponding 
ordinate from the saturation curve. Since the saturation currents are much 
larger than the currents measured in the main experiments, the thermionic 
current in the firet case was correspondingly reduced to give a convenient rate 
of deflection of the electrometer needle. That this did not alter the conditions 
was proved by some measurements in which the thermionic current was 
unaltered and the sensitivity in the current measurements reduced by adding 
capacity to the system, but since the condenser was less convenient to use, 
the first method was generally adopted. In addition to the measurement of 
tho saturation current, a number of readings were usually taken without the 
magnetic field and for different potentials on the rod, including positive ones, 
as a control. 

This done, the electrometer was connected to the collector, the rod being 
kept at the same potential as the shield. The thermionic current used in 
almost all experiments was 10 milliamps.; it could be kept sensibly constant 
by slightly adjusting the heating current if necessary, for which purpose this 
circuit was provided with three sliding resistances of different order of magni¬ 
tude, all in parallel. The bombarding voltage, supplied from high-tension 
accumulators, was usually 700 volts, but preliminary experiments extended 
as far down as to 360 volts did not reveal any important differences. The 
ion trap was charged to 770 volts, referred to the negative end of the filament, 
and the metal wall of the X-ray tube was kept at — 70 volts. The high 
negative potential of the wall was found to be necessary to neutralise the 
influence on the thermions of the high positive potential on the trap electrode; 
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otherwise, the field from this electrode would pass through the slit and direct 
electrons to it, thus introducing a second anode, in which case the electrode 
would no longer trap the positive ions. 

The analysing chamber os a whole was originally intended to be kept at the 
same potential as the metal wall of the X-ray tube in. the experiments, since 
in any case it is advisable to make this part the most negative of the whole 
apparatus to safeguard against the influence of any traces of stray thermions. 
This was also done in the preliminary experiments with a fixed copper rod, 
of which a brief report was given in a letter to ‘ Nature * in May, 1927 (vol. 119, 
p. 704). A more detailed study of the properties of the tube, however, lead 
to the adoption of a small and variable potential difference of the order of 
10 volts between the chamber and the wall of the X-ray tube in the final 
experiments, the former usually receiving the negative charge. The object 
of this will become clear from the following. 

When blank runs were first tried with the rod turned well out of reach of 
the X-ray beam, it was very puzzling in the beginning to find that there was 
still a small current received by the collector. Various alterations in the 
experimental conditions were made in the search for a possible source of this 
disturbance. It was then noticed, that the small residual current was very 
sensitive to the application of small P.Ds. between the chamber and the tube 
wall, and that the current could be reduced to zero, or its sign reversed, by a 
suitable adjustment of the applied P.D. This suggested the following explana¬ 
tion (compare fig. 4). The residual current is due to electrons set free from 
the edges of the final entrance slit by peripheral rays of the X-ray beam 
passing through it, and to some extent by radiation reflected from the trap 
electrode at grazing incidence. The number of such electrons, which is able 
to reach the collector through the slit, must vary with the magnetic field 
applied for two reasons : (1) the path is affected by the field, and (2) the 
amount of radiation depends on the distribution of bombarding current over 
the surface of the anode, which in turn is a function of the field. When the 
chamber is charged negatively with respect to the tube wall, the electrons are 
attracted by the latter, and the number entering through the slit must diminish 
rapidly as the negative potential is increased. The small reversal of the 
ourrent, which may be produced by making the potential of the chamber too 
negative, must be due to a small fraction of the applied electrio field, which is 
able to enter through the slit and catch some electrons from the nearest 
collector edges, which are thus lost for the balance just mentioned above. 
It is in good agreement with this tentative explanation that the “ compensating 

2l2 
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P.D.’’ necessary to reduce the residual current to zero is found to be nega¬ 
tive when there is no magnetic field, and gradually approaches zero for higher 
magnetic fields, the change in this quantity for a given change of the field 
being greatest for small fields. 

In view of this, the following experimental procedure was adopted, when 
velocity measurements were to be taken. A blank run was first made in which 
the compensating P.D. was found for a series of values of the magnetic field 
spread over the region in question, and a smooth curve drawn through the 
points so obtained. The rod was then turned into position in the centre of 
the cylinder and the main experiment started. In thiB, the potential of the 
chamber was always set at the value given by the compensation curve just 
obtained, before the current to the collector was measured. ThiB was done 
for all values of the magnetic field used. ThiB method assumes, that the rest 
current to be balanced remains the same in the blank run as in the main 
experiment. There does not appear to be any serious reason* to doubt that 
this condition is satisfactorily fulfilled, and the results may be said to justify 
the method. 

The currents to the collector in the main experiments were not very large, 
in spite of the considerable input on the X-ray tube, so that they had to be 
measured by timing the rate of deflection of the electrometer (sensitivity 
1,200 div. per volt). Since there was a large variation in the magnitude 
of the current over the region studied, different intervals of the scale had to 
be used for different parts of thiB region. The continuity in the measure¬ 
ments in changing over from one such interval to the next one was secured 
by taking double readings simultaneously over both intervals in the neighbour¬ 
hood of the transition point and using the mean value thus obtained for the 
reduction factor. 

In all cases where this method of applying a compensating P.D. was used, 
it was found that the current in the main experiment came down, as the 
magnetic field was increased, to a small constant value different from zero 
and apparently independent of the field, even for such values of this as would 
have stopped electrons with energy corresponding to the bombarding voltage 
completely. Since a very small positive potential applied to the rod reduced 
this current to zero, it was inferred that it must have been carried by particles 
of a much larger mass than electrons, and it was natural to attribute this 
effect to negatively charged atomic carriers, such as negative ions. For this 
reason, in addition to the ordinary measurements with the rod kept at the 
potential of the whole chamber, curves were also taken with the rod at -|- 3-0 
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volt with respect to the chamber, since this was found sufficient to make the 
remaining current disappear completely. Special blank runs for compensa¬ 
tion had to be taken for these measurements as well. As a rule the com¬ 
pensating P.Ds. were not very different in the two cases. The potential of 
the chamber had usually to be kept a little more negative to the tube wall 
in the latter case. The difference is easily accounted for, since the presence 
of the charged rod inside must reduce the field in the slit due to the positive 
potential of the tube wall. The distance between the slit and the rod was 
almost the same, when the rod was turned aside, as when it was in the central 
position. 

It may perhaps be thought to be rather rash to conclude that there are 
negative ions in the photoelectric emission produced by soft X-rays. It must 
be emphasised, however, that the current in question was always found to 
be very small, amounting to a few per cent, of the total emission only. It is 
not meant to suggest that the negative ions result directly from the action of 
the incident radiation ; but it does not seem impossible, that a small fraction 
of the photoelectrons produced could become attached to traces of gas in the 
surface on their way out, in such a manner that the ions formed would retain 
a small amount of energy juBt sufficient to carry them away from the Burface. 
The evidence as to the specific effects of magnetic and electric fields on this 
current, although perhaps not absolutely conclusive, is a Btrong indication 
of the mass of the carriers as being at least of atomic dimensions. The fact 
that the current in question was found to be very much reduced, and sometimes 
almost entirely absent, after the specimen had been degassed at 400° C. is 
also believed to be a good support of the explanation here proposed. 

The vertical component of the earth’s magnetic field, which is the only one 
which comes into play, is small compared with the fields mostly used in the 
experiments. It falls in the opposite direction to the applied field, the latter 
being always directed upwards in the final experiments, principally because 
the saturation curves Bhowed much less variation in this case ; this is easily 
understood, since the field tends to shift the point of impact to the front face 
of the anode under these circumstances (fig. 4). By means of a small test coil 
and a ballistic galvanometer, the current through the coils which would reduce 
the vertical magnetic force to zero at the centre of the Helmholtz pair was 
determined, and this value used to correct for the vertical component of the 
earth’s field. 
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5. Method of Plotting ike Curvet. 

The conclusion arrived at in the writer’s earlier experiments using the electric 
stopping potential method was, that a considerable portion of the emission 
consisted of slow-moving electrons. This result has been confirmed with all the 
different magnetic arrangements that have since been tested, and this remark¬ 
able feature of the emission Was the point particularly emphasised in the pre¬ 
liminary report to ‘ Nature.’ This is well brought out by the graph in fig. 8, 



representing some recent results with a copper photoelectric target which had 
been baked at 400° C. The currents received by the collector for different 
fields have been plotted against the square of the current through the coils, 
multiplied by a numerical constant such that the abscissas represent the equiva¬ 
lent volts, as shown in section 2. This curve should thus be the oomplete 
equivalent to the stopping potential ones if the errors of the latter method 
could be dispensed with. 

It will be seen, that with this njode of representing the results, it is not easy 
to give the whole region in one curve, without pushing the important part dose 
to the axis of ordinates almost into this axis; the curve for the unbaked 
specimen would have been much worse in this respect. For this and several 
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other reasons, it was chosen to plot the photoelectric currents, I, against log i, 
the current through the coils, which apart from a constant term and the 
factor | is the same as log V. 

Let N(u)dtt be the number of electrons in the emission falling in the interval 
between u and u-\-du. Disregarding, at present, the influence expressed by the 
function g{) in (3), and omitting constant proportionality factors throughout, 
since we are interested in the relative values only, we have: 

I “£*(*)* N(H)dH = j"N(t>)<fo= j* NOW (4) 

where v, H,» and V are related to each other as set out in section 2. Bearing 
this in mind, we can also write : 

I = £ N(V)<rv - j" N(V)d(»*), (5) 

from which will be seen, that the distnbution of electrons over the different 
values of the individual energy is determined by tho negative slope of the curve 
giving I as a function of t a , just as from a stopping potential curve. 

There is, however, a second kind of distribution, which ib of Borne interest. 
One might wish to know, how the total energy contained in the emission is 
distributed over the various energy units of different size, every moving electron 
representing such a umt. Obviously the energy carried by electrons of individual 
energies between V and V +dV is given by V N(V) d V. By transforming (4): 

I-£ N(V)dV -£vN(V)££-£ v VN(V)d(logV) 

= f V N(V) d (log i) (6) 

JlO« V, 

we find that the required quantity in this case is determined by the negative 
slope of the curves obtained when I is plotted against log t. 

It has been mentioned, that the measured currents were usually represented 
in this way, as a function of log t. These curves may be compared directly 
or may be differentiated graphically to give the distribution of energy. To 
find the electron distribution, the values found for the slope have simply to be 
divided by the value in volts corresponding to the particular point of the 
curve. The plotting of the curves was conveniently done by the aid of special 
tables, computed in such a way as to give the value of log i with all corrections, 
including those for the ammeter, for any reading of the instrument. Other 
tables gave the value of log i corresponding to different V:In plotting 
the curves obtained with the rod charged to -f- 3-0 volts, it was assumed 
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that the only effect of the electric held was to make the electrons start from the 
rod with an energy 3-0 volts leas than when the field is absent. Tables-for 
log i were then oomputed in which this had been accounted for and 3-0 volts 
added to every energy value in such a way, that the curves, when plotted, 
were automatically brought up into the right place, giving the distribution 
that would have been found had there been no field. The assumption on which 
this computation rests is very nearly true, when the radius of the rod is small 
and for the fast electrons, and only the part of the curves corresponding to 
such electrons has been used to correct for the current supposed to be due to 
negative ions. In fact, the experimental curves for 0 and 3*0 volts, when 
drawn in thiB way, were found to be parallel over a considerable range for 
higher fields, so that to correct the first curve the constant difference was sub¬ 
tracted from all ordinates. 

The logarithmic representation is preferable when it is desired to correct the 
experimental curves for the effect expressed by the function ( ) of (3). To 
do this, the curve is divided into a great number of small parts, which may 
be treated as straight lines, corresponding to equal distances along the log i 
axis. Starting far out to the right, the first rise in the curve from the axis 
proceeding backwards is taken as a measure of the number of electrons of the 
corresponding energy, and the value of this rise, multiplied by the function $ ( ) 
is marked off on each of the following lines, by which the curve had been 
divided. The number falling m the next interval is determined by the rise 
in the curve over this interval, minus the rise in the g\ ( )-curve over the same 
part, due to the faster electrons. The new function, g Sl is marked off on top 
of g 1 on aU the following lines. In the next interval, the rUe in gi g t is 
subtracted and g a marked off. Proceeding in this way, the whole curve is 
reconstructed, the rise A*I over the interval k of the uncorrected curve 

*-i 

becoming A*I — A* £ y n after correction. The fact that g ( ) is a function 

of V 0 /Vj only, combined with the properties of the logarithmic plot, means 
that the g ( )-curve has only to be multiplied by a constant and shifted from 
one line to the next to give each of the subsequent corrections g lt g t . . 
which is favourable for the calculation. In spite of this, the method' is rather 
lengthy. All the final curves given in the following have been corrected in 
this way. In the practical case, the summation of the different g n : a is not 
done graphically, but by direct calculation. The number of equal intervals 
chosen was twenty. In each case, the corrected curve (full line) and the same 
curve, but without this last correction (dotted) have been drawn. It should 



Velocity Distribution of Photoelectrons. 399 

be mentioned that the function g ( ) here used is not exactly (3), since a second 
function of the ratio V 0 /V t , which takes account of the openings in the collector, 
has been included, but the extreme variation of the latter function over the 
whole range is only 1*7 per cent., so that the difference is insignificant. 

6. Experimental Results. 

The result of the measurements, plotted as set out in the preceding section, 
is collected in figs. 6 to 9. Four different elements have been tested, namely, 



Fio. 0.—Silver. Unbaked—upper carve; baked—middle curve; film baked—lower curve. 

silver, copper, aluminium, apd carbon. Two curves are given for each 
these elements, showing the effect obtained with the same rod previous 
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(upper curve) and after (lower curve) heating it t«t memo This was done by 
meanB of an electric furnace which could be placed over the central part of 
the tube The temperature was raised to 400° C and maintained at this point 



Pro 7 —Copper Unbaked—upper curve baked—lower curve 


for some time —l or 1 hour—until there was only a very slow evolution of gas 
The zero of the current axis has been shifted for the upper curve aa indicated 
to the right in each case The scale is the same for all the different curves 
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so that the ordinate to the left, corresponding to zero field, should represent 
the photoelectrio “ efficiency ” for the target in question. It must be 
remembered, however, that the tube had to be opened up every time a new 
rod was inserted, and that this might easily have altered the adjustment 
slightly; for this reason, the efficiency could not be given with any high 



degree of accuracy by these curves, but they are believed to give a fair idea 
of the relative magnitude of this quantity. 

In all curves, except those for aluminium, the current is practically zero, 
and constant in the region of the highest fields. Thus, although the bombarding 
voltage was about 700, there is scarcely any indication of electrons having 
energies greater than 300 volts. As the magnetic field is reduced, there is 
a fairly rapid rise in the current between 280 and 200 volts followed by a 
small region, where the curve is again nearly horizontal. The steeper part is 
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possibly a little exaggerated by the last correction, but it will be seen that 
the general shape is quite clearly indicated by the unoorrected curves as well. 
In almost all curves obtained, apart from those shown here, the appearance 
is very much the same, and the drop occurs in the measurements with 3*0 volts 
on the rod, as well as without any applied potential. The directly measured 
points are indicated in the dotted curves without the final correction and 
should give a fair idea of the accuracy attained in these experiments; it will 
be seen, that the occurrence of the steeper part for high fields in most curves 
could hardly be accidental. 



Fro. 9. Carbon. Unbaked—upper curve ; baked—lower curve. 


After the first rise, the curves remain nearly horizontal down to about 
60 volts. Between 50 and 30 volts, the curves again turn upwards, and below 
20 volts the slope rapidly increases to a maximum about 3 or 4 volts. After 
this, the slope gradually decreases, and below 1 volt the curves are very nearly 
horizontal, corresponding to an asymptotic approach to the value for zero 
field. The rise below 20 volts is so steep that the current is increased by a 
factor of from 6 to 16 in the extreme cases over the region corresponding to 
the last 20 volts. Thus it seems natural to speak of the whole emission as 
made up of two parts 

(1) A group of electrons with low energy, mostly of the order of a few 
volts and scarcely exceeding 20 volte; these electrons carry at least 
80 per cent, of the total current. 
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(2) A group of fast electrons. This group may in general be distributed 
over the whole region corresponding to higher fields; in the present 
ease they appear concentrated in the part between 200 and 280 volts. 
There is no detectable amount of such electrons above 300 volts. The 
Second group usually contributes only a few per cent, to the total 
emission. 

The general appearance of the curves obtained with different photoelectric 
targets is very much the same in all cases. This is true for different elements 
as well as for the same element in different stages of degassing. It will be seen 
that the highest emission has been obtained with an unbaked copper target 
(maximum current about 2 X 10 -1 * amps.). The emission from an unbaked 
silver surface is a little less than this, and the efficiency of the carbon emitter 
in the unbaked state is considerably less than half the efficiency of unbaked 
copper. The change produced by subjecting the photoelectric target to a 
heat treatment, the immediate effect of which, in view of the comparatively 
low temperature used, must have been to reduce a surface layer of adsorbed 
gas, is m all three cases a considerable reduction of the emission. This is 
greatest for the copper target, being somewhat more than 60 per cent. In 
the case of silver and carbon the total emission has been diminished by about 
40 per cent, through baking. The emission is thus to a considerable degree 
dependent on the state of the emitting substance as regards its gas content. 
It is not meant to suggest, that the state of the targets after baking should 
correspond to the pure element in question It seems fairly certain, that 
further degassing at much higher temperatures would produce a considerable 
additional reduction of the emission ; the figures for the change due to heating 
have only been given in order to illustrate the considerable influence of the 
conditions as regards adsorbed gases. 

There is one very important point about this influence, which is clearly 
exhibited in the curves. In all three cases, it is mainly the currents correspond¬ 
ing to small fields which are reduced by the heating. The currents for higher 
fields remain practically unaltered. It will also be seen, that this latter part 
of the curves is not much different in magnitude for different elements (although 
there can be little doubt that there are differences, carbon, for instance, giving 
smaller values than the other two). The great influence of adsorbed gas is 
thus confined to the first group of low velocity electrons ; the number of fast 
electrons of the second group iB not affected by a moderate heat treatment and 
is for different emitters essentially the same, showing much less variation than 
the number in the corresponding first group. 
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The curves for aluminium, fig. 8, differ from the others in some respects. 
The characteristic drop in the curves for higher fields is almost entirely absent, 
and the remaining current above 300 volts is perhaps a little greater than with 
the other elements studied. The cause of this difference is not obvious. As 
mentioned, the X-ray tube used in all experiments was provided with a 
tungsten filament and a carbon anode ; with the heavy currents which it was 
necessary to use sputtering of the latter could not be avoided, and no attempts 
were made to renew the surface by scraping the anode, when the tube was 
open. There is a possibility that for some reason the sputtered surface was 
more effective in the experiments with aluminium than with the other targets, 
so that the anode radiated more like a tungsten one in this particular case; but 
there was nothing unusual in the behaviour of the tube in the experiments 
with aluminium as compared with those in which other elements were studied. 
Whatever the true explanation of this discrepancy, it seems justified to regard 
the emission as composed of two groups of electrons, in the same way as before, 
in this case too. The curve for unbaked aluminium differs from the others 
in a further respect: the slope retains a finite value also for the smallest fields 
employed. This peculiar shape cannot be accidental, since it repeats itself 
in all three curves obtained with this target previous to baking, which, as 
exhibited by the lower curve, restores the “ normal ” type of curve found for 
the other targets. It is possible that a small opposing contact P.D. between 
the unbaked target and the cylinder is responsible for this peculiar shape of the 
curve. The stopping potential test used to detect such P.D.: a is not accurate 
enough to decide about the presence of a contact P.D. of less than 1 volt, 
but the data obtained indicate, that the saturation is not quite complete when 
the applied stopping potential is zero for the unbaked target, whereas the 
saturation is very good under the same conditions after baking. The difference, 
however, is not great enough to alter the result which must be drawn from a 
comparison of the two curves in fig. 8 : baking the aluminium target does not 
produce any appreciable change in the total photoelectric emission. This also 
means, that the number of electrons belonging to the first group is not affected 
by this heat treatment. In fact, the only change produced by the baking 
seems to be the increased bending for the lowest velocities. 

The silver target was not a solid piece of this substance as in the case of 
the other elements, but consisted of a quartz rod on which a thick and perfectly 
opaque layer of the metal had been formed by repeated deposition of silver 
in a Bflttger solution. In view of some experimental evidenoe, of which 
the most important one will be given is the following, it is fairly certain that 
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the low energy electrons of the first group result from a secondary process 
occurring in the photoelectric emitter, and it was therefore interesting to 
find out, if the distribution curves for very thin films as emitting Bubstance 
were different from those obtained when greater thicknesses of the same 
material were used. It was very difficult at first to secure good contact 
to the thin silver films deposited on the quartz rod in these experiments. A 
considerable number of such films were tried and the contact was usually 
very satisfactory, until the tube had been baked. Different methods of 
making contact were tested m the attempts to find one which would stand 
the temperature change. The method which finally turned out successful 
was the following. The quartz rod, well cleaned and provided with a ring of a 
very fast-sticking platinum deposit at one end to which a platinum wire had 
been welded, first received a very thick coating of a great number of successive 
deposits. After this had been baked tn vacuo —it was used as a silver target 
in the experiments described above—the coating was Bcrapcd off, leaving only 
a narrow strip at the back of the rod and the annular part close to the platinum 
deposit. On this the thin film was deposited m two successive baths, the rod 
remaining only for a short time in the solution, and after washing with dis¬ 
tilled water the tube was put together and evacuated. The temperature 
was raised very slowly and was only pushed as far as 375° C. To test the 
contaot to these perfectly transparent films, the stopping potential method 
could not be used, since the measured photoelectric emission current from the 
rod was troubled by polarisation currents, probably due to changes in the 
quartz exposed to the radiation, so that the current did not instantaneously 
respond to a change m the applied potential, which gave rise to a kind of 
hysteresis effect. Instead, the arrangement described by Hull was Used, 
and the current flowing to the collectors under a fixed accelerating potential 
difference was measured for gradually increasing magnetic fields. Hull has 
shown that if the electrons are expelled with a negligible velocity this current 
will remain constant until a certain value of the field is reached, calculable 
from a knowledge of the applied P D. and the dimensions of the cylinder, 
beyond which the current will be zero. When the electrons have initial 
energy as in the present case, the drop is gradual but sets in fairly sharply 
very much as in the stopping potential curves. When this Hull effect could 
be reproduced with a film, the contact was regarded as satisfactory. As a 
matter of fact, many films have been tested, where it was evident for other 
reasons that the contact was bad, and in all these cases the sharp Hull drop 
was found to be replaced by a slow and gradual decrease in current extending 
over the greater part of the applied fields. 
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The results obtained with a thin film of silver after baking are represented 
by the bottom curve of fig. 6. The general shape of this curve is similar to 
that of the other curves here given, but the total emission is the lowest so far 
recorded, being a very little less than for the baked carbon target. Conse¬ 
quently, the first group of electrons is considerably reduced, but it is interesting 
to note that there are quite as many electrons belonging to the second group 
in the case of this thin film as for the thick silver coating. As a matter of 
fact, considering all the curves taken with this film, the currents in the region 
of higher fields are larger absolutely than with any of the other targets studied. 
This is no doubt chiefly due to the fact that, at the time when these experi¬ 
ments were made, the writer was not yet properly trained in the technique 
of using the compensation method to avoid the residual currents; for this 
reason, the curves obtained with 3-0 volts on the rod were not good enough to 
serve to correct for the small emission of negative ions—hence the high value 
of the constant current above 300 volts. This could not haVe produced any 
distortion of the shape of the curves. It is also interesting to note that the drop 
between 200 and 280 volts is very nicely developed in all six curves taken 
with this film, being, in fact, more striking in this caBe than with the other 
targets used. Preliminary absorption experiments with gold leaf lead to the 
conclusion that the absorption of the radiation in the silver film must have 
been nothing like complete, but it should not be necessary for this reason to 
assume an abnormally high absorbability of the fast electrons to account for 
the relatively large currents for higher fields in this case. There may have 
been a considerable reflection at the interface between the silver and the quart*, 
and it does not appear impossible that 
part of the fast electrons were produced 

L in the quartz. 

The distribution of energy defined on 
p. 397, which may be obtained from the 
logarithmic plots by differentiation, 
18 shown in the case of baked copper 
y V M b in fig. 10. This curve is thus, by defini- 
0 100 200 » Too tion, the complete analogy for' electronic 

Fio. 10.—Energy Distribution. emission to ’ the energy distribution 

curves for spectral emission when energy 
iB plotted vs. frequency, as e.g., the straight line relation of Wagner and Kulen- 
kampff for the continuous X-ray spectrum. The two groups in the emission 
are fairly obvious from this graph, but it should be remarked, that the accuracy 
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for higher voltages is not sufficient to give much detail in this region so that 
the second hump in this curve must be taken more as a qualitative indication 
of a general tendency than as a detailed representation of these things * For 
this reason, the curves for the other targets shown m fig. 11 have only been 



given for the region below 70 volts, where the experimentally determined 
points fall sufficiently close to secure correct reproduction of the details. The 
curves drawn full arc for the unbaked specimen, the dotted ones the result 
after baking. The curve for the silver film is included (shown thus — 
among the curves for silver. Most of what has been said in connection with 
figs. 6-9 concerning the first group in the emission is also illustrated by these 
curves. The maximum occurring in the vicinity of 3 volts in most of the curves 
should be noticed. The curves after baking fall below those for the unbaked 
targets ; apart from this the curves are very similar in the two cases. There 
is some indication of a slight shift of the maximum towards higher voltages as 
a result of baking, except with carbon. The maximum of the curve for the 
silver film is also possibly shifted in this direction, and in addition is rather 
broad. 

7. Concerning the Nature of the Two Groups in the Emission. 

In the letter to ‘ Nature,’ in which a first report was given of the results of 
the present investigation, it was pointed out, that the low average energy 
of the electrons must be due either to the greater part of the incident radiation 
being of comparatively long wave-length or to some peculiar effect taking place 
in the emitting substance itself. It was also suggested, that the process by 
which the large quanta of energy carried by the exciting electrons are trans- 

* From this curve a value of 15 volts for the average energy per electron may he cal¬ 
culated. Disregarding the second hump altogether, the value comes out 6*8 volts. 
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formed to small quanta of the photoelectrons might involve some kind of a 
compound photoelectric mechanism ; such effects should according to P. 
Auger* be expected to play an important part in the soft X-ray region. In 
fact, a little calculation shows, that if the probability of a compound effect 
taking place when a deeper energy level has been excited is great compared 
with the probability of the simple effect, the net result will be the emission 
of a greater number of comparatively slow-moving electrons and low-energy 
quanta, instead of one fast electron and one large quantum, provided there 
are a number of external levels to make up the chain. There might have been 
some doubt if the latter condition is fulfilled, particularly for the elements Of 
low atomic weight, since there is no place for such levels in the atomic model 
of Bohr, but at the same time the results of critical potential experiments 
seemed to indicate a greater number of levels than predicted. In any case, 
if the compound effect plays an important part in the photoelectric target, 
it must necessarily do so in the anode, for the great number of low-velocity 
electrons is a general feature of the emission from very different elements, and 
the phenomenon giving rise to this distribution must be equally general; also 
the compound effect must be independent of the mode of excitation, once the 
internal level is excited. Thus, if the compound effect is the determinating 
factor, the radiation from the anode must consist to a large extent of quanta 
corresponding to relatively long wave-lengths. 

To test this, an experiment was made with a fluorite window fixed to the 
X-ray tube in such a way that it covered the sht in the second diaphragm 
completely, the rod was of copper, baked. The photoelectric emission with 
the window inserted was found to be 1 /600 of the emission, when the radiation 
was allowed to fall directly on the rod. I think that even if it is admitted, 
that the fluorite window may not have been transparent quite down to the 
limit of 1200 A.U. given for good specimens, and that the photoelectrio 
sensitivity could be less for radiation of greater wave-length than for soft 
X-rays, one must conclude from this result, that the amount of radiation of 
long wave-length was inappreciable under the conditions of these experiments, 
and in any case that such radiation iB not responsible for the low-velocity 
emission. 

Long before this experiment was carried out, the writer was led to reject 
the explanation offered by the compound photoelectric effect on the following 
grounds. On this theory the low-energy part of the distribution curve should 
be independent of the bombarding voltage for a given emitter. This is in 
* ' Ann. do Physique,’ voL 6, p. 183 (1926). 
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agreement with the experimental results. Again, the complete absence of a 
structure in the distribution curves corresponding to low velocities iB very 
difficult to reconcile with the idea of electrons emitted from definite energy 
levels with definite energies at the start. Even if such a structure, originally 
present, were completely wiped out due to energy losses before the electrons 
could escape from the surface, one would at least expect some difference, when 
comparing the distribution curves for different elements, since the energy levels 
would be different in each case. But the experimental results give very little 
evidence of such characteristic differences. 

It has occurred to the writer, that the effects set up when soft X-rays are 
allowed to fall on a metal should be closely related to those produced by 
bombardment with electrons of the corresponding energy. In both cases there 
is a great preponderance of low-speed electrons in the emission, and the way 
in which the relative amount of these electrons depends on the state of degassing 
of the target is at least very similar for the two. When this view is adopted, 
the interpretation given to the experimental results is the following. 

The radiation from the anode consists chiefly of large quanta, corresponding 
to a few hundred volts. These quanta are absorbed in a small thickness of 
matter close to the surface of the photoelectric target giving rise to photo- 
electrons each carrying the greater part of the energy of the corresponding 
radiation quantum. These electrons will be referred to as the primary 
electrons. In the experiments on secondary emission such high-speed electrons 
are provided in the metal by shooting them into the target from an external 
source. In both eases the conditions are thus very similar, inasmuch as the 
immediate result is the appearance of fast primaries in the target. Experi¬ 
ments on electron bombardment have shown that m this case some of the 
primary electrons are able to escape through the surface retaining most of their 
initial energy, and that this escape is accompanied by a large secondary emission 
of low-energy electrons. The same must be expected to occur, when the 
primary electrons are produced by soft X-rays. From this point of view the 
second group in the photoelectric emission must be regarded as consisting of 
fast primary electrons, whilst the accompanying secondary emission 
constitutes the first group. (The groups have been numbered in conformity 
with H. E. Farnsworth’s notations.)* 

It has been shown that the position of the Becond group in the present 
experiments is fairly well defined with a maximum clearly indicated in the 
neighbourhood of 260 volts. The width of this maximum is undoubtedly 
* * Ph.vs. Rev.,’ voL 31, p. 406 (1928). 
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greater than what would be expected ii all electrons of this group had the 
same velocity, although it must be remembered that there is a relative 
uncertainty in the determination of velocities by this method as set forth in 
section 2 (2) and (2 a). Considering all the experimental evidence on this 
point, however, it appears that the second group is satisfactorily accounted 
for by the assumption of a single monochromatic radiation giving rise to the 
primary electrons. The value of 275 volts for the carbon K.-radiafcion as 
determined by J. Thibaud,* using a grating method, is in good agreement 
with the position of the second group. There has recently been some discussion 
as regards the question of the relative importance of the characteristic radiation 
and the continuous spectrum in the soft X-ray region. F. Holweckf 
concludes from his experiments, that the emission from elements of high 
atomic number consists almost entirely of a continuous spectrum with the 
same properties as the one found in the region of hard X-rays, and that most 
anodes must radiate in this way owing to a deposit of sputtered tungsten, 
at the same time he finds the K,-radiation of carbon present in a considerable 
amount for higher voltages whatever the anode substance. J. Thibaud, 
who was unable to detect any continuous background on the plates showing an 
emission consisting of a few brilliant lines in his earlier experiments, has 
recently^ recorded a continuous spectrum using heavy elements and very high 
bombarding current. H. Kurtz,§ using a platinum anticathode, concludes 
from absorption measurements, that the radiation is monochromatic, and 
consists of the carbon K.-line. Apparently the quality of the emission depends 
to a great extent on the conditions, especially as regards the vacuum and the 
state of the anode surface ; thus it appears likely that the radiation emitted 
15 minutes after the tube was put together would be different from the one 
found after the anode has been bombarded with heavy currents for hours in 
a high vacuum. The question as to whether there is some radiation corre¬ 
sponding to the region from 50 to 200 volts under the conditions of the present 
experiments cannot be decided from a study of the distribution curves, but 
there could hardly be any great amount of such radiation. As regards the 
region from 300 to 700 volts, there is no evidence of electrons corresponding 
to radiation belonging to this region, except perhaps in the case of 

* ‘ J. de Physique,’ vol. 8, pp. 13, 447 (1027). 

t ‘Ann. de Physique,’ vol. 17, p. 5 (1922); * J. Cbim. Phys.,’ vol. 22, p. 811 (1026) | 
and 1 De la lumitre aux rayons X,’ Paris, 1927. 

{ ‘ C.R.,’ vol 186, p. 308 (1928). 

{ 1 Ann. d. Physik,’ vol. 86, p. 629 (1928). 
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aluminium. It must therefore be concluded that the continuous spectrum of 
the type emitted in ordinary X-ray tubes, if present at all, muBt have been 
feeble in these experiments, perhaps with the exception of those in which an 
aluminium rod was used. 

In discussing the experimental results as exhibited by the curves, figs. 6 
to 9, it was pointed out, that the number of electrons emitted in the second 
group appeared to be fairly constant for targets in different Btates as regard 
the gas content, and also for targets made of different elements, although the 
total emission varied considerably in the different cases There are many 
factors which on the view here taken as to the nature of this group must 
co-operate to determine the magnitude of the corresponding current, such as 
the photoelectric “ sensitivity ’’—number of electrons produced by unit 
energy absorbed—of the substance and the different absorption of the incident 
radiation and the fast electrons in the matter. It may, however, be of interest 
to remark that this experimental result would follow, if the sensitivity of the 
different elements was constant and the absorption for electrons and for 
radiation, which might be of different order of magnitude, varied according to 
the same law with the element in question. This is known not to be the case 
for ordinary X-rays and cathode rays. 

The first group in the emission should with the interpretation of the results 
here proposed correspond to the secondary emission proper in experiments on 
electron bombardment, figs. 12 and 13, in which the experimental data given 
in the curves of figs. 6 to 9 have been represented in a different way are believed 
to lend additional support to this view. These curves have been plotted with 
a uniform voltage scale as the usual stopping potential curves, the unit of 
current in each case being the current for zero field, so that all curves start 
from the same ordinate corresponding to 0 volts. It will lie seen that the curves 
are very similar, and the differences there are should be largely accounted for 
by the difference in the relative importance of the second group, which causes 
most of the spreading of the curves for higher voltages. Since, however, a 
separation of the currents belonging to the two groups would be liable to some 
arbitrariness, this has not been attempted, and the curves must be compared 
as they are. It will be seen that the curves obtained after baking have a 
tendency to fall a little higher than those for the unbaked state, also when 
the effect just mentioned is allowed for ; the energy distribution curves showed 
the same kind of thing. The curve for the thin silver film falls considerably 
higher than the others, indicating a greater average energy of the electrons of 
the first group in this case. This curve also shows a considerable reduction in 
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the relative number of very slow electrons—below 1 volt—emitted from the 
film as compared with the curves for the other targets. I have re-examined 
the other curves obtained for the same film, and they seem to substantiate this 
result. In view of what has been said on page 404, it is probable that thee 
curve for unbaked aluminium would have shown the “ normal ” bend close 
to 0 volts, if the contact P.D. presumably present had been corrected for. 

In fig. 13, in addition to the curves of the present investigation, a curve is 
given representing the distribution of the secondary emission produced by 
electron bombardment as measured with the stopping potential method. 
This curve was drawn from the upper graph of fig. 3, p. 240, of a paper by 
A. Becker,* and gives the distribution in the emission from a piece of metal 
coated with lamp black, which was bombarded with electrons of 275 volts 
energy. This curve was replottcd in the scale of fig. 13 in such a way that 
the point for 20 volts would fall half-way between the curves for unbaked and 
baked carbon obtained in the present experiments, since the position of the 
corresponding zero was not indicated in the original paper. This curve, which 
is drawn thus, will be seen to fall almost exactly in the same 

place as the curve obtained for the photoelectric emission from baked carbon. 
In considering this agreement it should be remembered that there is only one 
adjustable parameter, namely, the position of the 20-volt point in Becker’s 
curve. It is, perhaps, as well to state that the agreement is a little too good 
in view of the limited accuracy in the measurements in both cases, but, in 
any event, the close correspondence, such as it stands, is a definite indication 
of a relation between the two effects and muet be said to strengthen the view 
here adopted as regards the nature of the emission. 

A great number of investigations have been carried out on the secondary 
emission set up by electron bombardment of metals during the last twenty 
years, and recently the technique of degassing the targets under investigation 
has been very much improved. H. E. Farnsworth, 0. Stuhlman, R L. 
Petry, and H. E. Krefftf have shown that there arc sudden changes occurring 
in the total amount of secondary emission produced by unit bombarding 
current for definite critical potentials as the bombarding voltage is increased; 
in some cases the position of these breaks in the curves appear to correspond 

• ' Ann. d. Physik,’ voL 78, p. 228 (1925). 

f Farnsworth, ' Phyi. Rev.,’ voL 25 , p. 41 (1928)} vol. 27, p. 413 (1926), snd vol. 31, 
p. 405 (1928); Stuhlman, »Wd., vol. 28, p.284 (1925); Petry, »Wi.,voL 28, p. 346 (1925), 
and voL 28, p. 382 (1926); Xrefft, ‘ Ann. d. Physik,' vol. 84, p. 639 (1927), and ‘ Phya. Rev.,’ 
vol. 31, p. 190 (1928). 
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to critical potentials of soft X-ray excitation as recorded by other observers. 
The distribution as regards velocities of the secondary emission in this case 
has been studied under what appears to have been well-defined conditions by 
A. Becker, C. F. Sharman, J. B. Bnnsraade, and Farnsworth* ; in all cases, 
although very different methods were employed, the result for the low-velocity 
electrons was similar to that exhibited by the curves in figs. 12 and 13, and 
no anomalies indicating the presence of groups with characteristic velocities 
were found in this region. Farnsworth, believed to have found evidence 
of such groups at first, has recently from experiments with an improved 
apparatus, concluded that his earlier result was erroneous, and that the true 
curves arc quite smooth and little dependent on the bombarding voltage for 
higher values of this. In view of this evidence, he suggests that at least some 
of the critical potentials found for the total emission should be characteristic 
of the crystal structure of the target rather than of the energy levels of its 
atoms, in such a manner that the effect occurring for these bombarding voltages 
is an increased scattering of the primary electrons, due to the mutual rein¬ 
forcement by interference of the associated do Broglie waves, as in the 
remarkable experimental by C. Davisson and L. H. Germer.f It appears to 
the present writer that the fact that Borne of the breaks obtained by Rrefft 
were found to bo sharper for the cold metal than for the hot, » in agreement 
with this conception, since a rise in temperature was generally found to have 
the same effect on the diffraction pattern in Davisson and Germer’s experi¬ 
ments, by these authors regarded as the analogy of the Debye temperaturo 
effect observed in the diffraction of X-rays. The present writer would like to 
suggest that the same phenomenon might account for some of the breaks found 
in critical potential work on soft X-rays, the great numberg of which has been 
difficult to reconcile with the theory of Bohr and with evidence recently secured 
in this region by grating methods. It seems natural that if increased scattering 
of the bombarding electrons occurs for certain voltages, an increased emission 
of soft X-radiation should result for these voltages, since a larger fraction of 
the fast electrons traverse the layer of the anode nearest to the surface three 
times instead of once (in any case they must? finally return to the anode), and 
the probability for an excitation taking place in this layer, which must be the 
* Sharman, ‘ Camb. Phil. Soc. Proc.,' vol. 23, pp. 623, 922 (1927) ; Brin*made, 1 Phy». 
Rev.,’ vol 30, p. 494 (1927) i and Joe. cit. 

, t This interpretation ia aupported by the interesting results published by G. P. Thom¬ 
son, ‘ Roy. Soo. Proo.,’ A, vol. 117, p. 000 (1928). 
t ‘ Phys. Rev.,’ vol 30, p. 706 (1927). 

| ‘ Phys. Rev.,’ voL 28, p. 601 (1928). 
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one chiefly responsible for the emission of this highly absorbable radiation, 
must thus be correspondingly multiplied. The results of Davisson and Germer 
are in agreement with the view that the scattering takes place principally 
in a layer a few atoms thick, and the softer rays (100 volts and less) are probably 
not much more penetrating. The explanation of some of the soft X-ray breaks 
as due to the surface arrangement of atoms, recently proposed by U. Andrewcs, 
A. C. Davies and F. Horton,* appears to be of a kind different from the present 
suggestion. 

Several experimenters have noticed that there is a considerable resemblance 
between the distribution curves for the photoelectric emission excited by 
ultra-violet light and the curves for the thermionic emission. W. Wilson, 
R. Suhrmann, A. Becker, and S. C. Royt have shown by experiments that 
the total photoelectric emission produced by black-body radiation obeys 
Richardson’s law for the thermionic saturation current, T being the tempera¬ 
ture of the radiator. A. BeckerJ has examined the distribution of velocity of 
the electrons emitted from metals as the result of the action of various agencies, 
in a series of papers. Ho concludes that the distribution m the secondary 
emission is identical with that of the 8-rays produced by bombardment with 
a-particles and is very similar to that of the thermions. The distribution is 
not quite the one which would result if the electrons had the velocities given 
by Maxwell’s law in the metal, but the measurements are in conformity with a 
Maxwellian distribution of the linear velocities of the electrons striking a 
fixed area inside the metal. All three types of emission are accounted for 
quantitatively on the assumption of a distribution of this latter type if, in 
addition, the work done in traversing the surface is assumed to be different in 
the case of the thermal emission from that for the two other effects. 

The remarkable persistency of the distribution curves when the bombarding 
potential is altered within wide limits, or when a-particles are substituted for 
the bombarding electrons, is undoubtedly a most interesting feature of the 
secondary emission, and one which needs theoretical explanation. But it 
appears difficult to the present writer to imagine a mechanism of emission, 
which would give the equilibrium distribution of the internal velocities 
Imposed by Becker. A Maxwellian distribution of the internal velocities 
has been found to be in good agreement with the experimental results for the 

* 'Roy. Soc. Proo.,’ A, voL 117, p. 649 (1028). 

t Wilson,' Roy. Boo. Proc.,* A, vol 08, p. 350 (1917); Suhrmann, ‘ Z. f. Physik,’ vol. 33, 
p. 63 (1925); Becker, ‘Ann. d. Physik,’ voL 78, p. 83 (1925); Roy,‘Roy. Soc. Proo.,’ 
vol. 112, p. 509(1926). 

J «Ann. d. Physik,’ vol. 58, p. 303 (1919); vol 75, pp. 217,781 (1924); and he. ait. 
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thermionic emission and for the emission due to chemical action as proved 
by the measurements of 0. W. Richardson and M. Brotherton ;* in this case 
the distribution among the electrons escaping from the surface must be 
independent of the magnitude of the work which has to be done by the 
individual electrons in crossing the surface. I have made an attempt to 
see how far the distribution exhibited by the curves of figs. 12 and 13 approxi¬ 
mates to that prescribed by Maxwell’s law, shifting the zero of current upwards 
by different amounts to correct for the contribution by electrons from the first 
group. In no case has the exact straight line relation been obtained which 
should be obtained with the method of plotting described by Richardson and 
Brotherton, but the points bend away from this line for higher voltages 
indicating a greater percentage of electrons with the corresponding energy 
than the theoretical curve. The slope corresponds to a temperature of the 
order 30,000° K. About the same temperature is indicated by the position 
of the inflexion in the curves of figs. 12 and 13, which should*occur at a point 
V = 300 kT/e. 

The writer is inclined to regard the shape of the distribution curve as 
determined to a considerable extent by the probability of energy losses of 
the internal electrons before they arc able to escape, in addition to the initial 
distribution of these electrons. These energy losses may well be such that 
they tend to establish a transient equilibrium corresponding to a Maxwellian 
distribution for a certain temperature, but the electrons have not all time to 
yield to this tendency, or they do not make a sufficient number of collisions 
to adjust themselves to the equilibrium conditions, before they escape from 
the metal. Thus the resulting distribution will only be similar to an equilibrium 
one. Although experiments on electron bombardment indicate that the 
collisions between electrons of a few volts’ velocity and metal atoms (possibly 
only atoms in the surface) are mostly elastic, there is evidence that also 
inelastic collisions occur down to velocities corresponding to (hi volt.f The 
results for the silver film (fig. 12), which indicate an appreciable reduction 
of the number of very Blow electrons in this case, receive a natural explanation 
on this view, but at the same time it must be bom in mind that the state of 
the atoms in such a thin deposited film may be different to that of the atoms 
in a thiok piece of the metal, owing to the strain which must result from the 
difference in the coefficient of thermal expansion for the metal and the supporting 

• ‘ Phil. Trans.,' A, vol. 222, p. 1 (1921); ' Roy. Soo. Proo.,’ A, vol. 105, p. 468 (1924), 
and vol. 115, p. 20 (1927). 

t Harold, ‘ Ann. d. Physik,’ vol. 85, p. 587 (1928). 



Velocity Distribution of Photoelectrons. 417 

Bubstance. No attempt has been made to measure the thickness of this film, 
but it is estimated that it could hardly have been greater than a few pp. 
The literature on the photoelectric emission from thin metal films is large, 
and the results still partly conflicting. Recently, F. Herold has published 
distribution curves for sputtered platinum films of gradually decreasing 
thickness, which show a well-marked reduction in the relative amount of very 
slow electrons (of the order 0-1 volt) for the thinnest films tested (1-9 hja) ; 
the mercury resonance line 254 fxfi was used. 

An important research on the distribution of the normal velocity components 
as measured by a retarding electric field has been carried out by L. Simons* 
in the case of the emission from thin metal films irradiated by hard X-rays. 
The emission is found to consist of a considerable amount of low-energy 
electrons, the most frequent value being 3-5 volts, in addition to the group 
of fast p-particles. The author points out the close resemblance with the 
Maxwellian distribution, and discusses several possibilities as to the origin of 
this emission. It is concluded that these electrons are produced by the impact 
of the rapid (l-rays on the atoms ; the limited range of velocities of this group 
and the remarkable independence of the speed of the primary electrons remain 
unexplained. It should be mentioned that the radiation used in these experi¬ 
ments fell in the region 0-38--0-87 A.U., so that the radiation quanta are 
about 100 times larger than those dealt with in the present investigation 
(Carbon K. = 45 A.U.). 

8 . The Bearing of the Present Results on the Conclusions Drawn from other 
Experiments on Soft X-Rays. 

In view of the results secured in this investigation, some of the conclusions 
drawn from other measurements in the soft X-ray field may appear to require 
a certain modification. Such measurements are those concerned with the 
question of efficiency. From what has been said above it must be inferred 
that the quantities directly compared in experiments on the photoelectrio 
efficiency of different substances for the same radiation is the secondary 
emission produced in these substances. Since the latter iB determined by 
several factors, such as the relative penetrating power of the radiation and the 
primary electrons and the efficiency of the latter ones in producing secondary 
electrons, apart from the factor which might be termed the photoelectric 
“ sensitivity ” of the substance, it appears questionable whether any conclusions 
about this last factor could be drawn from such experiments. From the 
• * Proc. Phya. Soc.,’ vol. 87, p. 58 (1924). 
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results reported in this paper, it would appear that the differences in the 
efficiency o! different emitters would principally result from differences in the 
number of secondaries produced for one primary electron in each case, but it 
is possible that the other factors could vary as well. 

As regards the experiments in which the relative efficiency of different 
elements used as soft X-ray emitters is compared, it is obvious, that the fact 
that the measured current is due to the secondary emission, not to the primary 
electrons, will not have any influence on the results, at least not as long as the 
mean frequency of the radiation remains essentially the same for the different 
elements. Such measurements have been published by Richardson and P. C. 
Chalklin and Richardson and P. 8. Robertson.* The evidence obtained m the 
experiments here reported as to the nature of the photoelectric emission does 
not suffice to solve the problem, discussed in these two papers, of the absolute 
value of the efficiency of soft X-ray production. In a preliminary teBt in con¬ 
nection with the experiments with a fluorite window previously described, it 
was found that a double thickness of gold leaf, 0*16 |i in all (by weight), trans¬ 
mitted about 1 per cent, of the radiation. This gives an absorption coefficient 
2*9 X 10® cm. -1 as compared with the value 5-3 X 10® cm. -1 for 500 volt 

electrons calculated from the value a/D = 27*3 X 10* ■ Cm ' for nickel, 

g./cm. 

recently published by A. Becker, f assuming mass proportionality as a first 
approximation. According to this author, this value would seem to apply 
to electrons of somewhat lower energy as well. The present writer has tried to 
arrive at an estimate of the total number of primary electrons E ( inside the 
metal in the following way. 

The surface of the target is large compared with the thickness concerned in 
the processes dealt with. Let I be the intensity of radiation, Ei that of the 
primary electron stream and S that of the stream of secondaries at a depth x 
below the surface, the two latter proceeding outwards. For * = 0 these 
quantities become Io, E 0 , So- The corresponding coefficients of absorption 
are *, (3 and y. When unit radiation is absorbed, 2k primaries are formed, and 
2a secondaries result for each unit of primaries absorbed. In addition to Ei 
the current of primary electrons Ej flowing in the opposite direction has to be 
considered. The differential equations 

dl s= —al dx. rfEi = (pEi — bxT)dx, 

iE, = (-pE, + *«I)<fe, dS = (yS-apEa-f E*)<fa 
* ‘ Roy. Soc. Proc.,’ A, vol. 110, p. 247 (1920), and voL 115, p. 280 (1927). 
t' Ann. d. Physik,’ vol 84, p. 779 (1927). 
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I = Ioe"**, E x = oHofl-’/l* + p), 
S 8 = (*AIo( 6— -e-*)/(p-«), 

8 =-^4- * 


S = . , “P , ■ skl<fi~** + 

(« + P) (a + V) 




from which, since E< — 2H 0 , 


* + p 




This is for the photoelectric case. In the experiments where the target is 
bombarded from outside with the primary current Ej, it is obvious that E and 
S will take over the part of I and Ki, in (7) with a corresponding change in the 
constants. This gives 

E — Efte fx , S = p*E*T"/(P + y), S« = p«E*/(P + y). (10) 


For the same secondary emission in both cases, E, and E* will therefore stand 
in the relation to each other 


a + 2 p + Y a 


Now (3 |> a. As regards y, a value as low as that of a—which would make 
E, = 2E t —is certainly excluded. For Y = P, the first factor iB practically $, 
and it approaches to unity for y ^ p This calculation regards the secondary 
electrons as produced in the interior of the substance. If instead they were 
excited exclusively in the surface, their number should be proportional to 
Eo and E t respectively. Hence, in this case, 

E, = 2E 0 2^1. (12; 


But the first alternative appears more probable. Taking y = p* and inserting 
the numerical data given above, one infers from this calculation, that the 


* A value of this order is indicated by tome recent results of C. F. Sharm&n’af the much 
greater penetrating power found by H. E. HartigJ has not been confirmed by later investi¬ 
gators.§ A. PartMch and W. Hallwacha|| from measurements by K. Rubens and E. Laden- 
burg^f on gold leaf using ultra-violet light calculate a value 1-03 X 10* cm. -1 for these 
electron*. (Royf has accidentally interchanged the two coefficients for electrons and 
radiation given by Part each and Hallwachs.) This value would make E| =■=> 4 • 3 E*. 

t hoc. cit. 

f ‘ Phya. Rev.,’ vol. 26, p. 221 (1025). 

f Becker, ‘ Ann. d. Phyaik,’ vol. 84, p. 779 (1027). 

|| ‘ Ann. d. Phyaik,’ vol 41, p. 247 (1913). 

1 ‘ Verh. Dent. Phya. Ges.,’ vol. 9, p. 749 (1907). 
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total number of primary electrons produced would be greater by a factor of 
the order 10 (calculated value 13-3) than the number of electrons of the same 
speed, which, bombarding the target from outside, would give rise to the same 
secondary emission. Since the latter is of the same order of magnitude 
as the secondary emission produced, it would appear to follow that the 
total current of primary electrons excited, if it could be measured, would turn 
out Borne ten times larger than the photoelectric currents actually recorded 
in experiments of this kind. The problem has boon greatly idealised in 
the calculation just given, the processes actually taking place being un¬ 
doubtedly much more complicated involving such effects as scattering and 
change in velocity due to loss of energy. It need hardly be emphasised that 
the present calulation must be looked upon merely as a first and very approxi¬ 
mate attempt to estimate the quantity in question. 

The question whether a photoelectron is produced on each absorption of a 
quantum iB still an open one. The surprisingly low ratio of tile photoelectric 
to the thermionic current always observed, is probably largely due to a low 
efficiency of X-ray production in the anode, since the soft radiation from gases 
usually gives much larger currents. For hard X-rays the evidence on this point 
iB such that absorption may be regarded as an entirely photoelectric pheno¬ 
menon. B. Gudden,* considering the low efficiency of ultra-violet light, finds 
the existing evidence insufficient to decide if this is due entirely to absorption 
of the electrons in the substance, but admits that only a fraction of the 
absorption processes in metals may result in the expulsion of photoelectrons. 
B. Gudden and R. Pohl suggest, that photoelectric absorption only takes place 
in atoms which are in a special favourable condition, determined by the atom 
in question being in tune with the atoms surrounding it within the volume of 
a wave-length cube ; this leads to the result found for hard X-rays, the wave¬ 
lengths of which arc small compared with the distance between neighbouring 
atoms and for gases, where the same thing results from the increase in the latter 
quantity. On thiB hypothesis, only a portion of all absorption processes would 
be expected to give rise to photoclcctrons in the case of soft X-rays and solid 
targets. In this connexion, however, it should be mentioned that on the theory 
of S. C. Roy, whichf agrees with the measurements of the extinction coefficient 
of silver in the ultra-violet, the absorption should be chiefly photoelectric as 
soon as the threshold is passed. 


* ‘ Hundbuch der Physik,’ toL 13, p. 103 (1928). 
t ' Roy. Boo. Proo..’ A, vol. 112, p. 699 (1926). 



Velocity Distribution of Photoelectrons. 


421 


9. Summary. 

Thifl paper contains an account of some experiments m which the distri¬ 
bution of velocity among the photoelectrons produced by the action of 
soft X-rays on solid conductors is studied A special method of magnetic 
analysis is used, in which the electrons with lower velocity emitted from 
the photoelectric target in the shape of a narrow rod are gradually prevented 
from reaching a surrounding cylindrical electrode by the application of an 
increasing magnetic field. The theory of this method is outlined and the 
final experimental design described. There is evidence of a very small 
fraction of negatively-charged atomic carriers in the emission, which is 
allowed for in special experiments. 

Curves are given for the emission from silver, copper, aluminium and 
carbon, and from a transparent silver film deposited on a quartz rod. In 
all cases the emission can be described as constituted of a group of electrons 
with energies mostly amounting to only a few volts, and a much less 
prominent group having energies chiefly concentrated in the region 200-280 
volts. The first group is reduced by about 60 per cent, by baking the targets 
at 400° C. The second group is not appreciably affected by this heat treatment. 
Aluminium differs from the other elements in failing to show any reduction 
of the first group after heating. Also, the concentration of the second group 
to a limited region is much less marked ; a possible reason for this is discussed. 
For the others, the high velocity group is of nearly the same magnitude 
absolutely. The relative importance of the first group is less for carbon 
than for silver and copper, this group is also reduced in the case of the silver 
film. 

It is proposed that the second group consists of fast primary electrons 
produced directly by the incident radiation quanta, and that the first group 
is the secondary emission resulting from the presence of such fast primaries 
in the target. The energy distribution among the fast electrons is satis¬ 
factorily accounted for by the assumption of an incident radiation chiefly 
consisting of the carbon K«-line. In this connection it is proved by experi¬ 
ments with a fluorite window that no appreciable amount of long wave-length 
radiation is emitted. 

The curves representing the distribution of energy among the electrons 
of the first group are shown to compare well with such curves published by 
other investigators for tho secondary emission produced by bombardment 
with electrons of the corresponding energy. They are very similar for the 
different targets studied. 
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The question as to the origin of the secondary emission is discussed. The 
results of the measurements on the silver film indicate that tho distribution 
of energy in this emission is, at least to some extent, determined by the 
energy losses of these low-speed electrons in the target before they escape. 

The bearing of the present result on the conclusions which may be drawn 
from some other experiments in soft X-rays is indicated, and some related 
problems in this field are briefly discussed. Preliminary measurements on 
gold leaf indicate an absorption coefficient of about 3x10® cm. -1 for the 
radiation used in this work, which is nearly ten times less than the value 
recently given by A. Becker for the absorption of electrons of the same 
energy in nickel. A rough calculation based on these figures indicates a total 
amount of primary electrons some ten times greater than the resulting 
secondary emission. 

In conclusion, the writer wishes to express his best thanks *to Prof. O. W. 
Richardson for his continued interest and encouragement and his many 
valuable suggestions throughout the course of this work. It is also a pleasure 
to acknowledge the kind assistance received from the staff and research 
students of the Physics Department. 

TJie writer is much indebted to the Ramsay Memorial Fellowships Trust 
for awarding him the fellowship which enabled him to carry out this 
investigation. 
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The Action of Strong Electric Fields on the Current from a 
Thermionic Cathode. 

By N. A. dic Bruyne, Cavendish Laboratory, Cambridge. 

(Communicated by Sir Ernest Rutherford, P.R S.—Received June 20, 1928.) 

Introduction. 

It is well known that the “ Saturation Current ” from a thermionic source 
rises continuously as the applied voltage is raised and in reality never reaches 
a saturation value. W. Schottky* predicted this rise in the saturation current 
on theoretical grounds and obtained a rough experimental confirmation of his 
theoretical formula.f The present investigation was undertaken to obtain 
further information about the effect and in particular to find what connection 
it has with the emission of electrons from cold metals under the action of intense 
electric fields. 

If the truth of Schottky’s theory be assumed it is possible to deduce the value 
of the electronic charge e from observations of the rise of the saturation current 
with the applied field. It was not the primary intention of the author to 
determine the value of e in this way, nevertheless the results obtained show 
that the method might be developed into one of some accuracy, and thus to 
give a value of this important constant in a way differing completely from that 
of Millikan (oil drop method), Perrin (Brownian movement) or of Hull and 
Williams (shot effect). 

The Schottky Theory. 

When an electron comes out of a metal it experiences a force tending to 
pull it back; it is this force which gives rise to the thermionic and photo¬ 
electric work functions. Very close to the surface of the metal the force is 
strong and due to the action of the individual atoms in the immediate neigh¬ 
bourhood of the electron, but at a sufficient distance away from the surface 
the force on the electron can be calculated, as Sir J. J. Thomson has shown, 
from the law of electrostatic images. An external field in the proper direction 
will oppose this image force and at a certain distance x 0 from the surface will 

* • Phys. Z.,’ vol. 15, p. 872 (1914). 

t Sinoe the completion of the present investigation Pforte [‘ Z. f. Physik,’ vol 40, 
p. 46 (1928)] has verified the Schottky formula more accurately up to a field of 
0*7 x 10* voltS/cm. 

VOL. OXX.—A. 2 Q 



424 


N. A. de Bruyne. 

be exactly equal aud opposite to it. Let V be the potential of an electron at 
a distance x (in the neighbourhood of z 0 ), then 

V = ejix + Xx. (1) 

where X is the external field, c is the charge on the electron. The potential 
V 0 at distance s 0 is obtained by differentiating (1) and equating dVjdx to 
zero. 

V 0 = («*)*. (2) 

V 0 is the decrease in the work function [expressed in electron volts] produced 
by the action of the external field. 

Schottky now assumes that all electrons striking the surface normally with 
kinetic energies greater than (/„ — V„c) will escape and those having energies 
less than (% 0 — Vge) will return to the metal. Xo is the work function; it is the 
difference between the potential jump at the surface and the partial pressure inside. 
The assumption that the probability of emission of an electron* zero when its 
kinetic energy is less than (xo — Vqc), and unity when its kinetic energy ib 
greater than (xo ~ V 0 e), is, of course, true on classical mechanics but is not 
strictly true according to Nordheim’s Theory* [based on wave mechanics]. 
On Nordheim’s theory the probability of emission decreases very rapidly with 
the velocity of the electron when the kinetic energy is Icbs than (^ 0 — V„e) 
and reaches values of the order of unity for energies greater than the critical 
value. In Nordheim’s paper* the probability of emission was calculated to 
be of the order of one half for energies greater than (y 0 — V^e), but later work 
based on a more accurate picture of the potential jump at the surface of the 
metal has shown that the probability is nearly unity. 

The experimental interest of equation (2) is that by altering X (the external 
field) we can alter the opposing potential on the electrons. In this way we 
can investigate the velocity distribution of those electrons which ordinarily 
are unable to escape, and which can never be detected by the usual “ Retarding 
Field ” method of measuring a velocity distribution. It is to be noted, however, 
that strictly speaking all such experiments measure the product of the number 
of electrons with energy greater than some critical value into the average 
coefficient of emission for the velocities greater than the critical value. On 
the Classical Theory these average coefficients would be unity; from the 
point of vievr of wave mechanics this is not correct, but the error is small. 

If we assume that the electrons with energies in the neighbourhood of the 

* Nordheim, ‘ Z. f. Phymk,' vo). 40, p. 833 (1028); Fowler and Nordheim, * Roy. 8oo. 
Proo.,’ A, vol. 110, p. 1 (1028). 
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critical energy have a Maxwellian distribution then it is very nearly true 
that 

t = i e v,WKT (3) 


where I is the thermionic current for an infinitely weak field and » is the 
current in a field X. 

Substituting from equation (2) 

•*x* ... 

, = 1 .^- < 4 > 


Let X be measured in volts per centimetre; then on substituting numerical 
values for e and K and taking logarithms we get 

Alog 10 */AX* = 1-906/T, (5) 

from which we see that A log 10 t/AX* should give a straight line whose slope 
is inversely proportional to the absolute temperature. But there is another 
way of considering equation (4) and one which the author believes is original. 
If we assume the truth of equation (4) it is possible to deduce the value of s. 
This is not possible m retarding field experiments which can only give the value 
of e/K. 

Put 

K = R/N = Re/Ne - Re/F 

where R is the gas constant, N is Avogadro’s number, F is one Faraday. 

Then 

A log. *7AX* - c«F/ReT -- e*F/RT. 

Putting R = 8-309 joules/degrees, F — 96490 coulombs, and measuring X 
in volts per centimetre 

c = 1 -311 (T . A log 10 i/AX*)* . 10' 10 E.8.U. (6) 


Description of Tubes. 

The experimental problem to be solved was to measure the emission from a 
filament at a known temperature and with a known applied field at its surface, 
and to be able to apply as large a field as possible. Two forms of tube were 
designed to fulfil these conditions ; type A is shown in fig. 1; it was designed 
for filaments of about 0-01 cm. in diameter. The filament ran through holes 
in rectangular nickel stampings and was kept taut by a molybdenum spring 
The anode and guard rings were of seamless nickel tube made by drilling out 
nickel rod and subsequently turning down to the required thickness; the 
anode and guard rings were spot-welded into rectangular nickel stampings. 
The nickel stampings and tube were supplied by the Cambridge Instrument 

2 a 2 
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Company. The nickel stampings were did on to the two aims of a quarts 
U-tube and were spaced apart by quartz tubes as shown. The filament con- 



Fiq. 1. Fio. 2. 


nections were made to a four electrode pinch which was also made to support 
the whole assembly. The pinch was sealed into a 200 watt (gas^filled type) 
lamp bulb. The connections to the anode and guard rings were brought 
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out by glass encased leads to the top of the bulb. A small quartz tube, closed 
at one end, was filled with magnesium; a 5 ampere tungsten filament was 
wound on the outside and connected to the pmch; the tube could thus be 
gettered as often as required by lighting the 5 ampere filament. This type of 
tube was sealed off from the pump before use. 

The other form of tube (type B) is shown in fig. 2 ; this can be used with 
very fine filaments The main feature of the design was that the filament 
could easily be renewed by cutting open the top and liottom ends. The old 
filament was pulled out and a wire passed down through the tube from the top 
end , the top of a new filament assembly was then copper brazed to the bottom 
of this wire. The wire was then drawn up, the filament was thus pulled into 
position and the two ends of the tube were sealed up again The lead-in 
wires were of platinum sheathed wire. The filament was kept taut by a small 
nickel weight, this was found to be much better with fine filaments than a 
spring. The nickel anode and guard rings were of big diameter (1*58 cms.) 
so that the effect of any slight errors in centering the filament was minimised. 
The anode and guard rings were each 2 cms. long. 

The field at the surface of the filament is given by 
E = V/2*303r log 10 R/r, 

where R - radius of anode and r = radius of filament 

Let V -- 10,000 volts and r = 0-001 cm , 

then if R — 0-84 cm. E — 1-485 x 10® volts/cm., 

if R = 0-86 cm E = 1-479 x 10® volts/cm, 

thus the radius of the anode is not the decisive factor in determining the 
value of the field. 

Both types of tube were made of lime glass with lead glass extensions wherever 
lead-in seals were made. There was no difference in the results given by the 
two tubes; but in the final measurements, described below, type B alone was 
used aB it was thought best to have completely comparable conditions for 
filaments of all diameters. 

High Tension Equipment. 

A high negative voltage was obtained from a full wave kenotron rectifier 
presented to the Cavendish Laboratory by the General Electric Company of 
Schenectady. The smoothing equipment consisted of a 360 henry choke 
shunted on each side by 0-137 mfd. condensers. The voltage was measured 
by a miUiammeter in Beries with a wire wound resistance 3-396 x 10® ohms. 
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The output was taken through a fuse of fine tungsten wire and a wire wound 
megohm resistance to the filament of the experimental tube. The filament 
current was supplied by accumulators carefully insulated from earth. The 
anode was connected to one terminal of a galvanometer, the other terminal 
being connnected to the guard rings and to earth. The whole apparatus 



including pumping equipment was enclosed in an earthed cage with safety 
switches. 

In order to secure a steady voltage the high tension set was not run directly 
off the mains but through a motor generator run off direct current from the 
laboratory sub-station. 


Pumping Equipment and Procedure. 

A high vacuum is an essential condition for an investigation of this kind. 
No wax, grease, or ground glass joints of any kind were used on the high vacuum 
side of the apparatus. A three-stage hard glass diffusion pump was connected 
by a graded glass joint, through a mercury cut off and liquid air trap of lead 
glass, to the experimental tube. The diffusion pump was backed by a Hyvao 
two-stage pump through a large reservoir. A Pirani gauge was oonnected 
between the liquid air trap and the experimental tube, and a Madeod gauge 
was connected to the high vacuum side of the diffusion pump. At one period 
of the investigation an ionisation gauge was connected to the experimental 
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tube and the pressure, after baking and bombarding, was found to be lees than 
10 -# mm.; but the experiments themselves soon show if the vacuum is not 
high by the appearance of irregularities in the observations. 

The tube was first baked for an hour at 400° C.; the filament was then lit 
and the anode and guard rings were bombarded for half an hour. With fila¬ 
ments of ()• 01 cm. diameter it was possible to get the anode red hot; but with 
smaller filaments this was not possible, but even with these there was an energy 
dissipation of about 15 watts ro that the anode and guard rings were far hotter 
than during the taking of observations when the energy dissipation was of 
the order of a hundredth of a watt. The tube was then baked again for an 
hour. Tubes of type A were then sealed off quickly after first getting the glass 
constriction hot for a few minutes previous to sealing off. The tulic was then 
gettered and the filament aged for an hour at 2600°. Type B was not sealed 
off but the filament was aged and observations were begun. All the metal 
partB in the tubes were heated to red heat tn vacuo before being sealed in. 

Determination of Temperature. 

Probably the best method of determining the filament temperature would 
be by a pyrometer ; but as the equipment is expensive and other methods are 
available it was not used. Worthing and Forsythe* have tabulated a large 
number of the properties of tungsten as a function of its temperature. No 
filament, however, is at a uniform temperature so that if the temperature is to 
be determined by means of the resistance, fiower consumed, or voltage drop 
these quantities muBt be found for the uniformly heated portion of the fila¬ 
ment. This involves the use of fine potential leads or numerical corrections. 
The heating current is, however, constant throughout the length of the filament, 
and gives a simple method of temperature determination. It can only give the 
true temperature of the filament under fixed external conditions [for instance, 
when the temperature of the surroundings is fixed]. In the present investiga¬ 
tion the filament was surrounded by an anode and guard nngs so that reflection 
of heat back on to the filament, and also re-radiation, from the anode and guard 
rings must cause errors. The use of the thermionic emission to determine 
the temperature eliminates errors due to back heating; it also largely 
eliminates errors due to cooling at the ends, as is shown below. 

Consider a filament with a non-uniform temperature distribution. Each 
element of the filament will give a different A log t/AX* curve; if Schottky’s 
relation is true each curve will be a straight line and, to a first approximation, 
• ‘ Aitrophy*. J.,’ vol. 61, p. 146 (1926). 
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provided that the temperature range is not too great, the resultant curve 
due to all the elements will be a straight lino 8. It is possible to find an “ Effec¬ 
tive Temperature ” at which a uniformly heated filament, of the same length 
and diameter os that actually used, will give the same straight line 8. The 
problem is now to deduce the effective temperature; this can lie done by 
extrapolating the straight line S to zero field and finding to what temperature 
the emission at zero field corresponds. This is the effective temperature of 
the filament. 

In order to test the correctness of this conclusion a tube was made up with 
a molybdenum anode 2-5 cms long, without guard rings and having a fila¬ 
ment 2‘5 cms. long and 0*003 cm. in diameter. This tube was designed to 
accentuate end losses; the results obtained are given below 

Temperature from filament heating current 2070’ 2220° 2400* 

Temperature from emuuion at aero field 16,50° 1840° 2110° 

Temperature from Schottky relation 1570° il830° 2100° 

It will lie seen that the temperature deduced from the heating current is 
much higher [due to neglect of end losses] than that deduced from the emis¬ 
sion or from the Schottky equation. The difference decreases, however, with 
increase of temperature. 

Determination of Filament Diameter. 

When the characteristics of a filament had been determined the tube was 
opened up and a low power mierophotograph (X 62) was taken of the filament. 
The diameter of this image was measured on a comparator. In computing 
the value of the field a correction must be made for the thermal expansion of 
the filament, for any given temperature. The temperature was determined 
by plotting log l0 1 against V* and extrapolating to zero volts; it is not, of 
course, possible to draw an accurate curve of log, 0 i against X* until this cor¬ 
rection for thermal expansion has been made. The expansion is of the order 
of 1 per cent. 

Results obtained icith 0*00208 cm. Filament. 

The results obtained with a filament of 0*00208 cm. diameter are shown in 
fig. 4. The temperatures shown are the emission temperatures. The details 
for the five curves are as follows. 
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Table I. 


Curve 

Jlog„i /JX* ! 

T„ m 

TjUxw * 

T tm (dlog,.*MX*). 

1 

9 529 x 10 -4 

1980° 

2001® 

1 892 

2 

10 69 x 10- 4 

1775* 

1788® 

1 892 

3 

10 92 x 10- 4 

1701® 

1746® 

1 923 

4 

10 80 x 10" 4 

1744’ 

1765® 

1 883 

S 

11 18 X 10- 4 

1607® 

1705® 

1 897 


* Maxwolhnn temperature calculated from Sohottky equation. 


The curves are good straight lines up to and above a field of 10® volts/cm 
The temperatures calculated from the slopes are in good agreement with the 
temperatures calculated from the emission at zero field. The slojies are 
inversely proportional to the temperature, although this has not been verified 
over a very wide range of temperature because at high temperatures gas effects 
become troublesome, and at lower temperatures the current becomes too small 
to measure. 


Remits obtained with Filament of 0-00339 cm. Diameter. 

The results obtained with a filament of 0-00339 cm. diameter ore shown in 
fig. 5. The details for the seven curves are as follows 
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Fig. 5.—Charactcrnrtics of 0 00339 cm. Filament,. 


Table II. 


Curve. 

Jlog„./JX*. 

Tfm 

Tllow 

Tern M l° gl , »/JX*). 

« 

9 SO X KM 

2071° 

2006° 

1-967 

7 

0 80 X 10~° 

2038° 

1986° 

1-960 

8 . 

9 87 x 10-‘ 

1980° 

1931° 

1 9M 

9 

10 -16 X KM 

1878° 

1876° 

1 908 

10 

10 68 X 10~* 

1816* 

1811' 

1-916 

11 

11 83 X KM 

1646° 

1612° 

1-946 

12 

12 00 x 1(M 

1580° 

1589° 

1-896 

' 


RauUs obtained mth Filament of 0-0104 cm. Diameter . 

The results obtained with a filament of 0*0104 cm. diameter are shown in 
fig. 6. Disregarding, for the time being, the sharp rise at about 260,000 volts 
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per centimetre the details for the initial parts of the curveB are as 
follows 


Table III. 


Curve. 

| A log,, •/ JX*. 

Trm 

T M .,w 

Trio (JJ0g w ./JX*). 

13 

0 880 X KM 

1944° 

1930° 

1 921 

14 

9 917 X KM 

1900° 

1920° 

1-885 

15 

10 20 X HH 

1862® 

1870° 

1-900 

16 

10 40 X KH 

1830° 

1833® 

1 907 

17 

11-18 X UM 

1766° 

1708® 

1 971 

18 

11-25 . KM 

1748° 

1894® 

1 986 

19 

11 20 x 10 -4 

1697° 

1702® 

1 901 

20 

12 40 X 10"* 

1578° 

1538® 

1 956 


Discussion of Results. 

The results obtained with the filament of 0 ■ 00208 cm. diameter shows that 
up to fields of 10 # volts/cm. the Schottky relation, and therefore the Max* 
wellian velocity distribution, holds good. Now the results of many investi¬ 
gators, in particular by L H. Germer,* show that the electrons having energies 
greater than 4-53 volts [the work function of Tungsten] have a Maxwellian 
velocity distribution. The results given above enable us to extend this limit 
down to about 4-2 volts since this will be the value of the work function at a 
field of 10® volts/cm. Thus we may say that not only do those electrons which 
are able to escape by their own energy in the absence of an external field have 
a Maxwellian velocity distribution, but electrons of 1/3 volt less energy than 
that corresponding to the work function also possess a Maxwellian velocity 
distribution. 

The results obtained with filaments of 0-00339 and 0-0104 cm. diameter 
[disregarding temporarily the anomalous results above 0-25 X 10® volts/cm.] 
show conclusively that it is the field at the surface of the cathode which is the 
decisive factor in controlling the rise in saturation current. When the slopes 
of the curves are multiplied by the corresponding temperatures *a value is 
obtained which is the same for all three filaments although their radii are in 
the ratio 1:1-63: 5-0. 

But we have yet to explain the apparent departure from a Maxwellian dis¬ 
tribution with the 0-0104 cm. filament at a field of about 0*25 X 10® volts /cm. 
The results obtained with the other two filaments show that at this field 
• • Phys. Rev.,’ vol. 25, p. 795 (1925). 
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strength the Schottky relation still holds good. Thus the effect is not due to 
a breakdown of the Schottky relation at this field strength, but must be due to 
some other cause. The explanation that first suggests itself is that the elec¬ 
trons cause ionisation of residual gas resulting m a sudden rise of current. 
But this explanation cannot bo true, partly on the general grounds that suoh 
a process cannot take place when the mean free path is of the order of a metre 
or more, and partly because we should expect that the greater the thermionic 
current the bigger would bo the sudden rise. Fig. 6 shows that when the 
thermionic current is big the rise of current becomes hardly noticeable and that 
it is only at low thermionic emissions that the sudden rise becomes important. 
Indeed, as curve 21 shows, the effect only becomes extremely pronounced 
when the filament is at room temperature This sudden rise is evidently 
something completely independent of, and unaffected by, the thermionic 
emission. Moreover on allowing air to euter the apparatus so as to bring the 
pressure to about 10 -4 mm. the effect was very much reduced.* 1 

Another explanation is that the bombardment of the anode and guard rings 
by the thermionic electrons causes an emission of positive ions which in turn 
bombard the filament giving rise to delta rays. Again, however, if this explana¬ 
tion were correct we should expect an increasingly big rise to take place as 
the thermionic emission is increased. But there is another objection to such an 
explanation. It has been shown by Mr. M L. Oliphant, working m this labora¬ 
tory, that electrons cannot be knocked out of gas-free metals under positive 
ion bombardment; the effect only takes place when the target has not been 
properly cleaned and out-gassed , the fact that the thermionic emission from 
the filament is so regular shows that it is free from gas. As a final test of the 
truth of such an explanation the characteristics were taken of a tube in which 
the anode and guard rings were not bombarded ; the tube was baked for an 
hour, the filament [0 • 00.339 ems ] was lit and aged and readings were then 
taken. The resulting curve (fig 7) shows that at a certain voltage gas was 
probably liberated from the anode and guard rings, this gas contaminated the 
filament surface and decreased the emission; on decreasing the voltage another 
characteristic curve was obtained and the readings were not reproducible. 
This is a very different effect from that which we are considering. 

The possibility that the rise in current is due to the emission of delta rays 
by the action of X-rays produced in the tube is ruled out by the fact that the 
rise takes place most violently of all when the filament is cold. 

There seems to be only one explanation compatible with the facts of experi- 
* See also de Bruyne, • Phil. Mag.,’ voi. 6, p. 674 (1928). 
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ment. We have proved (hat it is the field at the surface of the cathode which 
is the effective agent in increasing the thermionic current, theoretically 



0 100 100 300 <00 3D0 600 700 


Field! in (volt«/cm.)». 

Fio. 6.—Characteristics of 0-0104 cm. Filament. 



too 500 +00 800 60C 

Field! in (volti/om.)l. 

Fig. 7. 


then, provided we have a big enough field, it should be possible to obtain an 
emission of electrons even at room temperature. Thus the most reasonable 
explanation is that the rise in current shown in fig. 6 is the result of a very high 
electric field, we know from the results obtained with the 0-00208 cm. fila¬ 
ment that if this explanation is correct the field producing the effect must cer¬ 
tainly be greater than 10® volts/cm. Such a field could be produced by a sharp 
submicroscopic irregularity on the surface of tho 0-014 cm. filament, and 
this would explain why the effect was not obtained with all three filaments. 

But there is one very important difference between the increase in the 
thermionic current produced by electric fields up to 10® volts/cm. and the 
emission of electrons produced by the very strong field. 

The thermionic current definitely obeys the Schottky law, that is to say, 
the electrons pulled out by comparatively weak fields have a Maxwellian 
velocity distribution. The auto-electronic current [the current due to elec¬ 
trons pulled out by Bfiong fields] definitely does not obey the Schottky law, 
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. 6 shows that the rise of current with field is much quicker than according 

the Schottky equation. Moreover, Gosshng* and Millikanf have shown 
that the auto-electronic current is independent of temperature. Therefore 
the electrons pulled out by the strong fields cannot have the same distribution 
as those pulled out by weak fields. But it must be the electrons with Bmall 
energies that are pulled out by strong fields ; so we may say ■ The electrons 
with big energies have a Maxwellian velocity distribution, the electrons with 
small energies have some other distribution which is unaffected by tempera¬ 
ture This is in qualitative agreement with the Sommerfeld theoryf of 
electrons in metals. 


Determination of Electronic Charge. 
We have from the results of the three filaments •— 


Curve. 1 

T[dlo Rl0 ./dX»l 

T*(dlog w ,/dx‘j|. 

1 

1-802 

3 579 

2 

1 892 

3 759 

3 

1 923 

3 697 

4 

1 883 

3-614 

5 .; 

1-897 

3 699 

6 

1 967 

3 869 

. 7 

1 986 

3 826 

8 

1 954 

3 819 

9 

1 908 

3-641 

10 

1 916 

3 673 

11 

1 946 

3 787 

12 

1 896 

3-594 

13 

1 921 

3-690 

14 

1 888 

3 562 

18 

1-900 

3 610 

16 

1 907 

3 637 

17 

1-971 

3 886 

18 

1-966 

3 866 

19 

1 601 

3-614 

20 

1 966 

3-826 


Mean = 3-693 degrees* x ems /volts, 
which on substitution in equation (6) gives 

e = 4-8 4 x 10“ 10 E.S.U. 


* 'Phil. Mag.,’ vol. 1, p. 609 (1926). 
t ‘ Phys. Rev.,’ vol. 27, p. 628 (1926). 
t Sommerfeld, • Z. f. Phyiik,’ vol. 47, p. I (1928). 
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A Further X-Ray Investigation of Ijong Chain Compounds 
(n- Hydrocarbon). 

By Alfa Muller. 

(Communicated by Sir William Bragg, F.R.8 —Received June 20, 1928.) 

(Plates 18-10.) 

Introduction. 

In a previous paper* the writer has outlined the crystal structure of a number 
of long-chain compounds. One of the main results of this work was to show 
that the crystal molecules (chains) in all these substances can lie represented 
as rods of definite cross section, the crystals being built up of bundles of these 
rods packed close together. A closer examination of the X-ray photographs 
of stearic acid gave the clue to the chain structure, and led to a general formula 
for the structure factor. 

It was then announced that a more detailed investigation of stearic acid 
was to follow. The choice of stearic acid was dictated entirely by practical 
reasons, no other well developed crystals of other similar substances being 
available at that time. But as it was obviously more desirable to Btudy first 
the prototype of the long chain compounds, namely, the normal hydrocarbon, 
efforts were first mado to find single crystals of these Bubstances. The search 
was unexpectedly successful, and the present paper describes an attempt to 
interpret the results of the X-ray examination of a single crystal of the hydro¬ 
carbon C»Hw 

The writer considers himself very fortunate in having been assisted in this 
work by several of his colleagues at the Davy-Faraday Laboratory. Dr. 

* ‘ Roy. Soo. Proo.,’ A, vol. 114, p. 642 (1027). 
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J. M. Robertson kindly supplied a considerable quantity of a natural hydro¬ 
carbon, and Mr. W. B. Seville end Dr. H. S. Gilchrist synthesised end purified 
a number of these substances. 

Chemical History of the Substances and thexr Identification. 

There was no reason for giving a preference to any particular n-hydrocarbon. 
That which was choeen happened to be the only one from which sufficiently 
large crystals could be obtained. It was a natural product extracted from 
supa oil. A full description of how this hydrocarbon was found and separated 
is given in a paper* communicated to the Chemical Society by Dr. Robertson 
and his collaborators. Their determination of the molecular weight suggested 
that the substance had SO carbon atoms. The well-known fact may be re¬ 
called here that an accurate measurement of the atomic weight of such a material 
by the usual methods is a very difficult matter. An error of plus or minus one 
carbon atom is quite possible. 1 

One of the chief difficulties in the preliminary stages of this work was to 
obtain sufficiently large and well developed crystals. It was soon realised 
that the investigator has no real control over the crystallisation process. A 
large number of trials were made for which the writer is much indebted to Dr. 
Gilchrist, and finally a few crystals of the substance were obtained from a 
benzene solution., Two particularly good samples were rhomb-shaped thin 
flakes. The acute angle between the faces was 6B°-66° (the edges were later 
found to coincide with the (1, 1) direction in the basal plane), the calculated 
value for this angle being 66° 20'. The flakes were very thin, not more than 
about 1/10 to 2/10 of a millimetre. The long diagonal of the flake was of the 
order of 1 millimetre in length Most of the X-ray photographs were obtained 
from these two samples. 

The carbon content of the substance not being definitely settled by chemical 
analysis, several synthetic hydrocarbons were used for comparison purposes. 
One of these was taken from the batch which Mr. Seville prepared for a previous 
investigation. Another batch was synthesised by him using the method 
described in a previous paperf (Sendercn’s). The first was the C 31 Hm, the second 
the C S0 H«i. In order to be safe it seemed advisable to synthesise at least one 
of these standard substances by an entirely different method. The starting 
point for the above mentioned were behenolic and nonoic add, 

CHjfCHjlsoCOOH and CH,(CHj)rCOOH. For the second synthesis it was 

* ‘ J. Chem. Soo.,’ vol 312, p. 3077 (1920). 
t * J. Chem. Soo.,’ vol. 127, p. 699 (1925). 





X-Ray Investigation of Lang Chain Compounds. 439 

palmitic acid CH,(CH 1 ) u COOH. This second electrolytic method was carried 
out on the lines described by Peterson.* The actual work was done by 
Dr. Gilchrist. 

A series of experiments was made in order to test the purity of the CggHu. 
A small distillation apparatus was built in which minute quantities of the 
substance could be distilled in a vacuum on to a polished metal surface. The 
various fractions gave within the limits of experimental errors the same melting 
point and identical X-ray photographs. No differences could be found in the 
melting points and the X-ray photographs when samples of the differently 
prepared C J0 H 92 were compared. 

A senes of melting points was then taken for the three substances C 31 , C M 
and the natural product, and the long spacings were determined very carefully. 
The following table gives the numerical data 


Table I. 


MP. 

Long (pacing. 

Difference long * pacing. 

. 

A.U. 


0« 68-69 

41 a 

1 2 

C„ 66-67 

40'0 

1 4 

Nat. pr. 64-66 

38-6 



(Plates 18, 19 show the long spacing reflections of the three samples.) 

The deviation from a constant difference of the long spacings being within 
the limits of experimental error, it was concluded that the natural hydrocarbon 
had 29 carbon atoms. This value was used in all the further calculations. 

X-ray Technique used in dealing with the Single Crystal. 

The crystal was attached to a thin glass fibre with a trace of shellac. The 
free end of the fibre could then easily be fixed to the goniometer head of an 
X-ray spectrometer. A series of complete rotation and oscillation photo¬ 
graphs was taken with copper rays X = 1-539 A.U. The diameter of the 
camera was such as to make 1 millimetre of length (measured on the equator) 
equal to 2° of arc. Some of these photographs are shown on Plates 18 and 19. 

Dimensions of the Cell, Number of Molecules and Space Group. 

The following data were obtained for the cell size:— 

a =* 7-45 A.U., 6 = 4*97A.U., c = 77-2A.U., 

* ‘ Z. f. El. Ohem.,’ vol. 12, p. 144 (1906). 

2 H 
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the error being oi the order of | per cent. The cell was found to be a rect¬ 
angular prism. This point was tested carefully. The crystal was first set 
with its surface normal to the collimator axis (by optical reflection) and one 
of the short axes was set parallel to the axis of the spectrometer by means of 
X-rays. The crystal was then turned until one of the strong reflections appeared 
on a fluorescent screen and the range of visibility of the reflections read on 
the spectrometer table, this range being of the order of 1°. This waB repeated 
by turning the crystal face into the symmetric position relative to the direct 
beam. It was found that the two angles of setting for which reflection occurred 
were the same. Identical results were found for the second setting of the 
crystal, which showed that the “ o ” axis was perpendicular to the surface. 
This important point was further brought into evidence when oscillation 
photographs were taken Starting from a position in which the crystal 
surface was normal to the incident beam, it was found that the right and 
left side photographs were identical. Laue photographs takeq with the beam 
perpendicular to the “ c ” plane showed very few and rather ill-defined Bpots. 
All the planes which can reflect with sufficient strength and at moderate angles 
are not in a reflecting position for this particular setting of the crystal 

A density determination using the flotation method gave 0-96. This 
combined with the known atomic weight gave four molecules to the unit cell. 

The crystal was expected to be not less symmetrical than stearic acid, which 
according to previous investigations belongs to the monoclinic prismatic 
system. No general halvings were found for the hydrocarbon crystal, but the 
( h , o, l) reflections were absent when h was odd. No signs of any of the odd 
orders of the (0,1,0) plane could be detected on the photographs. This proved 
indeed that the crystal had at least monoclinic symmetry. It was further 
found that not only the (0, 1, 0) plane but all the (0, k, l) planes were halved 
when k +1 was odd (with the exception of the curious phenomenon of the 
occasional very faint (0, 1, 30) line which is described later). This suggested 
that the crystal belonged to the orthorhombic system (an inspection of the 
model given at the end of this paper shows that the crystal belongs to the 
orthorhombic space group Q» 18 ). 

It is interesting to point out here already that the cross section of the cell 
is 37-0 x 10 -1 ® sq. cms. This coincides very nearly with the average of the 
cross sections found in the previous paper (36*6 X 10~ 18 sq. cms.) and is a fact 
which was anticipated. 



X-Ray Investigation of Long Chain Compounds. 441 

Characteristic Features of the Intensity Distribution. 

The chief interest of this paper lies in the interpretation of the very peculiar 
intensity distribution among the spots observed on the photographs. The 
general outline of this interpretation has already been given in the previous 
paper. 

A complete survey of the observable spots showed that the indices could 
all be written in one of the following forms • (h, k, 0/1); (h, k, 30/31); (A, k, 
60/01/62) ...; or in other words, unless a reflection belonged to these groups, 
it was either extremely faint or not observable at all. Here again, just as in 
the previous ease, the connection between these “ characteristic l ” values and 
the number of carbon atoms in the chemical molecule is striking. 

The Geometrical Structure Factor. 

A systematic discussion of these facts can beBt be done with the aid of the 
geometrical structure factor. Before proceeding to work out this factor for 
the crystal we are dealing with here, we shall first discuss the properties of 
the simplest possible model of a long chain crystal. 

This hypothetical crystal is assumed to have only one molecule to the unit 
cell (axis o, b , c) the molecule itself consisting of “ n ” identical atoms or 
scattering centres of scattering power 1. These atoms are placed at equal 
distances along one axis of the crystal, say, the “ o ” axis. If “ s ” is the dis¬ 
tance between two successive atoms, and e 0 the co-ordinate of the first atom— 
this last quantity being expressed as a fraction of the " o ” axis—then the 
co-ordinates of the pth atom are .— 

= 0; y„ = 0, 2 , = c 0 . c H (p — 1).«. 

The geometrical structure factor for this single chain is then:— 

S„ -1 ^ exp [2ni (xfi/a + yjc/b + . l/c )] | 

= | exp[ 2*1 {co + (p — l).*/c}.f]| 

sin Tin-, f 

= exp [7ri{2eo + (n - 1). */c} . 1]. —- j — 

sin n -. { 

. s . 

Sin 7TU . -. i 
_ _c_| 

sinn-.l 
c 


o I 

(1) 


2 h 2 
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The two vertical lines in (1) mean that the absolute values of these expres¬ 
sions have to be taken. 

We shall call this particular structure factor the “ chain factor ” in accord¬ 
ance with the notation in the previous paper. 

s/c and “ n ” being constant for a given arrangement of the crystal, this 
S,* ib a function of the index “1.” This function has the well-known property 
of oscillating between zero and “ and shows very sharp maxima provided 
“ n ” is large, as we assume it to be in our case. These maximum values of 

8, appear when - .1 is an integer or in the neighbourhood of an integer; “ l ” 
c 

can only vary in steps of a unit. We get therefore a very marked increase of 
the numerical value of our function at constant intervals of “ I,” but we still 
do not know how this interval is connected with the number of atoms in the 
molecule. In order to find this connection we have to settle the Bize of “ s ” 
We now make the further assumption that the molecule stretqhes right across 
the cell leaving only a relatively Bmall gap at each end. This gap we take to 
be of the order of the distance between two consecutive molecules in the chain, 
that is to say nearly equal to “ The distance between the centre of the 
first and the last atom in the chain is (n — 1) . a. We therefore assume that 
a . n is approximately equal to c, or 

«/*>-!/»• (2) 
The maxima of S, therefore occur when “ l ” is equal or near to zero, n, 
2n, 3n,.. .,our chain factor is in general accord with the observed intensity 
distribution. 

The very Bimple model from which these facts can be derived cannot be 
expected to give more than a general explanation of the observations. First 
we have to remember that our C*#H#o crystal has four molecules to the unit 
cell. The only reasonable assumption which we can make when trying to 
build up a model of this crystal, is to put two of our long chain molecules end 
to end alongside the “ o ” axis. There are therefore 58 atoms in the length of 
the cell. If therefore we find a maximum when I = 30, we conclude that 
alternate carbon atoms are situated differently. The pattern is repeated, not 
every atom, but every second atom. Hub is in accord with the design of the 
molecule which previous work has already shown to be probable : it is shown 
in the lower part of fig. 1a. It can be described as consisting of two rows in 
parallel, their distance apart, remaining to be discovered. It iB not yet neces- 
* The notation S, will be used instead of 8, in the previous paper. “ n ” indicates the 
number of atoms in the row. 
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sary to assume that the rows are so placed with respect to each other as to 
give the zigzag a perfectly regular form, though the fact will appear presently. 

It can easily be seen that no other arrangement of the scattering centres, 
such as a true spiral, or a double periodic zigzag will give the intensity dis¬ 
tribution observed in this particular case. This does not exclude Buch arrange¬ 
ments being possible under different circumstances. 

We now proceed to form the structure factor for the unit cell of the hydro¬ 
carbon crystal under investigation. Our previous argument relates only to 
a single molecule consisting of a zigzag chain of a singlo type of atom. We 
have now to take into account first that there are hydrogens as well as carbon 
atoms, and, secondly, that there are four molecules in the cell. As regards 
the former point it is convenient and justifiable to link up with each carbon 
atom the two hydrogens that belong to it, and to assume that the group can 
be represented by a single scattering centre. If also we neglect one hydrogen 
at each end of the chain we can suppose the structure to be represented by the 
zigzag arrangement of centres already discussed, all the centres being now 
alike. 

Experiment shows, as already stated, that all the (A, o, l) planes are halved 
if h is odd, and that the (0, 1, 0) plane is halved. This implies that we can 
represent the arrangement of the molecules in the crystal by the following 
group of co-ordinates 

(<*) y,. V 

{b) x, + \, -y,+ p 0 , Zp ; 

(c) 4* oto, y,+ i -*„+To; 

(d) — iTp + i + «o, — y P +1 + (Jo, — + To 

Were x, t y f , z t are the co-ordinates of the pth scattering centre of the first 
molecule, and the position of the corresponding centres of the other three 
molecules represented by (6), (c), (d) respectively. (The symbols all represent 
fractions of the axes a, b, c : <x 0 , {J 0 , y 0 are parameters yet to be determined.) 
The second set of co-ordinates (b) represents a molecule obtained by reflecting 
(a) across a plane parallel to “ *s ” and afterwards translating it parallel to 
the “ * ” axis through a distance a/2. The third (c) is obtained by a diagonal 
rotation about an axis parallel to the “ y ” axis followed by a translation 6/2 
along that axis. The molecule (<f) is centrosymmetrioal with (a). 

If the axis of “ z ” is not taken to be perpendicular to the plane of “ xy,” 
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the supposed arrangement is c tt s . But if the “ z ” axis is perpendicular to 
the plane “ xy ” and the molecule has symmetry of its own—and it certainly 
is extremely near to doing so—the additional symmetry given to the cell makes 
it orthorhombic, the space group being known as Q* 18 . For the moment it is 
not necessary to suppose that the higher condition of symmetry are absolutely 
fulfilled. 

It is further convenient to use two different notations when referring to the 
two rows of atoms in each molecule. Our molecule has an odd number of 
scattering centres. We call n + 1 the number of atoms in the first row and 
n the number in the second row, the numbers being therefore IB and 14 in 
our case. Remembering that the distances between consecutive atoms are 
the same for either row, and calling x, y, z the co-ordinates of the first atom in 
the first row of the first molecule and x, y, 5 the corresponding co-ordinates 
for the second row, we have 

co-ordinates of the pth atom, 1st molecule, 1st row-- 

x p ^=x; = z, = z + (p-l) .s/e (4) 

co-ordinates of the pth atom, 1st molecule, 2nd row— 

y\ b= i + (j> - 1 ).«/c. (4 a) 

The corresponding values for the three other molecules are obtained by 
applying the transformations (3) to the above expressions. 

The calculation of the structure factor involves a sum over all the scattering 
points in the unit cell. This operation is done best by splitting it into three 
parts. 

In the first part the sum is taken over the four possible positions (3) leaving 
the general co-ordinates in the expressions. 

In the Becond part the expressions so obtained are summed over the n -f 1 
atoms of the first row of the molecule. 

Lastly, the same operation is performed for the second row of » atoms. 
The result for the two rows are then added together. Owing to (4) and (4a) 
these two sums can be written in a fairly compact form. 

It is unnecessary to write down here the still rather long expressions for S, 
which we are able to simplify by making a very plausible assumption with 
regard to the parameter (J 0 . We put p 0 == l + y+ y* *- e -< we pk® 6 
reflection molecule (3b) in the middle of the four surrounding neighbours and 




X-Ray Investigation of Long Chain Compounds. 445 


choose the most convenient zero for our co-ordinates by making y — — y. 
The structure factor can then bo written as follows:— 

8 = | iacH.-cosaTuyjfc.fSn+x .cos 7tA -f- 8„ . costtA} |, A even; A even'' 

S = I 4a C H, • fayk . {8, + i . sin 7tA — 8, . sm ttA} |; A even, A odd 

■» (5) 

8 = | 4otH,. sin 2m/k. (8, + i. cos rcA — 8, . cos tcA} |, A odd; A even 

8 = |4acH,-cos27tyA.{8,+x. sin ttA -f 8*. sin tcA}|, A odd ; A odd 

where 

A = (2® — a 0 ) . A + (2« — Yo + » */c) • * 

A = (2® — « 0 ). A + (2 z — Yo + [» — !] s l°) • 1 
a CH| = scattering weight of the CH s -group. 

8«+i -- sin («(n -f- 1) s/e . l)/sin (re s/e . 7); 

S H =- am (rm . s/c . i)/sin (w s/c . 1). 

Determination of the Constants and Parameters. 

Some of the parameters in (5) can now be determined quite easily. First 
we make use of the fact of the constant differences in the length, of the “ c ” 
axes of the three substances C S1 , C so and C M , and secondly of the observation 
that none of the odd orders of the (0, 0, l) planes show on the photographs. 

The first fact suggests that the two rows of atoms in each of our crystal 
molecules are placed in such a way that each scattering centre in one of the 
two rows is at equal distance from its two next neighbours on the other row, 
or 

z — z -f s /2c. 

The structure factor for the (0,0, l) planes takes then the following simple form 
8(o. o. o = 4 och, X cos ti (2« - yo + n . s/c) lx [8*+i + 8*]. 
According to the second observation this expression has to vanish for all the 
odd orders of l. We therefore must have 

2z ~ Yo + n . s/o = J. 

The constants A and J. in (6) can accordingly be written in the following 
form 

A — (2* — « 0 ). A + J . f; A = (2®-a 0 ).A + *.f. W 

These values will be substituted in all the further calculations involving (5). 
We can now go one step further and try to get a numerical value for our 
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fundamental constant sjc. The structure factor of the (0, 0,1) planes reduces 
now to the following expression . 

S(o.o.n — 4 <kh, • cos^i.rS»n + 8.1 = 4 och, • cos ?I < g 

2 2 “(i-5-*) 

( 8 ) 


The only unknown constant left is a/e. This suggests the use of intensity 
measurements in the (0,0,1) Bet of planes for a determination of this fundamental 
constant. 

It is well known that the intensity of X-ray reflection from a crystal depends 
upon many, and very often partly unknown factors. Certain relative measure¬ 
ments can, however, be performed whereby most of these unknown quantities 
do not enter into the calculations. 

The expression for the intensity can be split into two factors.* One of these, 
the geometrical structure factor is a rapidly changing, oscillating function of 
the three indices h, k, l ; whereas the other, sIbo depending upon the indices 
(temperature factor) or the reflecting angle (polarisation factor, atomic scatter¬ 
ing factor) changes slowly compared with the first. If we calculate therefore 
the intensities of two planes which not only have nearly the same spacing 
but also nearly the same position in the crystal, we can assume that the 
slowly varying factor is very nearly the same for the two reflections. The 
knowledge of the geometrical structure factor will then suffice to calculate 
the intensity ratio of the two reflections. 

The crystal under investigation is in some ways particularly suited for this 
type of intensity ratio evaluation. One of the cell dimensions being very 
large compared with the other two, it is possible to get sets of planes, which, 
without having too small a spacing, differ very little both in spacing and 
position. 

We still have to determine the function which connects the ratio of the two 
values of the geometrical structure factor, and the observable ratio of the 
integrated intensities of the two reflections. We know this function in two 
limiting cases, i.e., for the ideally perfect, and for the ideally imperfect or 
mosaic crystal. 

To which type our crystal belonged had, of course, to be settled by 
experiment. 

Considering the almost complete absence of any tendency of the sub¬ 
stance to crystallise, it seemed very unlikely that these hydrocarbon crystals 
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approach the ideally perfect type. When comparing the intensity ratios of 
certain particularly strong high order reflections on single crystal photographs 
and on photographs from “ powders ” of this hydrocarbon, no difference could 
he found. These powders were, of course, not powders in the ordinary sense, 
the substance being far too soft to form any sort of fine gram. It was, however, 
very unlikely that smearing the substance on to a glass surface, and com¬ 
pressing it afterwards into convenient shape should not have had the effect 
of bringing the mass into the “ imperfect crystalline ” state 
A word may be said here about the identification of the high order reflections 
which are constantly used in this work. 

The reflections of the (o, o, l) planes could be observed right up to the 30th 
order by using long exposures. Between the 30th and the 60th order was a 
gap which had to be calculated. The accuracy of the measurements of the 
long spacing was quite sufficient to give an unequivocal determination of the 
(0, 0, 60) and (0, 0, 62) reflection. These two reflections were afterwards used 
as standards for the measurements of their neighbours. 

My colleague Mr. W. T Astbury has been so kind as to determine the 
intensity ratio of the (0, 0, 60) and(0, 0, 62)reflection, using a method developed 
by him* which gives directly the integrated intensities. As a result of repeated 
measurements on different photographs this ratio was found to be 1-83 ± 
0-036. A small correction was applied to this figure to allow for the variation 
of the intensity with the angle of reflection, and use was made of Ponte’Bf 
F-curves for the scattering of the carbon atom in diamond (the variation of 
the temperature factor being unknown in this case, the corresponding correc¬ 
tion had to be neglected). It was found that • 

(®(o. o. «n/8(o.o.aii) 2 = 1*66. 

With this numerical value wo can now with the aid of (8) calculate our 
fundamental constant s/c. We know that it must be in the neighbourhood of 
1/30. The following table gives a few of the ratios in function of s/c •— 

sic . 0-03284 0-03286 0-03286 0-03287 

(8 t o.o.•o,/S t o.o.s2,) , .... 1-42 1-61 1-63 1-74 

It is interesting to note that a small variation of s/c produces a compara¬ 
tively large change m the numerical value of the square of the ratio of the 
structure factor. In other words, a relatively rough estimate of the intensity 
ratio is quite sufficient to give an accurate numerical value for our fundamental 

* ‘ Roy. 800. Proc.,’ A, vol. 110, p. 840 (1927). 
t' Phil. Mag.,’ vol. 3, p. 196 (1927). 
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constant. It has, however, to be borne in mind that in deriving the structure 
factor we have been assuming that the chain is absolutely uniform. For this 
we have at the present stage of this work no direct proof. But apart from the 
discontinuity at the ends of the crystal molecules there is hardly any other 
factor present which is likely to upset the uniformity of the chain, and this 
“ end effect ” is not likely to make itself felt over a big range. The assumption 
of Btrict uniformity seems therefore not unreasonable. 

If we assume the correction due to the temperature factor to be of the same 
order of magnitude as the one already applied, we conclude, using the data 
from Table II that 

»lo = 0-03286 ±0-00002. 

For comparison it may be mentioned here that if s/c were calculated under 
the assumption that the crystal belonged to the ideally perfect type, its numerical 
value would be approximately 2| per cent, smaller than the figure given above. 

We now proceed to calculate, other parameters in our structure factor. It 
is useful to write our fundamental equation (5) in a slightly different form. 
Taking for example the first equation and introducing the following abrevia- 
tionB: 

# = (a + Is —• Oq) ; p = ‘2ny ; y = n(x — x), 

we have 

8 = 4och, • cos pi . Js.,+ 1 . co8^(« —y)A +|lj 

+ 8,. cos[(ct + y) * + |l]} 
or 

= 4och,. cos pi . cos («A + 1 1) . cos yh . [S„ +1 + S B ] 

This, and the three other corresponding expressions can be written in a 
more compact form by using the symbols which are introduced in the following 
table. The numerical data are calculated by using sfc = 0*03286. 
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Table III. 


I. 1 

S„. 

S,4- 

8 

d. 

0 

+ 15 0 

+ 14 0 

14 5 

t-0-036 

1 

+ 9-81 

+ 9-63 

9 7 

+0-009 

29 

+ 545 

- 5-95 

5 7 

-0-043 

30 

+ 1390 

-13 11 

13 5 

+0 029 

31 

+ 1312 

-12 47 

12 8 

hO 025 

32 

- 4 04 

+ 4 74 

4 4 

-0 080 

60 

+ 10-95 

+ 10 66 

10 8 

+0 014 

61 

+14-9 

+ 13 9 

14 4 

(-0 035 

62 

+ 8-86 

+ 8-60 

8 4 

-O 009 


S = i(|S 15 | + |S 14 |); A = ( iS I5 1 — 1 S 14 1)/(| S tl | -H S u | ). 

With the notations of Table III and using the transformations indicated 
in (9) we can now write our fundamental expressions for the structure factor 
S in the following form *.— 

Table IV. 



SSo,,,, 



when l - 0 ; 1 . 60; 615 62 

when 1 29; 30; 31 

X 

1c even J 

ecu pk cos (ah + 1*1). cos yk 

X {1 + d tan (ah b 1*1) tally*! 

to* Pk . mn (a* (- Jwl) »inyA 

X |1 +■ d . out (a* + Jwl) coty*( 

*2T\ 

fcodd J 

\nn pk ooa (a* + Jwi) siny* 

X {1 — d . tan (a* + 1*1) cot yA} 

sin/5i Bin (a*+1*1) cosy* 

X {1 — d. cot (a* f- 1*1) tan y*} 

A odd 1 
and > 
k even J 

«n pk sin(«A + l*l).smyA 

X {1 + d . cot (a* + 1*J) cotyfcj 

■in pk. oos (a* + 1*1) cosy* 

X {1 + d tan (a* + 1*1) tan y*J 

A odd I 
and > 

k odd J 

oos Pk sin (a* + 1*1) cos yh 

X)l-d oot («* + $*/) tan yA} 

oos fik. coa (a* + 1*1). sm yk 

y 11 — d tan (a* + 1*1) oot yk\ 


A is small compared with “ 1.” The whole term multiplied with A can 
under certain conditions become small, and will in this case either be neglected 
or treated as a Bmall correction. We shall use the word “ correction term ” 
as an abbreviation for the whole of the second term in the curved bracket in 
the above expressions. 
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Calculation of the Remaining Constants and Discussion of Intensities. 

With the aid of Table IV we can here already predict the absence or extreme 
weakness of a certain number of reflections (apart from those whose absence 
follows from the space group). The indices of these planes are given in the 


following table 

Table V. 

Indices of planes which according to Table IV 
ought to M extremely weak or unobservable. 

Observations. 

(0,0, 30/31) j (0,1,1); (0, 1, 60/61/62) S 

(0,2, 30/31); (0, 3,1), (0, 8 , 60/61/62) j 

{0,4, 30/31), (0, 6,1). (0, 6, 60/61 /62) 

1 All these planes are either unobservable 
> or very weak oompared with their 
J neighbours. 


A striking observation which leads to the determination of f further con¬ 
stant is the fact that the (0, 4,0) reflection is completely absent. The (0,0,60) 
plane whose spacing differs only from the (0, 4, 0) by a small percentage lies 
almost on the same spot where the (0, 4, 0) reflection ought to appear when the 
crystal is rotated round the “ a ” axiB. The (0, 0, 60) and the (0, 0, 62) reflec¬ 
tions show both very strongly even on short exposures, whereas no reflection 
appears from the (0, 4, 0) plane even when the crystal is oscillated over a small 
range containing the reflecting position. 

In order to make the (0, 4, 0) plane disappear we have according to Table 
IV to give (3 a definite value. We must have 
cos 4p = 0 or 4(3 = m . tt/ 2 (m odd); or (3 = 22J°, 67|°, 112f\ etc. 


When we introduce any of these numerical values of (3 in the equations in 
Table IV we must expect again a whole series of planes to be absent. This fa 

shown by the next table. 

Table VI. 


Indices of planes which ought to vanish if /} — 221° . m 
(m. odd). 

Observations. 

(0, 4, 0 / 1 ), ( 8 , 4, 0 / 1 ) : (4, 4, 0/1) {see Tabic V); 
(2, 4, 30/31). (4, 4, 30/31), (0, 4, 80/61/62), 
(2,4.60/61/62) 

All absent on oscillation photographs. 


In the form given in Table IV our expressions for the structure factor are 
relatively easy to handle. We proceed to put the theory to a further test. 
From Table IV we find : 
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Table VTT. 


Theoretical. 

Olwervfttion*. 

For all values of «t,” 

The following paint of plane* are 
found to have approximately the same 


lutennity ratio aa (0, 0, 0O)/(O, 0, 62) • 

(0, 2, 6A)/(0, 2, 02) 

also for all values of •• k ” and “ k ” 

(2, 2, 0O)/(2, 2. 62) 

provided the correction term 1 * small 

V B (*, *. a 2)1 

(1, 1, 60)/(l, 1, 02) 

(2. 0, 0O)/(2, 0, 62) 


On Plate 19 samples of oscillation photographs are reproduced which Bhow 
two of these “ doublets ” very clearly. One pair is the (0, 0, 60/62), the other 
pair on the second photograph is the (0 , 2, 60/62). 

Mr. Astbury measured also the ratio (2, 0, 60/62) by his method, and found 
it to be the same as the ratio (0, 0, 60/62). Ho further found the intensity of 
the (2, 0, 61) to be between three to four times larger than the (2, 0, 62). This 
result will now be used for an evaluation of the constant a. 

Neglecting the “ correction term ” which means assuming that neither 
2a nor 2y are very close to zero or 90°, we find from Table IV 

(S«. o. miAs, o. «w) a ~ (Sa-MiAi-M)) 1 . tan*2a = 2*9«. tan* 2a. 

The left side of this equation is equal to the observed intensity ratio (the 
small temperature and angle corrections being within the limits of accuracy 
can be neglected) and is according to observation between 1/3 and 1/4. The 
calculation gives 

For the ratio 1/3 : a = 22J° ± m . 90°') 

> m = zero or 1. 

For the ratio 1/4: a = 25° ± m. 90° J 
Thus a is approximately either 23}° or 66J°. 

The ratio (1, 1, 0)/(l, 1, 1) is according to observation between } and J. 
Again neglecting the “ correction term ” we find that from Table IV: 

(So.i.o>/Su...«)* ~ (Sn-oi/Su-,,)*. tan*a == 2-23. tan* a. 

For a = 23J° we get 

Intensity ratio (1, 1, 0)/(l, 1,1) ~ 0*43. 

For a = 66J° we get 

Intensity ratio (1,1, 0)/(l, 1,1) ~ 11-5. 
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We therefore assume that m = 0 and adopt 
a = 24° 

for the following calculations. 

So far we have been on relatively safe ground with regard to the deter¬ 
mination of our constants. They have been derived from relative intensity 
measurements, the reflections being chosen from planes which, in each case, 
differed very little from each other in their spacings and their relative positions 
in the crystal. 

We now go one step further and try to compare the intensities of reflections 
from planes which are not far apart m their spacings but which may differ 
widely with regard to their relative positions in the crystal lattice. If we still 
try to calculate our intensity ratios from the geometrical structure factor alone, 
we assume that the temperature factor is a function of the spacing, and that the 
j*osition of the individual reflecting plane docs not matter. This would cer¬ 
tainly lead to wrong conclusions if any finer details were to* be considered. 
No such attempt will be made in the present paper, and so long as only approxi¬ 
mate estimates are made, this neglect of the temperature factor iB not likely 
to be serious. 

We now try to find an estimate for the limits between which the last con¬ 
stant y has to lie. One of the low-index reflections which is strikingly weak 
compared with its neighbours is the group composed of the (1, 2, 0) and 
(1, 2,1) reflections. The average spacing of this group is slightly smaller than 
the (0, 2, 0) spacing ; the intensity of the group is about equal to the intensity 
of the p line of the (0, 2, 0) reflection, i.e., about 1/8 of (0, 2, 0). 

Before calculating y we have first to settle the definite value for the con¬ 
stant (S in the structure factor. The photographs show that the intensity of 
the (1, 2, 0/1) group is between 1/6 and 1/3 of the (1, 1, 30/31) reflections. 
The two spacings differ little from each other. We assume therefore that the 
observed ratio is approximately equal to the square of the calculated ratio of 
the structure factors. 

The value of the observed ratio is obtained from a photograph with the 
crystal rotated round the “ a ” axis. The reflections appear both on the first 
layer line. During one revolution of the crystal the following reflections in 
the (1, 2, 0/1) group appear : 

(1, 2, 0); (1, 3, 0); (1, 2,1); (1, 2, I); (1, 3,1); (1, 3,1). 

In the (1,1, 30/31) group: 

(1, 1, 30); (1, 1, 30); (1, I, 30); (1, f, 30); (1, 1, 31); (1, 1, 5l) 
(1, 1, 31) ; (1, 1, 3l). 
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These reflections have to be taken into account m the calculations. Neglect¬ 
ing again the “ correction term ” we have ■ 

/ 8 , 1 . t. o/i) V _ Bin* 23 ■ sin* y ■ ft ■ S5. ol ■ sin* a + SjL lt . cos* al 
\S(i.i.so/si)/ cos* 3 . sin *y • [8?i- m) . cos*a + 8*-«u • »m*a] 

-2-16. sin* 3 . 

From observation we find 

1/3 > 2-16. sin* 3 > 1/6. 

Only the smallest of the possible values of 3 on p. 450 satisfies this equation, 
we have 

3 = 22 *°. 

The constant y can now be calculated by making use of the already mentioned 
ratio of the ( 1 , 2 , 0 / 1 ) and ( 0 , 2 , 0 ) groups 

/ fill, a Oft) \* 2 sin 5 2 3 ■ sin 8 Y ■ ll ■ 85 - 0) ■ but* a ± Sf,-„ ■ cos- a] 

U (0ilt0) / ~ cos* 23 . S*,_ 0) 

1/6 ~ 0‘91 6 . sm y or y 25°. 

The two following observations lead to two further independent calcula¬ 
tions of y. It is found that the (0, 0, 62) reflection is about as strong as the 
(2,0,61) reflection, shown on rotation photographs with ”0 ” and “ b ” settings. 
This gives 

y ~ 28°. 

The (1, 1, 61) reflection iB about twice as strong as the ( 0 , 0, 60) on rotation 
photographs about the “ a ” or “ b ” axis. The resulting value for y is 
y ~36°. 

The three values for y difier considerably from each other. This is not 
surprising. We can hardly expect to get more than a rough estimate of the 
cross dimensions of our simple chain molecule at the present stage of this 
work. 

Although we cannot hope to account for all the intensity ratios of the weaker 
reflections in this part of the investigation, we are nevertheless able to predict 
the indices of the strongest reflections. Our structure factor can be written 
in the following form __ 

S=lS.^ + S. A.fc|. 

and <j> t are functions which oscillate between + 1 and — 1 , and which depend 
upon the indices h, k, l. A is, as we know from Table III, small compared 
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with S. If we want to find the strongest reflections we can neglect the second 
term m the expression above, and have simply to find those values of h, k, l 
for which fa is near to its limits, i.e. ±1. We are then able to test our theory 
in the following way. Supposing we have found a set of indices for which fa 
is equal or at least near to ± 1. Among all the reflections which have fa 
not equal or near to ± 1 we take those which lie close to the first mentioned 
reflection. If the theory is correct wc should find the intensity of all those 
reflections smaller than the one for which fa is ±1* 

Prom Table IV we can easily see that the strongest reflections must be 
found among those in the l ~ xero and l ~ 60 group for which h + Jb is even 
and small, i.e., 

(0, 0, 60); (0, 0, 62); (1,1, 0/1); (1, 1, 61). 

This is in excellent agreement with the observed facts. Owing to the fact 
that p = n/8 we expect to find (0, 3, 31); (0, 5, 31) and also (1, 4, 30) to be 
strong. This again is found to be correct. The crystal moclel of the hydro¬ 
carbon which has been built up in this paper seems therefore to be correct 
at least in its essential features. 

Before going on to the discussion of the results, an observation may be men¬ 
tioned for which no explanation has yet been found. 

A slight fogging was noticed between the relatively strong (0, 1, 31) and the 
faint (0, 1, 29) reflections. The spots being close together, thiB fog was first 
thought to be due to overlapping of the two. Special photographs were after¬ 
wards taken with a very fine slit. Under these circumstances both the 
(0,1, 31) and the (0, 1, 29) reflections appeared as well defined sharp lines on 
the films. The fog however had not disappeared. The (0, 1, 30) reflection 
was expected to be absent according to the structure factor, and indeed no 
trace of it could be found on a whole series of photographs which was taken 
to test thiB point. On a certain number of these pictures, however, an extremely 
faint line could be seen quite distinctly between the (0,1,29) and the (0,1, 31) 
reflection. The fog was there whether the line appeared or not. The (0,1, 30) 
line could only have been found, theoretically, if the crystal molecules showed 
polarity. In this case the (0, 0, 61) reflection would have appeared as well as 
the other. No trace of such a reflection or of a fogging was found between the 
(0, 0, 60) and the (0, 0, 62) line on any of the many photographs which were 
taken in the course of this work. The only uncontrolled factor which was 
likely to produce this curious phenomenon was the temperature. This point 
will have to be cleared in the continuation of this work. 
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Discussion of the Model. 

With the numerical data at hand we are now able to complete the picture 
of our hydrocarbon crystal. Our constants are: 

a ~ 24° ; |J - 22*° ; 3G° > y > 25°, 

and Hinco 

7T (x -f * — a 0 ) = a ; 2ny = p ; iz(x — x) = y, 

we find 

x + * - a 0 ~ 1/7-5; y ~ 1/16; 1/5 > x - x > 1/7. 

It is convenient to introduce two quantities the meaning of which can lx* Been 
in fig. 1 ; w and <£ can be expressed in terms of i — x and y, as follows : 

w — Vo® { x — + 46V, tan 0 = 2byja (x — x) 



Fio. 1. 


Substituting the numerical data 

o = 7-45 ; 6 = 4-97 A.U.; 1/5 >(*-*)> 1/7 ; y ~ 1/16, 
we find 

1-62 > w > 1 -23 A.U. 30° > <f> > 23°. 

2 i 
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We shall further want the distance “ 8 ” 

*/c = 0-03286; «j = 77-2A.U. 

and 

s = 2-54 AU. 

Fig. 1 (o) which is drawn to scale represents the cross section of tho unit cell. 
A, A, B, B, ... are the projections of the scattering centres upon the plane of 
the cross section. It is interesting to see that the bulk of the scattering mass 
is concentrated near parallel lines A^, A 0 , ... B 0 ... (chain axes), fig. 1 (6), 
and that these axes are relatively wide apart. 

The following figures will give another illustration of this fact. We compare 
the distance D, of nearest approach of a scattering centre in one chain to a 
centre in a neighbour molecule, with the distance Dj of two successive scatter¬ 
ing centres in the same chain. 

D, = [\ ~ (a - x)]* + 6»/4 + s»/4 ' 

D, - 7/4. 

Introducing the figures gives 

3-9 > D a > 3-6 AU. 2-0> Dj> 1-8AU. 

The distance D a of nearest approach is therefore about twice as big as the dis¬ 
tance between two successive centres in the zigzag chain. D 2 being of the 
order of 3-7 A.U. there is amplo space, between the chains for even compara¬ 
tively large molecules. A substitution of hydrogen atoms by other atoms 
should therefore have little or no effect upon the cell dimensions. 

This appears to bo true. It is found that the ketono 

CH 3 (CH g ) g0 C(CH s ) 7 CH 3 

O 

has, within tho limits of experimental error, exactly the same cell dimensions 
as the hydrooarbon 

CH 3 (CHj) m CH 3 , 

which has the same number of carbon atoms as the ketone. The fact that 
certain characteristic intensity ratios are the same on both the ketone and the 
hydrooarbon photographs suggests further that the continuity of the carbon 
chain is not broken by the presence of the oxygen atom. There are, of course, 
certain modifications of the relative intensities m a number of other reflections. 

The influence of substituted atoms upon tho chain structure opens an 
interesting field for research and will be the subject of further investigations. 
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The crystal molecule in our hydrocarbon appears, at least to a first approxi¬ 
mation, as a zigzag arrangement of single scattering centres. The angle 
between the centre lines, fig. 1, is given by 

tan i|i = 2to/s, 

or using the numerical data 

52° > (Ji > 44°. 

The average of these two angles is about 48°, which is approximately 13° 
larger than the angle which would be observed if the scattering ccntreB were 
mutually spaced as are the carbon atoms m diamond. The angle which is 
found in the chain structure of the centres and which corresponds to the 
tetrahedral angle mdiamond is 180° — 2 X 48° - 84°, whereas the tetrahedral 
angle is 109° 20'. The zigzag angle in our crystal is therefore about 25° Hmallcr 
than the tetrahedral angle. Suppose that we calculate the distance between 
two successive centres in a chain which has the same * (= 2*54 A.U.), but in 
which the zigzag angle is equal to the tetrahedral angle. We find for this 
distance s/2 cos 35° 20' = 1-55 A.U., i.e., almost exactly the diameter of the 
carbon atom m diamond. This is very significant and suggests that the carbon 
centres in our crystal form a tetrahedral chain. The distance between the 
two rows of scattering centres in such a chain is 

*»tan 35° 20'= 0-89 A.U., 

whereas the corresponding average value for our chain is about 1'4 A U. 
The two rows of scattering centres in the actually observed chain are therefore 
about 0-5 AIT further apart than those in the tetrahedral carbon chain. 
This observation is easily explained if we remember that the scattering centres 
in our chain represent ClI 2 -groups. The addition of two hydrogen atoms to 
each carbon atom would have the effect of shifting the rows of the resulting 
CHg-centres further apart. 

For the gap between the ends of two successive chains in our crystal (measured 
in the direction of the “ o ” axis) we should expect to find something of the same 
order as the distance of nearest approach D 2 . The gap can be calculated as 
follows 

gap = o . (J - 14 . s/c) = 3-09 A.U. 

(14. s/c is the length of our crystal molecule, measured from between the 
extreme centres of the chain, and expressed as a fraction of the long axis 
“ o.”) 

This figure is indeed not very different from D 2 ~ 3-7 A.U. Approxi- 

2 I 2 
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mately the same figure as D, is found for the distance D 3 of nearest approach 
of two molecules in the “ end on ” position. Fig. 1 b. We have 

D 3 - V(gap)* + 6*./4 + o* ([* + * - a 0 ] - [s - *J)». 

x + x — a 0 being very nearly equal to x — x in our case, we can neglect the 
last term under the square root and find 

D a ~ V3-09» + 2-486* ~ 4 A.U. 

Considering the two figures D a ~ 3-7 and D 3 ~ 4-0 A.U. we may therefore 
say that the distance of nearest approach of these chain molecules is between 
3-7 and 4-0 A.U. 


Summary of the Numerical Data. 

(1) Cell of the C& Hao crystal: 

a = 7-45 A.U,; 6 = 4-97 A.U.; c = 77-2 A.U. (error approx. | per cent.); 

angles between the faces of the unit cell, all 90°. 

Area of the base or “ cross section ” 

37-0 X 10" # sq. cms. 

Cross section area occupied by one molecule 

18-5 X 10" M sq. eras. 

(2) Size and position of the molecules : 

Distance between two consecutive scattering centres on cither row of the 
crystal molecule- - 

(а) Measured as a fraction of “ o ” 

*/o = 0-03286 ± 0-00002. 

(б) Absolute 

8 = 2-537 A.U. (error approximately \ per cent.). 

Distance between two consecutive centres in the chain 
2-0 > D,> 1-8 A.U. 

Distance between the two rows in the molecule 
1-6 > w> 1-2 A.U. 

Zigzag angle (180° — 2|) 

76° < (180° - 2<Ji) < 92°. 
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Angle between the plane of the two rows and the symmetry plane in the 
crystal 

23° <«£<30°. 

Gap between the ends of two consecutive molecules in the crystal (measured 
in the direction of the “ e ” axis) 

Gap = 3-09 AU. 

Distance of nearest approach between two centres on two neighbouring 
molecules (placed sideways) 

3-r» <D 2 <3-9 A.U. 

Distance of nearest approach between two centres on two neighbouring 
molecules (placed end to end) 

D, approximately 4-0 A.U. 

In conclusion the author wishes to express his smeerest thanks to 8ir William 
Bragg for his friendly and encouraging interest which he has taken in this 
work. He also wishes to thank all his colleagues for their most valuablo help 
and to the managers of the Royal Institution for the splendid opportunities 
given to him for carrying out this work at the Davy-Faraday Laboratory. 
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Steam Tables and Equations, extended by Direct Experiment to 
4,000 Ib./sq. in. and 400° C. 

By Prof. H. L. Callrndar, F.R.S. 

(Received August 9, 192# ) 

Summary of the Original Equations. 

The original Steam Tables and Equations published in 1900* represented 
the first thermodynamically consistent system devised for the tabulation of 
the properties of water and steam. They were based on direct experimental 
measurements by the following methods, which were specially devised for the 
purpose •— 

(1) The adiabatic relation between P and T for dry steam,was obtained by 
direct observation of its changes of temperature in adiabatic expansion and 
compression over the range 200° to 800° F. with a very sensitive platinum 
thermometer, thus eliminating a variety of errors to which the old PV method 
was bable. The results showed the adiabatic equation to be of the simple 
form, 

P/T 13 * - constant, (l)t 

and proved that the specific heat of steam at zero pressure, denoted by S„, 
muBt be very nearly constant and equal to 0-477, or 13R/3 over this range, 
assuming that steam approximated to the ideal state represented by tho gas 
equation P (V — 6) =* RT at low pressures. 

(2) The variation of tho specific heat of water was measured over the range 
32° to 212° F. by the continuous electric method devised for this purpose, and 
was found to be consistent above 100° F. with a thermodynamic equation for 
the total heat h of water at saturation, namely, 

h = * (t — 32) + ®L/(V - v), (2)J 

m which 8 is the minimum specific heat of water at 100° F., L the latent heat 
of vaporisation, and V and v the volumes of saturated steam and water at t F. 

(3) The specific heat S of steam was measured by a slight modification of 
the same method at atmospherio pressure and 108° C. and found to be 0-497, 
which agreed very olosely with the value of S 0 required by (1), allowing for 

• ‘ Roy. Soo. Proo.,’ vol. 67, p. 266 (1900) j ' Enoy. Brit.,’ 1902 ; ‘ Phil. Mag.,’ vol. 0, 
p. 48 (1003). 

t Verified by Makower at 108° C.. * Phil. Mag.,’ vol. 6, p. 226 (1903). 

f ‘ Phil. Tran*.,’ A, vol. 200, p. 147 (1902). 
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the variation of S with pressure, thus affording independent verification of 
equation (1). 

(4) It followed from (1), by the application of the two laws of thermodynamics 
that the expression for tho total heat H of the vapour must be of the form 

H - B = (18/3) oP (V - b) + abV, (3) 

in which B and $ are constants, and a is the factor reducing PV to heat units. 

It also followed that the expression for V must be of the general type, 

V - 6 = BT/aP - c. (4) 

in which the defeot of volumo c, due to molecular coaggregation, must be Buch 
that cP/T remained constant along any adiabatic, or was some function of 
P/T l3/3 . Accordingly, the first term in the expansion of c in powers of P Bhould 
bo of the form c 0 =* Cj (373-l/T) 10/a , where c x is the value at 100° C. This was 
verified by experiments with a differential throttling calorimeter, designed to 
eliminate errors due to wetness or heat-loss, and tho value of Cj was found to 
be 26-30 c.c./gm. (0-4213 cu. ft./lb.). It appeared that the second term in 
tho expansion of c was probably of tho form k<? (P/T) 8 , or that c was a function 
of the temperature only to the second order of small quantities. The first 
approximation would amply suffice for practical purposes at moderate pressures, 
or even at high initial pressures with sufficient superheat. It would be useless 
to attempt a second approximation on these lines without accurate experi¬ 
mental data at very high pressures. Moreover, equation (4) was obviously 
inconsistent with tho universally accepted theory of the critical state, and 
could not be extended to represent tho phenomena in the critical region, 
unless the existing theory could be disproved by new experimental evidence 
of a very striking character. 

Extension beyond the Critical Point. 

The required evidence has now been obtained from three distinct methods 
of experiment, showing that equations (1), (2) and (3) remain accurate in the 
critical region without any modification, and that equation (4), when the higher 
degrees of coaggregation are taken mto account, is capable of representing 
the critical phenomena with much greater accuracy than any equation of the 
van der Waals type. The first observations suggesting such a possibility were 
made in verifying the critical temperature at 374° C. (708*2° F.) as determined 
by Traube and Teichner by the meniscus method in a capillary tnbe of quarts 
glass. With improved apparatus on a larger scale, using very pure water free 
from air, it was observed that the densities of liquid and vapour did not become 
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equal at 374° C. when the meniscus vanished, but that a visible difference of 
density persisted beyond this point, and could be traced nearly up to 380° C. 
under favourable conditions. The expansion of the liquid could be deter¬ 
mined with considerable accuracy by using different quantities of water sealed 
in tubes of quartz glass, and observing the temperature at which the meniscus 
just reached the top of the tube. The expansion could also be traced beyond 
the critical point, though with rapidly diminishing accuracy, by making 
similar observations on the line of demarcation between liquid and vapour 
due to difference of density. The volume of the saturated vapour was similarly 
determined, by using smaller quantities of liquid, and observing the tempera¬ 
ture at which the last trace of liquid disappeared. This observation could 
not be extended beyond the critical point at 374° C., but it was inferred by 
producing the curve that the densities would become equal and the latent 
heat would vanish a little above 380° C. Above 374° the liquid and vapour 
were capable of mixing in all proportions, and appeared to be in somewhat 
unstable state of equilibrium, which was easily upset by small traces of impurity, 
such as air or gas, which promoted ebullition and caused rapid mixing. 

Density of Water and Steam. 

The observed variation of density for water and steam near the critical point 
is illustrated by the experimental curves shown in the annexed figure, 1. A 
portion of Amagat’B density parabola for CO a , with a scale of “ corresponding ” 
temperatures, is included w the figure to illustrate the procedure for finding 
the critical density on the orthodox theory. The cardinal feature of this 
theory, os exemplified in the van der Waals equation, is that the densities 
become equal and the latent heat vanishes at the critioal point, where the 
meniscus disappears. The observations on CO a appear to be the most accurate 
available for comparison with steam, but all observers have found groat 
difficulty in obtaining stable values of the volume near the critioal point by 
the methods usually employed, in Bpite of the relatively low critioal pressure 
and temperature of CO a . The usual practice has been to draw the diameter 
representing the mean of the densities observed at lower temperatures, and to 
produoe it to the critical temperature to estimate the critical density. A 
similar method has often been applied to steam by calculating a formula of 
the Thiesen type to represent the latent heat, on the assumption that it 
vanishes at the critical point. The volume of the vapour is then obtained from 
Clapeyron’s equation, and the diameter of the corresponding density curve 
(shown dotted in the figure) is produced to the critical point. The curve thus 
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obtained did not agree at all well with the direct observations, and required 
an excessively rapid variation for both liquid and vapour in opposite directions 



Fro. 1.—Density of Water and Steam, gm./o.c. 
the critical point, where their properties should be approaching identity in 
respects. 

In the absence of any reasonable explanation of this disagreement with 




464 


H. L. Callendar. 


the universally acoepted theory, it was impossible to publish the direct observa¬ 
tions of the volumes, unless some confirmation could be obtained from measure¬ 
ments of the latent heat, more especially when the very accurate observations 
of Holbom and Baumann (1910) (on the saturation pressures of steam in a 
steel cybnder by a static method, with platinum thermometers and a dead¬ 
weight gauge) verified the critical temperature at 374° C. by showing that there 
was no saturation pressure beyond this point, but a continuous change of 
pressure with volume at constant temperature, thus confirming the orthodox 
theory of the critical state in the case of steam. 

Direct Measurements of the. Total Heat of Water and Steam. 

The method finally employed for the direct measurement of the total heat of 
water or steam at any temperature or pressure was devised about this time, 
but was first employed for verifying the variation of the total heat of water 
between 0° and 100° C., as determined by the continuous electric method.* 
In applying the same method to water and steam at high pressures, the only 
modification required was the introduction of a throttle between the high- 
pressure pocket and the condenser to reduce the steam to atmospheric pressure 
before condensation. This does not alter the total heat to be measured, but 
makes it possible to employ the same condenser in all cases, whatever the 
initial temperature or pressure of the steam Unfortunately, the observations 
were interrupted by the War at an early stage, and remained in abeyance for 
some years later, until the British Electrical and Allied Industries Research 
Association became interested in the work and undertook the greater part 
of the expense involved in the provision of special apparatus and assistance 
for the completion of the research. The progress of the work, and the evolution 
of the apparatus employed, has been described and illustrated in various interim 
reports, published in ‘ World Power,’ May and June, 1924, June, 1925, August 
and September, 1926, and ‘ Howard Lectures, Roy. Soc. Arts,’ November, 
1926. It remains only to summarise the results obtained in the critical region 
from 2000 to 4000 lb. pressure, which are of primary importance in testing 
the theory, and in determining the form of the equations required for repre¬ 
senting the properties of steam and water over the whole experimental range. 

The Importance of using Air-Free Water. 

Great pains had been taken in the experiments by the continuous electric 
method (1902), and in the later experiments (1912) with the jacketed oondenser 
* Bakeriaa Lecture, < Phil. Tmu.,’ A, roJ. 212, p. 1 (1012). 
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at low pressures, to use only air-free water, since the presence of even 1 in 
10,000 by weight of air interfered seriously with the accuracy of the results 
It was thought that such a small trace of air would bo immaterial at high 
pressures, but the reverse was soon found to bo the case. With a steady flow 
calorimeter capable of reading to 1 in 5000 of the total heat, and subject to a 
heat-loss of less tlian 1 per cent., it was possible to keep a continuous check 
on the purity of the water, and to investigate systematic errors of this kind. 
Besides greatly increasing the tendency to corrosion at high temperatures, 
the presence of air appeared to retard the attainment of true equilibrium 
betwoen the complex molecules at high pressures, exaggerating the errors duo 
to time-lag and nuclear condensation in the neighliourhood of saturation. 
An automatic apparatus was accordingly installed for supplying the pump 
with air-free distilled water, and a special form of air-cushion was devised 
for the experiments on the total heat of water, in which the water was com¬ 
pletely protected from contact with the compressed air. In the case of steam 
this complication was unnecessary, because the steam itself acted as a perfect 
cushion. But without this device, it was impossible to obtain steady readings 
of pressure with water, and, if an ordinary air cushion were employed, the air 
dissolved so rapidly at 3000 lb. that no consistent values of the, total heat near 
saturation could be obtained. OliservationH taken near the critical point 
with ordinary distilled water, containing from a tenth to a twentieth of its 
volume of air at atmospheric pressure, afforded a very striking illustration 
Values found for the total heat near saturation were much too low in the 
case of steam owing to nuclear condensation, and much too high in the case 
of water owing to ebullition promoted by the dissolved air. These errors were 
somewhat irregular, owing to accidental variations in the quantity of air in 
the water, but when the apparent values of H and A at saturation were plotted 
against P, oh in Amagat’s familiar PV — P curve for CO a , they gave a remark¬ 
ably good parabola, with its vertex at H = A = 945 B.Th.U. (525 cals. C.) 
at a temperature of 705° F. (374° 0.), and appeared to give the most complete 
confirmation of the orthodox theory that could be desired. 

On the other hand, when air-free water was employed, the observations 
both of H and h became incredibly more concordant, and gave the entirely 
different results shown in the annexed H — P diagram, fig. 2, for steam near 
the critical point. Instead of the familiar condition H = A, with L — 0, 
and V =» v, oommonly assumed at the point where the meniscus vanished, 
namely, 374° C. or 705-2° F., the value found for H was 554-2 cals. C. (997-6, 
B.Th.U./lb.) and that for A only 481*8 cals. C. (867*3 B.Th.U./lb.), showing 
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a latent heat L = 72*4 cals. C. or 130-3 B.Th.U./lb. Moreover, the satura¬ 
tion lines could be traced for both liquid and vapour up to 380° C. (716° F.), 



where the latent heat was still appreciable. They appeared to meet at 717° F., 
where a very good observation was obtained, and the mixture was found to be 
entirely in the state of water, with all the steam condensed, and a sudden 
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flattening of the isothermal. This is exactly what should happen on the 
coaggregation theory, but is quite irreconcilable with the van dor Waals equa¬ 
tion. It was found, in fact, that the observations on the total heat of air-free 
water showed the most minute agreement in every detail with the old observa¬ 
tions on the saturation volumes of water and steam m quartz-glass tubes as 
illustrated in the previous figure. The water sealed m these tubes hail been 
carefully deprived of air in order to prevent boiling of the liquid and dis¬ 
turbance of the meniscus during heating. The qualitative agreement of the 
two figures is obvious on inspection, but the quantitative agreement with 
equation (2) for the liquid is easily verified by reference to Clapcyron’s equation, 
which gives in conjunction with (2) the simple relation, 

V/« = (H -st)Hh -st). (5) 

Taking tho values of v from the experimental ourve for the liquid mlig 1, 
the values of h could easily be calculated, and were found to agree very closely 
with the observed values along tho saturation lino for water, thus verifying 
equation (2) up to the critical point with remarkable precision. Beyond this 
point the law changes, owing to the vanishing of tho surface tension at 374° 0 , 
but equation (6) still appears to hold, and gives values of V, deduced from the 
observed values of H and h, continuous with the experimental curve for 1/V 
in fig. 1. The values thus found apply to an intimate mixture of water and 
steam in varying proportions, starting with dry saturated steam at 374° C. 
and H = 564 cals, and finishing with water at 380*5° C. 

Extension of the Equations. 

The H — P diagram, as shown in fig. 2, could be completed directly from 
tho observations of H and h. More than 100 complete observations were 
available between the limits 370° to 380° C alone, so that it was compara¬ 
tively easy to draw the isothermals. This applies particularly to the curves 
for water below tho saturation line, for which no equations were available, 
except (2) for the saturation line itself. But it was most important from a 
theoretical standpoint to see whether the observed values of H and V for 
steam could be represented satisfactorily by equations of the type (3) and (4), 
consistent with the adiabatic equation (1), and to deduce the corresponding 
equations for the entropy and the saturation pressure, in order to make the 
verification complete. 

Many attempts had already been made in 1908 to represent the observed 
values of V near the critical point by using a series for o including the higher 
degrees of coaggregation. The best and most promising of these was a simple 
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geometrical aeries with first term o and common ratio Z 1 , the sum of the series 
being represented by the expression c/(l — Z*), in which Z = keP/T, as 
required by the adtabatio equation (1). Retaining the original values of c 
and 6, and taking the saturation pressure p from an empirical formula giving 
p = 3158 lb. at 374° C., it was found that the value ib = 2*39 for the constant 
in the expression for Z gave a very good approximation to the experimental 
curve for V. This form of equation gave perfect agreement with the adiabatio, 
and reduced exactly to the original equation for V at low pressures; but there 
were no experimental values of H available for the verification of equation (3) 
at high pressures, and equation (4) could not be reconciled with the subsequent 
observations of Holbom and Baumann on the saturation pressures by a Btatio 
method. 

The case was completely altered when the direct observations of H and h 
showed that the saturation line for steam extended beyond 3j4° (as illustrated 
in fig. 2), and supplied accurate measurements of saturation pressures by a 
steady flow method affording a continuous check on the purity of the fluid. 
The values of H could be determined with greater precision than those of V, 
and extended over a much wider range, from 10<)0 to 4000 lb., thus permitting 
a far more exact verification of any proposed formula. Retaining the same 
value of c as in the original equations, the value of b could be calculated as 
well as that of k in the expression for Z. Thus, taking the value H = 554*2 
cals at 374° C., and 3222 lb. as observed on the saturation line, the value of k 
was found to be 2*229 (in place of 2*39 as previously found at 3158 lb.), the 
value of b being determined from the experimental value of V at this point. 
There are many alternative methods of procedure, but the above is the easiest 
to follow. 

Substituting for P (V — b) in (3) from (4), the expression for H becomes, 

H - B = S 0 T - (13/3) ocP/(l - Z«) + abP, (6) 

in which the second term on the right represents the latent heat of coaggrega¬ 
tion, corresponding to the term c/( 1 — Z*) representing the ooaggregation 
volume, which replaces the term c in the original expression (4) for V. 

The expression for the entropy is deduced from (4) and (6) by integrating 
the general relation <M> = cJH/T — a (V/T) dP. The terms representing the 
entropy of coaggregation, and replacing the term (10/3)acP/T in the original 
expression, to which they reduce at low pressures, arc as follows: 

(3/130) log, (1 + Z)/(l - Z) - (13/3) aoP/T (1 - Z»). (7) 
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In taking the difference <[> — H/T to find the Gibbs’ function G/T, the second 
of these terms disappears, leaving only the first, which reduces to the form 
acP/T at low pressures, as in the original equation for G/T. 

Equation of Saturation Pressure 

This is obtained in the usual way by equating the value of G/T found for 
the vapour to that similarly obtained for the liquid from equation (2). Using 
common logarithms and collecting the terms, we thus obtain the numerical 
formula for the logarithm of the saturation pressure p, on the Centigrade 
scale, 

log p = const. - 2903-4/T - 4-7174 log T 

+ 0-20956 log {(1 + Z)/(l - Z)} -| 0-001138 pf T, (8) 

in which the constant is found from tho standard value p = 760 mm. at 100° C. 
This equation is easily solved by trial and interpolation, taking tho experi¬ 
mental values of p as a first approximation in tho small terms. But the 
values found at each point agreed so closely with the experimental values 
that a Becond approximation was seldom required. Equation (8) also agreed 
within 0-3° C. on the average over tho whole range from 0° to 374° C. with tho 
observations of Henning and of Holborn and Baumann, though it would not 
have been surprising if the Bteady flow method had shown larger systematic 
differences from their static methods Tho closeness of this agreement affords 
independent confirmation of the whole system of equations based on the 
adiabatic (1), because all the coefficients in (8) are obtained from direct observa¬ 
tions of H, h, and V, and are not deduced from the saturation pressures them¬ 
selves. 

Thus the value of the first coefficient in (8) is deduced from tho experimental 
value of the latent heat at 100° C., and remains unaltered since none of the 
fundamental constants has been changed. The, coefficient of log T in the next 
term represents (s — .S 0 )/R, and is also the Rame as in the original equation 
for p. The next term represents the effect of the coaggregation on the value 
of G/T for tho vapour, and the last term represents the effect of the small 
constant 6. The value of b conld not be determined experimentally in the 
original equations, because it was so small as compared with V at low pressures. 
It was therefore estimated on tho lines of tho van der Waals theory, in which 
it plays a very important part. It has now been determined in accordance 
with equation (4) from tho observed value of V, namely, 3 • 79 c.o. /gm. at 374° C, 
and found to be only — 0-175 c.o./gm., whioh is muoh smaller than the value 
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1 o.o./gm. originally assumed. It could also be determined from equation 
(8) by assuming p to be 3222 lb. at 374° C., but this gave the same value. 
The exact theoretical interpretation of this constant remains doubtful, and is 
of little importance in the coaggrcgation theory, but it was most satisfactory 
to find that the old experimental values of V agreed so well with the new 
equation of saturation pressure based on observations of H and A. 

It would not have been very surprising if equation (8) had failed to represent 
the saturation pressures observed beyond 374° C. It was found, however, 
that the agreement with experiment continued up to 380*5° C, at which point 
the saturation line became tangential to the isothermal and the equation 
automatically ceased to give any further solution for p at higher temperatures. 
The somewhat abrupt flattening of the isothermal of 380*5° C. beyond this 
point, indicating that all the single molecules of the typo H,0 are condensed, 
and that the mixture has acquired the properties of water, was verified by 
measurements of A at higher pressures. But sinco water, according to equation 
(2), contains its own volume of steam, this is the most natural way in which the 
conditions, H = A, V = «, and L — 0 can be satisfied. The complete interpre¬ 
tation of these equations raises many other points of interest, which must be 
reserved for Borne future occasion. Many other substances, when sufficiently 
stable and capable of adequate purification, show similar phenomena, but the 
difficulties of accurate measurement are very great, and such cases arc beyond 
the scope of this paper. There are many possible modes of coaggregation, 
and it is doubtful whether an equally simple form of adiabatic would apply 
to other substances. 

The mn der Wools Equation. 

To compare the results with an equation of the van der Waals typo, an 
equation for P as a cubic function of 1/V has been constructed in such a way 
as to be consistent with the adiabatic (1). If P (V — 6)/T is constant along 
any adiabatic os in (4), it follows, by dividing it by P/T 1 * 1 ' 3 that (V — 6) T 1 ^ 
will also be constant. Thus tho adiabatic condition will bo satisfied by equating 
P (V — 6)/T to any function of (V — b) T 10/3 , as in the following example, 

P (V - 6)/RT = 1 - c/(V - b) + c*/3 (V - bf, (9) 

provided that c varies as 1 /T 10 '' 3 . This makes P a cubic function of 1/(V — 6), 
and gives a critical point of the usual typo defined by tho conditions, V — b = 
c = RT/3P, If the critical pressure is 3200 lb. at 374° C., the value of c at 
the critical point differs little from that given by (4), and the values of H and V 
show a rough agreement with those of the vapour. But no equation of the 
van der Waals type is capable of representing the properties of the liquid 
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satisfactorily, as assumed in the van der Waals theory, and (9) gives hopeless 
results for the saturation pressure if Maxwell’s theorem is assumed. When, 
however, (9) is combined with equation. (2) for the liquid, it gives the saturation 
line shown dotted in fig. 2. The agreement with observation could be improved 
by taking a higher value such as 3400 for the criticnl pressure, and a lower value 
such as 2*0 for the index of T in the expression for c. But this would upset 
the agreement with the adiabatic, and the equation would in any case be most 
inconvenient for practical calculations. It could never Bhow the many coinci¬ 
dences in points of detail which appear to follow with such effortless precision 
from the coaggregation theory. 

The H — P diagram is employed in these comparisons, in preference to the 
H — O diagram, which is more familiar to engineers, for the following 
reasons:—(1) All the temperature and pressure 1 meB run together near the critical 
point on the H — O diagram so that no detail can be shown in thiH region; 
(2) tho H — P diagram, on tho other hand, permits the observed quantities 
H, P, and t to bo very easily and clearly plotted ; (3) tho entropy cannot be 
observed directly but is merely calculated from H and V; (4) in virtue of 
equation (3), tho H — P diagram shows a very close correspondence with the 
PV — P diagram employed by Amagat and other observers m this region, and 
facilitates comparison with their observations and with the van der Waals 
theory. 

Practical Applications. 

The chief interest of these results for steam engineers is that the properties 
of steam can bo represented by comparatively simple equations which are 
exactly consistent with the adiabatic equation (1), oven at the critical point, 
which had previously been considered to be impossible according to the 
universally accepted theory of the critical state. It follows that the formulas 
previously given for the adiabatic heat-drop, and for the discharge through a 
nozzle, which are so important in the theory of the turbine, can be applied 
with confidence in all caseB for dry steam; and that equation (3), giving a 
most useful expression for V in terms of II and P at any point, is equally valid. 
All these relations are considerably simplified in practice by the discovery 
that the small constant b is actually more than five times smaller than was 
previously supposed, so that it may Bafely be neglected in almost all oases. 

Since equation (4) satisfies tho condition that P (Y — 6)/T is constant along 
any adiabatic, equation (1) may bo put in either of tho equivalent forms, 

(Y — 6) T lty * = const: or P (V — 6) x * a = const, (10) 

whioh remain valid and are useful for many purposes. 

VOL. OXX.—A. 2 X 
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The verification of equations (2) and (5) for water and wet steam up to and 
beyond the critical point confirms all the previous expressions for wet steam, 
including those for the entropy of water and the Gibbs’ function G, aB well as 
those for the volume in torms of H and p, and for the reheat factor. 

One of the chief experimental difficulties found in dealing with steam at 
high pressures near saturation was the comparative sluggishness of the complex 
molecules in reaching a state of equilibrium. Steam when rapidly heated up 
to a given temperature and pressure showed lower values of H than when 
rapidly cooled to same point. These effects were accentuated by the presence 
of impurities, such as air, and great pains were taken to avoid them. The 
results now published represent equilibrium states, as nearly as possible, and 
are applicable to initial states in which the steam is maintained at a steady 
temperature for a sufficient time. It appears that, in very rapid expansion 
from a high superheat, the more complex molecules included in the series 
c/( 1 — Z*) would have no time to form. The Enlarged Steam tables (1924) 
were designed for the case of rapid expansion, and are probably more accurate 
for this purpose than the new extension, though they would not apply satis¬ 
factorily to initial states. 

Extended Tables for the equilibrium states of steam up to 4000 lb. pressure 
have been calculated on the basis of the new expression for the coaggregation, 
and have been forwarded to the British Electrical and Allied Industries Research 
Association, as being the body primarily interested in the research, and mainly 
responsible for its successful completion. 

A special debt of gratitude is due to the members of the Committee on the 
Properties of Steam for their support and encouragement in the face of 
difficulties which appeared at first insurmountable. I have also to thank the 
Governors of the Imperial College for providing accommodation and workshop 
facilities, with free use of all the valuable apparatus in the Physics Depart¬ 
ment. Many essential parts of the apparatus were constructed entirely in the 
Physics workshop, and owe much to the experience of the superintendent, 
Mr. W. J. Colebrook, and the skill of the assistant, Mr. E. White, who con¬ 
structed the electrio boilers and most of the accessories. My thanks are due 
to Dr. H. Moss for assistance in some of the intricate calculations, and to 
my son, G. 8. Callendar, who acted as research assistant throughout the 
investigation, and acquired an almost uncanny facility in running the apparatus 
without a hitch, and in reproducing any desired conditions. 
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The Structure of Thin Films. Part XII .—Cholesterol and its Effect 
in Admixture with other Substances. 

By N. K. Adam and Q. Jessop. 

(Communicated by J. B. Lcathes, F.R 8.—Received June 20, 1928.) 

In 1923, Loathes* showed that cholesterol, when mixed with certain fatty 
acids in monomolccular films on water or dilute hydrochloric acid, caused a 
diminution of the area occupied by the fatty acids. Under conditions when 
the acid, if present alone in the film, would be an expanded film, in the presence 
of fairly small amounts of cholesterol, the film was found to have the area of a 
condensed film. 

This paper gives a further analysis of thiB action of cholesterol. The only 
means which appear available for attack on the problem, arc (o) the examina¬ 
tion of mixtures of cholesterol with suitable substances forming expanded 
films, measuring the degree to which the area is reduced by various proportions 
of cholesterol; ( b ) the comparison of the action of cholesterol with that of 
other substances which might be expected to have a similar effect. 

Advance along these lines is rather slow, and tho cause of the phenomenon 
is not yet fully ascertained; but publication at the present stage seems 
desirable, as many data have been accumulated, and a partial analysis of the 
problem accomplished. 

Tho conclusion is that there is probably no special attraction between the 
cholesterol molecules and tho fatty acids ; but that the cholesterol molecules 
are large enough, and have sufficient inertia, to obstruct the tilting motions 
of the fatty acid molecules mechanically. These tilting motions are probably 
the cause of the expanded state. 

The constitution of cholesterol is partially known : Windausf gives it as— 
CH (CH,), 

CH, 

CH, 



* PhyeiaL 8oo. Proo.,’ November, 1923. i'Z.i. Phytlol. Cbem.,’ vol. 180, p. 113 (1923). 
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Films of Cholesterol and Simple Derivatives. 

Cholesterol forms a stable film, liquid at room temperature, of area 39 sq. A. 
at no compression (fig. 1, right-hand curve). The films remain condensed up 
to 80°. Cholesteryl formate and acetate form films indistinguishable from 
cholesterol, and also remain condensed up to 80°. 

The palmitate and benzoate do not form stable films. These facts show un¬ 
mistakably that the molecule is held to the water by the adhesion of the 
hydroxyl group, which is spoiled by the presence of the bulky palmityl and 
benzoyl groups- The acetyl and formyl groups do not, in other cases where 
the attachment is by the hydroxyl group, very seriously impair the attach¬ 
ment to the water, but bulky groups such as palmityl and benzoyl have been 
found to render films unstable, when the attachment is by hydroxyl or carboxyl. 

It is also clear that the complex ring system is oriented perpendicular to the 
water, or nearly so. There are two rings (with two common carbons) next 
the water, and probably two rings above these. Since the area of one benzene 
ring, standing perpendicular to the water, is 24 sq. A., 39 sq A. is about right 
for the condensed double ring. But the four ringB tilted over at any con¬ 
siderable angle would require much more space. 

Further, there is an exceptionally Btrong lateral attraction between adjacent 
molecules, the greater part of which must be duo to adhesion between the 
complex ring systems of adjacent molecules. This is shown by the persistence 
of the condensed state up to high temperatures; even with the acetate, 
no expansion takes place up to 85°. Eicosyl acetate expands at about 49°; 
the acetate of the straight chain alcohol series which would expand at 86° 
would bo that of the alcohol with about 25 carbon atoms. Probably the side 
chain of cholesterol has only eight carbons ; hence the adhesion between the 
ring systems of adjacent molecules in cholesterol seems to be not less than 
that between closely packed straight chains of 17 carbons, and is possibly 
much greater than this. 

Cholesterol Mixed in Liquid Expanded Films. 

Fig. 1 shows the curves relating the area of myristio acid (on N/50 HC1 at 
16°) in films containing various proportions of cholesterol. The ratios are of 
the number of moleoules of each, myristio being the first figure; the areas are 
found by subtracting the area of the cholesterol present, assuming it to be the 
same as in the pure state, from the whole film, and dividing by the number of 
molecules of myristic acid present. The assumption that the cholesterol 
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occupies the same area as in the pure film of that substance, is probably un¬ 
objectionable, since the molecule cannot occupy less area than it does in the 



(condensed) film of the pure substance, and the alteration of area in the mixture 
is simply a contraction. 

The myriBtic acid alone is an expanded film below 9 dynes per centimetre. 
Even one molecule in eight of cholesterol causes appreciable contraction of the 
film, while with one in two, the acid is completely reduced to the state of a 
condensed film. 

Nearly identical results, qualitatively and quantitatively, were obtained 
with palmitic nitrile, and dodecyl alcohol, in place of the myristdo acid. These 
substances are all within about 10° of their expansion temperatures, below 
which they form condensed films. Laurie acid, which has an expansion tempera¬ 
ture some 28° below room temperature, was also condensed to some extent, 
but less than myristio acid. The 4 :1 mixture with lauric acid gave a curve 
practically identical with the 8 :1 with myristio ; the 2 :1 curve of laurio 
resembled the 4:1 of myristio. 

Oleio add, which is a coherent liquid expanded film of quite small surface 
vapour pressure, but expands at about — 30°, is still less condensed, the 1:1 
mixture being far from completely condensed. Fig. 2 shows that there is 
nevertheless some action. 
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Nonyl phenol (fig. 3) was exceptionally Btrongly condensed, although the 
expansion temperature is about — 11°. The 16:1 mixture uhowB decided 
condensation: even the 32 :1 mixture shows a trace of contraction, although 
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this may be witliin the experimental error. Corroborative evidence that the 
molecules of the nonyl phenol are brought together in much the same way as 
in a condensed film, is afforded by the elastic after-working, strongly shown 
in the 2 :1 mixture, and slightly in the 4 :1 mixture. 

In both these mixtures, the complete response to sudden compression and 
de-compression was delayed by several minutes; this was a striking feature 
of the films of dodocyl phenol (Part X).* 

Cholesteryl formate and acetate have an almost exactly similar effect to 
cholesterol: the mixtures tried were the formate with nonyl phenol and 
palmitic nitrile ; the acetate with myristic acid, dodecyl alcohol and tetradecyl 
alcohol (at 32°), and palmitic nitrile. 


Cholesterol and Vapour Expanded Films. 

With ethyl palmitate (fig. 4) there is some condensing action in the 1:1 
mixtures, but with two molecules of ethyl palmitate to one of cholesterol, 



there is a barely detectable contraction. Similar results were obtained with 
other esters, including the acetates of cetyl and octadecyl alcohols. The action 
was in all cases very much less than with the liquid expanded films. In some 
* * Roy. Soo. Proo.,’ A, vd. 117, p. 632 (1928). 
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oases the acetate and formate of cholesterol had a slightly greater condensing 
action than cholesterol itself, but this was not invariably observed. There 
is no doubt that a sharp distinction must be drawn between the action of 
cholesterol on the liquid expanded, and the vapour expanded films. It will 
be seen later than other condensing substances (e.g., tripalmitin) have a much 
more marked effect on a vapour expanded film than cholesterol. 

Dismission. 

The structure of the expanded filmB needs to be remembered ; it is probably 
an aggregate of tilted molecules, in rapid motion through a variety of angles of 
tilt. In the liquid expanded films, there is sufficient cohesion to keep the 
molecules together as a coherent film ; in the vapour expanded films there is 
not; and there is some evidence that the greater attraction between the 
molecules in the liquid expanded state resides largely in the end groups nearest 
the water. These points have been brought forward in earlier papers, and 
must bo regarded not as finally proved, but as the most probable theory at the 
present time. 

The cholesterol may act in either of two wayB: (a) by exerting a special 
attraction on the smaller molecules ; (6) by impeding mechanically the thermal 
motions which cause the molecules to tilt over to form the expanded state. 
Molecules of great size and inertia may well form obstacles in the film sufficient 
to damp the thermal motions considerably, so that a higher temperature will 
be necessary to cause expansion. And if there is a strong lateral adhesion 
between any cholesterol molecules in contact, the size of the obstacles may be 
increased and the restraining effect on expansion also increased. 

The suggestion (a) may be tested directly. If there is a special attraction 
between the cholesterol and the smaller molecules, this should appear in a 
restraint of the tendency of these molecules to escape outwards from the 
coherent film along the surface. This is measured by the “ surface vapour 
pressure ” exerted by the coherent film in equilibrium with a gaseous film 
(Part VII).* We should expect that, in the absence of any specific attraction 
between the cholesterol and the smaller molecules, the surface vapour pressure 
would be reduced in the proportion of the cholesterol molecules present, just 
as the three dimensional vapour pressure of solutions obeys Raoult’s Law in 
the absence of special attractions. The surface vapour pressure can be 
measured with an accuracy of about 0-02 dyne per centimetre with the sensi¬ 
tive apparatus, and the following table shows that in no case does the observed 
• * Roy. Boo. Proo.,’ A, voi. 110, p. 428 (19*8). 



Structure of Thin Films. 


479 


depression of surface vapour pressure exceed the theoretical by more than the 
experimental error. It was ascertained that the cholesterol and other large 
molecules employed had a negligible surface vapour pressure. 


Mixture. 

Vapour pressure 
of pure film of 
smaller molecule*, 
dyne per cm." 

Approximate 

aeprvnuon. 

Theoretical 
depression 
(Rao nit's Law). 

Cholesterol and myriatio acid. 1.2 

0-18 

0 06* 

0-06 

CJholeaterol and ethyl palmitate. 1: 2 

ca. 0-2* 

0-04* 

0-07 

Choke tcryl acetate and myriatio acid. 

0 18 

0 025 

0 036 

Choke to ryl formate and palmitomtrUe. 

0 14 

ca. 0 05 

0 047 

Behenic add and mynatic amd. 1.2 

0 18 

negligible 

0 06 

Bromoeteario acid and mynatic acid. 
1:4 

018 

0 05 

0 036 

Oetadecyl phenol and myristic acid. 

1 ■ 2 

0 18 

0 01 

0-06 


• Theae substances have not strictly a “ vapour pressure,” as the pressure is not constant 
anywhere. Over a Urge region of areas, however, the slope is so small that the depression 
caused by the admixture can be measured fairly accurately. 


The evidence thus indicates that the cholesterol does not exert a specific 
attraction on the smaller molecules sufficient to restrain their translatory 
motions along the surface to a serious extent. It is therefore unlikely that 
there is a special attraction binding the smaller molecules to the cholesterol, large 
enough to reduce their thermal motions and tendency to tiU within the film. 

Cholesterol is a Btrongly condensed film, and if there were no Bpecial adhesion 
between the cholesterol molecules and the smaller ones, there might be a 
general effect due to the strong general adhesion of the cholesterol molecules. 
In that case, other strongly condensed films ought to show the effeot to a 
greater or less degree. Behenic acid and oetadecyl phenol, in 1:1 mixtures, 
do not, however, have a detectable condensing effect on myristic acid. Hence 
the condensing effect on cholesterol is not due to a strong general attraction 
round the molecule. 

The possible explanation (a) has therefore no evidence in support. The 
explanation (b) that the great size and inertia of the cholesterol molecule 
obstructs the tilting motions of the smaller molecules, receives some support 
from the fact that the effect of cholesterol can be imitated by other large 
molecules. 

Condensing Effect of other Large Molecules. 

Tripalmitin, in 1:1 and 2:1 mixtures, gives wholly condensed films of 
myristic acid. As the mixtures are made weaker in tripalmitin, the effect 

▼OL. OXX.—A. 2 h 
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falls oft more rapidly than with cholesterol, the 4 1 mixture being about as 
much condensed as the 8 1 mixture with cholesterol With palmitic nitrile, 
tnpalmitm has about the same effect as cholesterol A few experiments with 
tnsteann gave similar results 

Penta erythntol tetrapalmitate (Part VI)* has four chains which are oriented 
upwards in the film, and are bound together at the base near the water The 
film is fairly stable and has an area about 100 Bq A at no compression This 
has an effect on myristic acid intermediate between that of cholesterol and 
tnpalmitm, and practically the same effect as these substances on palmitic 
nitnle 

With nonyl phenol however tripalmitm has no condensing effect and 
pentaerythntol tetrapalmitate a very slight effect only This substance was 
condensed more strongly than any other by cholesterol 

These large molecules occupy a greater area on the surface fhan cholesterol, 
but they are much less compact, the three or four long chains being free to 
vibrate and bend individually and only connected at the base A possible 
explanation of the absence of condensing action on nonyl phenol is that, m the 
expanded films of nonyl phenol, the molecules stand with the benzene rings 
more or less upright and only the long chains tilted The long chain in nonyl 
phenol would, m this case begin some 0 A above the base of the other mole- 
culea, at a point where these large molecules are probably quite flexible 
Cholesterol, with itB ring system which has two stones of rings one above the 
other would be quite rigid at this height This view is little more than 
speculation at present however 

Monomynstm (Part X)* is a liquid expanded film of 70 sq A U at no com 
pression The head of the molecule consists of three carbons with oxygen 
atoms attached to each , there is every opportunity for the head of the mole¬ 
cule to lie flat on the surface m the expanded film of this substance, and 
possibly that ib the reason why the area of this expanded film is unusually 
large , it was found in Part XI that the benzene derivatives in which there 
was a tendency for the benzene head of the molecule to lie flat on the water, 
had an unusually large area in the expanded state We should therefore 
expect that penta erythritol tetrapalmitate and tnpalmitm will condense this 
film to some extent Fig 5 shows that there is a considerable condensing 
action in the 2 1 mixtures cholesterol has a greater effect than the other two 
molecules, producing complete condensation above 10 dynes per centimetre 
The 4:1 mixtures also show some condensation 

•‘Roy Soo Proc A, to! 106, p 707(1924) 
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pared with fig 4 shows that at 16° (some 3 e above the expansion temperature 
the 8 1 mixtures axe more condensed than the 2 1 mixtures with cholesterol) 
while the 2 1 mixtures are completely condensed 
A full explanation cannot be given of these differences without much more 
data on vapour expanded films The explanation may possibly be found m 
the fact that the molecules of tripalmitin and pentaerythntol tetrapalmitate 
are extremely rigid near the base and it is probably just at the base where the 
molecules of ethyl palmitate require most restraint or support in order to keep 
them in the condensed state The liquid expanded films seem to have more 
mutual attraction at the base than the vapour expanded films A fuller 
investigation of the condensation of the vapour expande 1 films by large mole 
cules must be left for the future 


Summary 

Cholesterol and some simple derivatives form condensed surface films of 
area 39 sq A The ring systems are probably closely packed and adhere very 
strongly to each other 

Mixed with substances which foim liquid expanded films m concentrations 
one molecule of cholesterol to two of the smaller molecules the expanded 
films are reduced m area completely to the Btate of condensed films provided 
the temperature ib not too high Even in one to eight molecular concentra 
tions there is appreciable condensation 

Since the cholesterol does not produce an abnormal lowering of the surface 
vapour pressure there is probably no special attraction between the oholesterol 
molecules and the smaller molecules Since the condensing effect of cholesterol 
can be imitated by other large molecules such as tnpalmitm and penta¬ 
erythntol tetrapalmitate it is probable that the condensation is due to 
mechanical obstruction of the tilting oscillations of the smaller molecules by 
the bulky and massive large molecules these tilting oscillations are probably 
the cause of the expanded state 

There are minor differences between the action of different large molecules 
on films of different smaller molecules which are probably due to the varying 
degrees of rigidity of the large and small molecules at different distances from 
the anchoring and group at the base of the molecules Vapour expanded films 
behave somewhat differently from liquid expanded in the cases examined 
cholesterol does not condense the vapour expanded films to more than a small 
extent but tnpalmitm and pentaerythntol tetrapalmitate do so fairly strongly 



483 


The “ Action ” of an Electromagnetic Field. 

By S. R. Milner, D.Sc , F.R.S., Professor of Physics, The University, Sheffield. 
(Received June 7, 1923.) 

Variation Principles tn Dyimmics and in the Electlomagnetic Field.— In the 
dynamics of a material system the. name “ action ” is given to two different 
quantities. One of these is 

S (1) 

q„ p, being the co-ordinate and momentum associated with the rth degree of 
freedom, and the integral being extended from one definite set of values of 
the q T ' s, to another. The other is 

A = £(e**-h)*, (2) 

where H (except m special circumstances) is in conservative systems the total 
energy, and the integral is taken between two definite times t’ and l". Corre¬ 
sponding to S and to A, there are two distinct principles of “ least action.” 
Among the group of imaginary systems produoed by varying the p, and q r 
under specified conditions in each case, on the one hand the S and on the other 
the A, of the “ natural ” system which obeys the laws of dynamics, possesses 
an extreme value. Thus 

SS = 0 (3) 

subject to 

SH — 0, Sq’r = 0, Sq", 0 
(Maupertuis’ or Euler’s Principle), and 

8A = 0 (4) 

subject to 

W = 0, 8f" = 0, 8?' f = 0, ty" r =• 0. 

(Hamilton’s Principle.) 

The first deduction of a corresponding stationary principle for the electro¬ 
magnetic field was made in 1900 by Sir Joseph Larraor,* who showed that the 
integral of the difference between the magnetic and electric energy densities, 
extended over all space free from charges and between two definite times, 

* • Aether and Matter,’ p. 82, Oamb. Unit. Prese (1900). 

VOL. OXX.—A. 2 M 
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possesses a stationary property analogous to some extent to equation (4). 
Larmor’s demonstration of the principle 

= 0 ( 5 ) 

consisted in proving that if the one half of Maxwell’s equations* 

i = curl h, div e = 0 (da) 

be assumed, essentially as a definition of e, then the other half 

h — — curl e, div h — 0 (6n) 

is doducible directly from (5).f Larmor assumed that the magnetic energy 
of the field was equivalent to the kinetic energy T, and the electrio to the 
potential energy U, of a mpchanical medium in motion, so that (5) became 
identical with the old classical form of Hamilton’s principle , 

&j‘ (T-U)tfc = 0. (7) 

As a result of this and subsequent work, where 

( 8 ) 

extended over a definite region of space-time, is now usually called the “ action ” 
of this region of the field, and H, where 

a = (9) 

its Lagrangian function. 

There does not appear to be a sound justification for the assumption that 
(8) and (9) are the correct electromagnetic equivalents of the action and of 
the Lagrangian function of a mechanical system. The idea that magnetio 
energy can bo fully identified with kinetic energy has been long abandoned, 
as a result of all attempts to formulate completely a theory of the field as a 
moving medium on the lines of classical mechanics having come to grief in one 

* Heaviside units are used with e = 1 throughout thu paper, 
t In four-dimensional theory it U preferable to invert this prooedure and take (6b) as 
the equation of definition, rinoe (6b) u a purely geometrical consequence of the existence 
of a four-potential. (6 a) ia then deduoible from the principle. The independent variables 
an now the components^ of the four-potential, and the integration in (8) may be extended 
over any definite region of • pace-time cubjeot to = 0 at the boundary of the region. 

Of. W. Pauli, ‘ Relativitttatheorie,’ p. 642 (Teubner, 1921). 
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respect or another. On modern dynamical theory we may note that there is 
another reason why the assumed identification iB not possible. (7) is an 
approximate form of Hamilton’s principle, valid only in classical mechanics, 
in which masses are assumed constant; in the mechanics of the special 
relativity theory it is not true, the correct form being (4). The identifications 
which are called for arc in any caBe not those of with kinetic, and 
with potential, energy densities. It appears, moreover, that, except in the 
special case in which e and h are perpendicular to each other, an identification 
of the integrands of (8) and (2) ia not possible. 

It is, however, possible to derive the functions of e and h which correspond 
strictly with the definitions (1) and (2) in the mechanical system. To do this 
and to show that the electromagnetic actions so obtained satisfy variation 
principles which are the exact equivalents of the mechanical ones (3) and 
(4), is the object of the present communication. 

Hamiltonian Action of the Field .—Writing (2) in vector form 

A = £”(s gv - (10) 

where g is the momentum of one of the n particles, v its velocity, and we take 
H as the total energy of the system, we see that if we can localise the momentum 
and energy in the instantaneous space field,* we can also localise the action 
in flat spaoe-time by postulating that each element dV dtoi space-time contains 
the action 

d\ = (Gv - W) rfV rft (11) 

where G and W are the momentum and energy space-densities at the element. 
Now Hamiltonian action is invariant to Lorcntz transformations. Conse¬ 
quently if a transformation is made suoh that the transformed G is zero over 
the infinitesimal region dV dt (11) may be written 

dk~ ¥ W 0 <fV 0 dfo. (12) 

where the suffix indicates the “ rest ” or “ proper ” values of the variables 
which would be seen by an observer to whom the element dV 0 appears to con¬ 
tain no momentum. An element of action can be defined by this equation 
in the same way in the dynamical and in the electromagnetic case. Apart 

* This cannot ordinarily be done in the application* of the principle of least action made 
in dynamios, because the potential energy that usually has to be introduced is an artificial 
caooept which cannot be localised; the conditions are, however, satisfied for an electro- 
msgnetio flsld. 


2 m2 
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from sign* it appears as the proper energy— Av> 0 , associated with a particle, 
or W n dV 0 with a space element—extended over a proper time dtp 
To express it in the electromagnetic field, we have, using the ordinary formula 
for energy density 

dA = Ti(e 0 * + V)^V 0 *o (1») 

where e a , h 0 are the values of e and h when the field at the point is transformed 
to tero momentum. They are therefore parallel. (13) gives, on re-writing 
it so that the content of each bracket is an invariant, 

= {(e 0 * - V)’ + 4 (e A) 2 }* Wo *•> 

- T H («* - Vf + 4 (eh)*}*d V dt. (14) 


We may conclude that the coefficient of the differentials in (14) expresses 
the space-time density of the Hamiltonian action of the field in regions which 
are free from charge. 

Canonical Form of the Laws of Motion of Field Elements.—In the ordinary 
form of the electromagnetic equations e and h are conceived as quantities which 
vary with the time at a fixed point in the observer’s space. It is evident from 
the presence of v in (11) that the attribution of action to the field requires that 
another view can be taken, in which e and h are conceived as being in motion 
in the observer’s space. These views are not inconsistent with each other, 
as I have proved in a previous paper, f In this section it is proposed to show 
that the so-called “ mechanical relations ” derived from Maxwell’s equations 
can be transformed into equations which express the laws of motion of elements 
of the field in Hamilton’s canonical form. 

In a region which does not contain electric charges the electromagnetic 
mechanical relations are completely expressed by the tensor equation 


Here », Jc stand for the numbers 1, 2, 3, 4 representing x, y, z, t, and in accord¬ 


ance with the usual convention a summation over all four numbers is under- 


* The two signs are the result of the fact that the vdooity of transformation (wbioh is 
found to be identical with v) has two possible values, one lees and one greater than the 
velooity of light. Ov — W is negative if v < c, and positive if t> > c. In relativity theory 
action is considered as being an entity filling a region of spaoe-tlme, so that it should be 
essentially a positive quantity when observed along a real time axis (v < c). The fact 
that it is actually negative in these conditions is merely a matter of the definition, inherited 
from olasucal theory, of action density as Gv — W instead of as the positive quantity 
W-Ov. 

f ' Roy. Soo. Ptoo.,’ A, vol. 114, p. 23 (1627). 
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stood when the same index oocura twice in one term. S“- represents any 
oontrsvariant component of the “ energy-stress-momentum ” tensor, given 
by the following scheme : 


1234' 

i n M n vt n„ o, 

s“ = 2 n„ n w n s „ g„ L 

3 n* n yz n„ g, 

4 G„ G, G t W 


( 16 ) 


In (16) n«, , are the components of Maxwell’s stress system II, G„ .. , 

those of the momentum density G, and W is the energy density. In terms of 
e and h, 

n I' 

Tljy = n„ = (*r®, + M») . /i*» 


G, - - 'K W = J(«*4-A*) 


In the equations developing (16) further we must separate the terms involving 
space and time. It makes a great simplification to retain the tensor notation 
(including the summation convention) for the x, »/, z components; thus 
Maxwell’s stress will be written II tt (i, k = 1, 2, 3), etc. (16) then resolves 
into the two equations (18) which state (a) that the rate of increase of the 
momentum in a fixed unit volume is given by the resultant force on that 
volume due to Maxwell’s stress, and (b) that the rate of increase of the energy 
in the volume is measured by the convergence there of the momentum density, 
which, when c = 1, is the same as Poynting’s energy flux: 



dW = _ 3 G< 
Bt 


(*» £ = 1. 2, 3) 


(B) 


( 18 ) 


Consider now two quantities and P^, defined by the equations 

p« + t<Gt = n tt (a) l 

«tP<t + ** G< (b) J 


( 19 ) 
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The extent to which .their values are determined by (19) will be considered 
later. At present we are concerned only with their physical meaning and 
their substitution in (18) which gives: 

(20) 

«J 

Equations (20) are identical in form with the mechanical equations for an 
ordinary material medium moving at each point with the velocity v { and subject 
to a system of internal stress P u . 

The electromagnetic field, however, obviously is not an ordinary material 
medium, and it is necessary to enquire what is the precise meaning of the 
statement that it can be considered to be in motion. Consider a region of 
space surrounded by a closed boundary. If there are electrons in it we shall 
imagine each Burrounded by an “ internal ” boundary, as near the oharge as 
we please; the space between these internal and external boundaries is then 
the region V under consideration. At a given instant let V be divided into 
an infinite number n of “ space elements ” da: dy dz (written shortly dV) by 
planes perpendicular to x, y. z ; and by 11 field clement ” let ns mean not only 
a space element, but in addition that part of the electromagnetic field which 
it included in the space element. The term motion of tho field can only have 
a useful meaning if (1) these dements possess features by which they can be 
identified as having moved to other places at a later time, and (2) if the time- 
alterations of the field are expressible in terms of the changes in position, site, 
shape, orientation, and velocity which the elements undergo. We shall assume, 
deferring till later the verification, that these conditions can be satisfied if 
the c, given by (19) represents the velocity of a field element at each of its 
points. 

If now we write 

g k = GfcdV, w = WdV (21) 

lor tho ^-momentum and the energy of any moving element dx dy dt, and if 
d/dt stands for the time rate of change of a property of a given element as it 
moves, we have, by purely kinematical considerations based on the interpreta¬ 
tion of v if 


whenoe 
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with a similar equation for dw/dt. Hence (20) may be written 

fc—1 

The right-hand sides of (22) represent respectively the jfc-resultant force and 
activity of a stress system acting on and moving with the element dV. 
These are respectively equal to the time rate of increase of the element’s 
^momentum and energy. 

Prom the two equations of (22) we deduce 

"‘la “ { - s, ( *>+”*£; 


and since by our assumption 


dx k 

(23) 

we get, multiplying throughout by dt, 


du>~v k dg k --p ik ^(dx k ).dV, 

(24) 


dw here is the alteration of energy which the element dV actually undergoes 
with the lapse of an infinitesimal time. We now assume that this is but one 
of a class of conceivable alterations Sic, which would be tho results of displace¬ 
ments Sx lt and alterations of momentum, Sg k , given to the element. The 
thus defined are not, however, entirely arbitrary displacements, sinoe they 
muBt be supposed subject to the condition that there is to be continuity between 
adjaoent elements, after, as well as before, a displacement. 

Writing 

H = Etc (25) 

for the total energy of the field in V, this condition will dearly be satisfied 
if in the variation 

iE = Sr* tg k - [P a ^(fc*). dV, (26) 

the summation being over the total number of elements, and the integration 
over all the region V. The integral, when expressed more fully by writing 
dx x dx t dx t for <JV, splits up into three triple integrals, such as 
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in whioh the integrations are taken along the lines of elements parallel to 
Xp z 8 respectively. These can be integrated by parts giving for the whole 

“ JJJg— ( P «) Sx * dx 1 dx 1 dx 3 + |j[p lt * dx t dx t 

+ ^'dx l( lx a + 'dx 1 dx v 

The square brackets here indicate the difference of the values of the expres¬ 
sions, taken at the two ends, e.tj., x’\ and x\, formed by the boundary A, of 
the line of elements parallel to In the further integrations dx t dx 3 is an 
element of the boundary surface at the ends of this line, and may be oalled 
dk v etc. We may thus, putting dx, dx t dx a /dx i EE dk*, so as to include the 
three boundary terms in one by the summation convention, express (26) in 
the form 

m = 2v t 8g k +|1 (P tt ) teKN - j[p« Zx^dK 

The last term here represents the total work done by the stress P tt in the 
variation at the boundary. In consequence of (22) and (23) we have, replaoing 
the first integral by a summation over the elements, 

8H = Si*-Z g k hx k - f[p ti ft*dA,. (27) 


The energy of the field in V is thus seen to be a function of two sots of variables, 
the positions x k and the momenta g k of the individual elements. For an element- 
in the interior 


0H 




0H 


~'9h, 


while for one at the surface the second of these becomes 


(28i) 


— ^-9, + ^dk, or -jfc-F'udA,, ( 28 b) 

ox k 

according to whether the element is at the beginning s', or the end of the 
*, line. 

Since (27) is of Hamilton’s canonical form we may conclude that all the 
theorems of mechanics applicable to a moving fluid subject to a stress, hold, 
when properly interpreted, for the electromagnetic field moving with the 
velocity v*. 

Principle of Least Action in the Fidi .—Consider now a “ natural ” change 
in the field whioh takes place between two instants t' and t", fixed for a given 
observer. We have assumed that in it the time variations of e and h at each 
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point oan be envisaged as due to the motion of identifiable field elements along 
oertain paths and with certain velocities from their positions at t' to those at 
i". These paths and motions will be subject to the conditions (28). The time 
variation of the boundary A, if this is not at infinity, will have to be con¬ 
sidered in this connection. It will in general have to change in position in 
order that the same elements shall be enclosed by it throughout the interval. 
It should be observed that the change will include that due to the motion of 
oharges present in the field ; these will be represented by corresponding dis¬ 
placements of the “ internal ” boundaries which closely surround the charges. 
Having defined a natural change, we are in a position to imagine the change 
between t' and t" to take place in other ways, by the elements traversing paths 
and having velocities infinitesimally different by %x k and Sx k from the natural 
ones. In any such variation, if L stands for the quantity 

L =** £ g t Xf, — H, 

we shall have by (27) 

dAi 

= s|(^)+j[P*^’‘rfA* 

and consequently 

£ -l f‘ 

If we suppose that the time is not varied, the 8 on the left-hand side can be 
taken outside the integral sign , if, further, the variations in x t vanish in the 
initial and final states the I term disappears, if finally they also vanish at the 
boundaries,* the last term is zero, and we get, subjeot to these conditions, 
the variational equation 

S H Left = 0 (31) 

* This restriction appoars formally as though it excluded variations in the paths of 
electrons present, since electrons have been exoluded from the region V by the “ internal ” 
boundaries. The assumption of internal boundaries, however, was only made for simplicity, 
and is not atriotly neoeesary. If the singularities of the field which form the oharges have 
a vanishing volume, for example, if an electron is supposed to be a oharged infinitely thin 
dise, these internal boundaries enclose xero volume and can be dispensed with. A varia¬ 
tion of the path of an electron produce* a corresponding variation of the elements of the 
whole (resultant e, A) Add, to which the action principle of oouree applies. If, on the other 
hand, the electron is supposed to be a singularity of the Lorents kind, for exempli a charged 
spheroid, a finite region, which varies with the electron's path and velocity, has to bo 
excluded from V by the Internal boundary. In this oase we have to take aooownt of the 


8L = hg k SXh + £ g h 8xt + jj^ 


(29) 


(30) 
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Mtiified for the electromagnetic quantity defined by (29). This is identically 
Hamilton’s principle. 

Electromagnetic Values of v and L.—The value of L depends on that of v, 
and the latter is obtainable from (19), by eliminating P« from the two equa¬ 
tions, in terms of the electromagnetic quantities G, W and II tt . We get 

t>*n* — VtVjGfc -f B|W — Qj « 0 (32) 

which gives three equations for v ( , one for each value of ♦. The simplest way 
of solving these is to take at the point considered axes parallel to the three 
principal directions of Maxwell’s stress. These may be obtained as follows: 
If two vectors p and q are defined by the equations 


p = ecoea + hsina 
q — — e sin a h cos a 


}■ 


(S3a) 


where a is the smallest positive angle* satisfying the equation 

« = i tan -1 j (S3®) 

then p, q, and their vector product [pq] are mutually perpondicular and lie 
along the principal axes of the stress system II tt at each point. 

The use of this special system of axes produces great simplifications for the 
present purpose. Henceforward up to p. 497 x, y, *will be understood to mean 

“ internal ” energy of the Lorenti electron, which it is well known has to be assumed present 
in the space enclosed by the charge, in order that the dynamical eohome may bo con¬ 
sistent. The total energy H' of the region V must consequently be written as 
H' - H + lie., 

where His the previous value given by (25) and 2 to. is the internal energy of all the electron*. 
The corresponding Lagrangian function is 

L' L — lw,. 

When the position or shape of an electron alters, the internal energy by the principle 
of conservation must be supposed to alter in amount by the work done on the surfaoe (».«., 
on the corresponding internal boundary of V) by the stress P^. The additional term 
—2 tw, of M/ than cancels with the term 

+ J[p a 

of (30) so far aa this rep r esents the work done by the stress on the variation of the 
Internal boundaries surrounding the electrons. Consequently, the principle (31) when 
applied to cases which include variations in the paths of electrons of the Loreots type 
still remains valid, if the L of (20) is replaced by the L' defined above. 

* This stipulation is neoeswuy to fix uniquely the direction* of p and q. The use of the 
asst larger value of oc satisfying (33b) interchanges the defining equations of p and q. 
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components parotid to p, q and [pq] respectively at the point of the field 
considered. 

It oan then readily be shown from (17) that 

-n„ = + n„ = $(**_ j*) 'l 

n « = 1 (7>* + ?*) = w, n* = <)(»**) L (34) 

Qr = G„ = 0, 6, =- pj = 6 J 

Substituting these values in (32) for i = x,y,z respectively we get, after a 
little reduction, 

{?* - v,pq) = 0, 

(p* — v.pq) *= 0, 

v t ~~v | j _ o 

' * P9 

as the equations determining the components of v. 

They are satisfied by two values of v, 
either 

v M = arbitrary, = 0, e, = q/p, (a) 

or 

V x — 0, v„ — arbitrary, v, — p/q. (b) 

To fix ideas, wo shall suppose in the following that p > q, so that solution (a) 
represents a valuo of v, legs than 1, than the velocity of light, and (b) a 
value greater than 1. 

Although both values of v are to a certain extent arbitrary, by reason of 
their x - (or y) components, the value of the Lagrangian function is quite 
definite. (29) may be written, after replacing the summation by an integral 
over the region V, 

L = j (G*t>* - W) dV. 

and since the x- and y- components of G are zero, O k v k is the same as Gt>„ 
whatever v t and v„ may be. On using the values of G, v, and W from (34) 
and (36), wc get 

L=T (30) 

the upper or lower sign being taken according as v, is given the smaller or the 
greater of its two values. 

L may be expressed in terms of e and h by using (33). The equation (31) 
expressing the variational principle then becomes 

* O' T * {(6 * ~ hVf + 4(ch) ^ iV * “ 



0 , 


(87) 



494 


S. R Milner. 


under the conditions (1) that the space integral is extended over a region V 
whioh comprises the same individual elements throughout the interval, (2) 
that t' and t" and the initial and final configurations of the field elements, and 
the boundaries of V are not varied. The integrand of (37) is the same as the 
expression for the notion density deduced on p. 486 in another way. 

Correlation of Displacement Variations with Changes of the Field Vectors .— 
In the variation principle (31) or (37) 3 refers to infinitesimal changes in the 
positions x k and velocities x k of each point of the field. In order that the 
variation may represent a comprehensible process, x k and x k have to be under¬ 
stood also as expressing the positions and motions of the oentres of individual 
and permanent field elements, and, when this is done a* and g k , the positions 
and momenta of the elements, form an equivalent set of variables. Again, 
for the variation theorem to have any useful meaning the variations symbolised 
by 8 must be correlated with recognisable changes of the field, variables e 
and A, or preferably for the present purpose, with those of p and q, which are 
directly oonnected with e and h. 

Consider a variation as it affects a single element. For such we have from 
(26) by omitting the summations 

Sw = v k Sg k — P u dx dy dz, (38) 

the a* being here regarded, as just explained, as the 4-co-ordinate of the position 
of the oentre of the element. This equation states generally the relation whioh 
must exist between the variations in the energy, momentum and position of 
an individual element in order that the action of the whole field shall be 
stationary. 

As before we take special axes along the principal directions of Maxwell’s 
stress at the point, and we suppose that the element is initially rectilinear with 
dx, dy, dz, parallel to these axes. Further, consider only the case where the 
motion is given by the solution (36a) in whioh v, < 1. The corresponding 
value of P tt is obtained by substituting this value of v in (19). We thus get 
the following values of the variables for the element in question : 
v> = + f) dx dy dz, 

9* - ft - 0, g. fa dydz, 

-P-- + P w - + P.-*<*-** 

P* = — QtJ0 v 

It will be observed that P„ involves the arbitrary velocity v t . All the other 
components of P« (including P„) are zero. 
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The substitution of these valuee in (38) now gives the following somewhat 
complex relation, whioh can, however, be considerably simplified : 

8{|(p* + 5*) dy dz) = V'fy, + % & (pq dx dy dz) 

. V 

+ w ~ «“> ~ ^ _ * ** 

+ G,«x ^dxdydz. (39) 

Sac 

By simple geometry, in virtue of the considerations on the continuity of the 
elements referred to on p. 486, we have here 

^ dx = 8 ( dx ), etc., = 88,.. (40) 

In the term on the left the field is considered os a oontinuum whioh is varied, 
on the right 8 (dx) is the variation in the length of the side parallel to 0* of an 
individual element and 88*, is the angle in the plane of zz through whioh the 
element is turned in the variation. This latter alteration of orientation 
involves a change 

Sg x =s — G, dx dy dz 80„ 

in its x-momentum, which was zero initially. The last term of (39) therefore 
cancels with o,8 g x , and the arbitrary component v„ of the velocity disappears 
from the equation. By using the geometrical relations (40), (39) can be still 
further reduced to the simple result 

8 (p dy dz) = 0. (41a) 

Wo see that in the variation the flux of the vector p over the cross section 
dy dz of each element remains constant. This fact throws a dear light on the 
nature of the variation itself. In the first place the constancy of its p-flux 
gives to each element the individuality which enables it to be recognised in a 
displaced position, in the second it connects the variation symbolised by 8x* 
directly with a corresponding variation of the field vector p. Further, since 
8x, = 8 (qlp), 8x* and fix* together determine a definite variation of p and q, 
and consequently one of e and A, so far as these are expressible in terms of p 
and q. 

The meaning of the variation can perhaps be seen best by considering the 
simple case of an electrostatic field, which corresponds to p = e, v, = 0. The 
tubes oh force here determine the field at each point through the fact that the 
flux of e over the cross-section of a tube is a fixed quantity. Imagine the 
bounding lines of each tube to be displaoed to infinitely near positions, and 
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assume that in the displacement the flux of each tube remains unchanged 
(8 (e dy dz) = 0). The new cross-sections then determine the varied field and 
the theorem (37), after omitting the integration in t, here unnecessary since 
the field is independent of the time, becomes 

8ji«*dV = 0. 

This is Kelvin’s theorem of minimum energy, and wc observe that it holds 
for any displacement of the lines of force subject to constancy of the flux of 
e over the cross-sections of the tubes. The theorem (37) is the extension of 
the same conception to the electromagnetic field. The corresponding lines, 
however, are neither those of e nor of h, but of p, a derived vector which is a 
composite of both e and h, and for which a constant flux condition corresponding 
to that of the electrostatic case holds in the variation. Further, the lines 
being in motion, an integration over the time, and the replacement of energy 
by the Lagrangian function is necessary. 

The constant p-flux condition (41a) only holds for the set of values of v given 
by (36a). For the second set (36b), in which v, > 1, it may be proved in a 
similar way that a constant g-flux condition holds in the variation which gives 
(31): 

8 (g dx dz) = 0. (41b) 

Matt and Potential and Kinetic Energy of the Field.—A natural time altera¬ 
tion of the field, forming as it does a possible variation, is also subject to the 
constant flux oondition * This fact enables expressions for the mass, and the 
potential and kinetio energy, of a field element to be deduoed which, since the 
flux theorem and the canonical expression for the energy are in reality the 
same equation, neoessarily are in full agreement with dynamioal principles. 

Take the oase of motion in whioh v, < 1, and call it %, so that 

- qlv- 

Writing in accordance with (41a) 

pdydt = C! 

(constant with the time or in any variation) we get from (38 a) 

i 

* The equation ^ (pdy dt) = 0 expressing this fact may be deduoed directly from the 
fundamental equations. (Milner, loe. eit., p. 88.) 



497 


“ Action ” 0 / Electromagnetic Field. 


The coefficient of the velocity in this expression for the momentum forme the 
maas wtj of the element defined in the usual dynamical way. Hence 


«H-<V 


dydz' 


(42a) 


While it may be given an arbitrary value when the elements are constructed, 
the mass of each remains a determinate quantity through the subsequent 
history of the field. It depends, however, on the shape which the element 
takes up at later times, the electromagnetic field contrasting in this respect 
with a material fluid. 

The energy u> when expressed in terms of m u becomes 


W — i*»x (1 4- «i'). 


The part (really depends only on the Bhape of the element, and the 
other part depends on the velocity as well. In dynamical theory these 

would be called potential and kinetio energy respectively. If we do so here 
they allow the Lagrangian function of an element to be expressed in the 
classical form as the difference between its kinetio and potential energies, 
thus 

dL = yt*i — to sa — $m. 


The corresponding valuos of the kinetic and potential energies of the whole 
field are 

Tr = ijj*dV, Uj = i jjj* dV. (42b) 

These may be translated into terms of e and h by (33). 

This method of splitting the whole energy into kinetio and potential is not, 
however, the only possible one. If we take the second solution for v., 


we have to write 


from which we get 


0 , = p/q = «„ say, 
qdxdz = C* 

w a \m t (1 + «,*) 

T. = if U f = if^dV, 


(43a) 

(48b) 


bo that what was previously called the kinetio energy beoomes now the potential 
energy, and vice versa. 

Elements of Action and Extension of the Variation Principle.—The variation 
principle (37) can be given a more general form by four dimensional analysis, 
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because when we ooniider the electromagnetic field aa an entity in the manifold 
of space-time the equations are symmetrical in all four variables. The formula 
can be considerably simplified without loss of generality, and their meaning 
made clearer, by using special axes for x, y, z, (, chosen in such a way that they 
follow out the lines of simplest structure of the field. We shall take at a given 
point the axes of x and y aa the lines of those two principal directions of Maxwell's 
stress which lie in the plane of e and h in the instantaneous hyperplane of an 
arbitrary observer. These are identical with the special x- and y-axes adopted 
previously. The axis of f will be chosen at the point bo that it coincides with 
the proper tirao axis of an observer to whom there appears to be no momentum 
in the field there. This allocation of the x-, y-, and (-axes fixes that of t, 
which is (analytically) perpendicular to each of them. If, starting from the 
given point, each of these four axes be extended through space-time, by adding 
a succession of infinitesimal lengths always oriented in accordance with the 
definitions given above, it will form a continuously curved fine, which, unless it 
is a closed curve, can extend to the boundary of any region of the field (four- 
dimensional volume — $) considered. The whole of <D can be marked out with 
such x-, y-, z-, (-lines, forming a curved co-ordinate system, one line of each kind 
passing through each point.* We can now construct a curved space-time element 
by taking infinitesimal lengths x v y v z l , of the lines passing through a given 
point to form its four adjacent edges, the remaining edges being formed by 
corresponding lines passing through the other ends of x l , y v %, ( v At, e.g., 
the at-end of this element, another element, x„ y* z s , („ can be formed in a 
similar way, and the whole of 4> ultimately can be filled by °o * elements which 
may be considered indifferently aa arranged along any one of four sets of 
curved four-dimensional tabes, whose axes are x-, y~, z-, (-lines respectively. 

I have proved in a previous papert that if as,, y„ z,, (, stand for the lengths 

* The X-, y-, (-lines defined in the above way are not uniquely fixed In spaoe-time, 
they vary with the time axis of the initial arbitrary observer. Strictly it is only the at 
and yt planes at each point that are fixed by the definitions, and the (-axis may have any 
arbitrary direction in the fixed at plane. This fact explains the result in the three- 
dimensional calculation, rather puuling at first sight, of the arbitrariness of the com¬ 
ponent v„ of the motion of the field elements. In a material medium the world lines of 
the moving particles are uniquely laid down in space-time; the four-dimensional structure 
consists of world-lines. In the electromagnetic field the structure is more olosely (though 
not aoourately, as their differential equations are not in general unconditionally 
integrable) represented by surfaces, on which arbitrary world-lines can be drawn. The 
two values of v, are also explainable as the result of the complete symmetry in the four¬ 
dimensional equations of x with y and z with t. 

t ‘ Phil. Mag.,' vol. 44, p. 705 (1932). 
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of the corresponding lines passing through any point of one of these elements, 
and d/dx represents “ axial ” differentiation along the curved z-line, etc., 
then the following four equations, each of which expresses a constant flux 
relation characteristic of the element, can be deduced directly from the funda¬ 
mental equations: 

!<*») = 0 . 

k (44) 

*<“■*)-»J 

where 

B = {(e*-A*)* + 4(eh)*}‘. 

This space-tune element with the action 

dA = iR» <r r yM (46) 

included in it represents an element of action* constructed in the simplest possible 
way, i.e., with its curved edges drawn along lines which mark out as it were the 
natural structure of the four-dimensional field. It possesses the properties 
that the flux 

R J/r*, = AjF (46a) 

is constant over every possible yz two-dimensional section of the four-dimen¬ 
sional element, and the flux 

RzA = A,F (46b) 

is constant over every xt section. 

Let us now imagine that, the whole field in the region 0 having been divided 
into elements of action in the way described, the co-ordinates x, y, z, t of every 
point are varied in any possible way, such that the elements after the variation 
still fill without discontinuity the space-time region. Here again the variation 
can have no meaning unless something remains constant to render the dis¬ 
placed elements identifiable. We shall prove that if either of the fluxes A X F 
or be supposed to remain constant in the variation then the total action 
in <I>, when the variation vanishes at its boundary, is stationary for the natural 
field which is subject to the electromagnetic laws (44). 

To simplify the proof we will consider only one component displacement 
at a time, and take this in the direction z, i.e., we suppose that every point of 
each element is displaced by the arbitrary amount 8a along the curved a-lines. 
Let further each displaced and distorted element be subject to the constant 
flux condition 

8 (Ry*) = 0. 

* The t sign ia omitted, action being oonaidered here as a positive entity, ride p. 486. 
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Suppose that there are n elements in one of the z-tubes, and m z-tubes, and 
that our typical element is the rth in order in its z-tube. Then 

8A = SS8(iR*avyM)- 

Eliminating 8R from the two equations we get 

8A = SSl(Ry f z r )*8(^). 

» » 'JfrV 

Now since the elements when displaced along z must fill completely the 
z-tubes in which they lie, and these latter are not changed in shape by the 
variation, we have 



Further, it can readily be seen that, when z is considered as a function of the 
continuous pure number r whose integral value Btands for the number of the 
typical element, then the following identities may be made use of: 

^ = [fr d ' 



We can consequently write 

u-»«**£(£)» - ; (|) *• 

On integrating by parts the Bccond term and assuming that 8z vanishes at 
both ends of the z tube, we get for it 

+ SSiz r |(R^ r )8z. 

Consequently 

8A = S X Ri/fZ, — (Rx^r) 8z, 

m h az 

which is zero by (44). 

The same zero value results when x, y, or t is taken as the co-ordinate varied 
or AjF as the flux which is kept oonstant. The variation principle conse¬ 
quently holds for any displacement in whioh the varied elements, defined by 
either of the fluxes (46), fill without discontinuity the fixed space-time 
region <6. 

Eider's Principle.—The equivalent of Euler’s principle (3) for the electro¬ 
magnetic field may be deduced in a similar way to that of Hamilton’s principle. 
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Reverting to the conception of moving three dimensional elements of the field, 
we have generally, when the integral is extended over the interval between 
given unvaried initial and final states of the field, 

* j £ , + 

= — to8zt)dt. 

Consequently, by equation (27) under the conditions that (1) the total energy 
of the field is constant (8H = 0)*, and (2) the variations of x k vanish at the 
boundary, it follows that 

8 | £ g k v k dt = 0. 


Translated into terms of e and h by (33), (34) and (35), this gives 
88 = 0 

vhere 

8 = 1* | [i (e* + A 2 ) T H(«* - *)* + * (eh) 9 }*] dVdt^O 


the upper or lower sign being taken according as the smaller or greater of its 
two values is chosen for v,. (47) is the electromagnetic equivalent of Euler’s 
principle. 

S denotes the type>of action with which the quantum theory is concerned. 
For a periodic orbit, assuming that a solution of Maxwell’s equations for a 
field representing it has been found for which the total energy is constant, 
when the time integral is extended over a complete period t the quantum 
theory requires that S should be an integral number of times Planck's quantum. 
H. S. Allent has shown that for simple cases of pcriodio electronic orbits, as 
an approximation based on the identification of the magnetic with the kinetic 
energy of the system, the action in a complete period is 


S = £ +T jA*<iV(if. 


The more complex expression (47) reduces to this when the upper sign is taken 
and the scalar product of e and h is considered negligible. 


* For Lorenti electrons 8H' *» 0, vtdt footnote pp. 401-402. 
t ‘ Phil. Mag.,’ vol. 48, p. 420 (1024). 
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Summary. 

The electromagnetic equations in their usual form express the rates ol varia¬ 
tion of the field vectors along the time axis of an arbitrary observer. The 
consideration of the rates of variation along other lines in space-time, in par¬ 
ticular along the lines which mark out the simplest structure of the 
field, leadB to the equally legitimate conception of the field as being m motion. 
In this way expressions for the Hamiltonian and Eulerian actions of the field 
are obtained which form strict equivalents to those for the actions of a dynamical 
system. The electromagnetic Hamiltonian action thus determined is 

A = =F f j H(«* — **)* + 4 (eh)*}* dV dt, 

the integral extending over a given region of space-time. ThiB quantity is 
proved to possess a stationary value in the electromagnetic fiyld subject to 
conditions equivalent to thoso characterising Hamilton’s principle in dynamics. 


The Zeeman Effect, for the Spectrum of Tantalum. 

By Prof. J. C. MoLknnan, P.R.S , and A. M. I. A. W.,Durn?0rd, M.A.* 
(Received June 28, 1928 ) 

11’l.ATBS 20-2.1.1 
Introduction. 

Among the elements whose arc spectrum has not as yet been analysed, one of 
some interest is Tantalum. Of atomic number 73, it occurs between Hafnium 
and Tungsten in tho atomic table, and according to Bohr it is a homologue of 
Uranium X. As one of the most powerful methods we have available for 
investigating the structure of a spectrum is a study of the Zeeman effect 
shown by its constituent wave-lengths, we decided to use it with tantalum. 
The magnetically resolved components of over 50 of the more important wave¬ 
lengths of its arc spectrum were determined, and the results, together with an 
account of the investigation, are given in what follows. 

* Holder of Studentship from the National Research Council of Canada. 
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Apparatus. 

The light source used consisted of a modified form of vacuum arc and the 
arc chamber formed an integral part of an electro-magnet, which was of the 
Du Bois type. The grating, a 4-inch concave one with 15,000 lines per inch, 
had a radius of 3 metres and was used with an Eagle mounting. The photo¬ 
graphs taken were those of second order spectra. 

A detailed consideration of the vacuum arc assembly follows. 

The pole pieces (Plate 20, fig. 1) were 5 ems in diameter, tapered on the 
ends at 55° to give an end-face diameter of 1 • 3 cms. Threaded brass shoulders 
carried the pole pieces in the assembly and a vacuum-tight, seal was maintained 
by using well-vaselined paper gaskets Cylindrical pole caps were screwed 
on to tho pole pieces, the latter being drilled and tapped. The pole caps had 
a thickness of 3 mm. and m the assembly were separated by 4 mm. 

Tantalum was used in tho form of J-mch rod and formed the negative elec¬ 
trode by being inserted directly into one of the pole caps. The tantalum 
projection was limited to 2 mm. 

The positive electrode (Plate 20, fig. 2) consisted of a copper plate 1 mm. 
thick, soldered to a copper U-tube of 1 mm. bore, through which a stream of 
cold water was passed. The U-tube was rigidly attached to the top structure 
that carried the water leads, the latter being insulated from the outer brass 
cylinder by means of a hard rubber sleeve. Since the pole pieces and the arc 
chamber were kept at the same potential as tho negative electrode, it was 
necessary to insulate the lower portion of the positive electrode from the 
adjacent pole cap. This was done by attaching a thin sheet of mica to the 
copper plate and having tho pole cap carry a ring of hard rubber Adjust¬ 
ments in tho position of the electrode were made possible by tho use of an outer 
brass sleevo having a set of knife edges that rested on a brass tube attached 
to the vacuum aro chamber. A short length of thin-walled rubber hose 
furnished a flexible vacuum-tight connection between the brass sleeve and the 
chamber. 

The positive electrode was capable of a to-and-fro motion parallel to the 
magnetic field, this motion being produced by an electro-magnetic trembler 
that was operated off the aro circuit. The trembler was oonnected with the 
lower portion of the positive electrode and had a flexible vacuum-tight con¬ 
nection with the chamber. 

The operation of the trembler was made to depend upon the mutual attrac¬ 
tion between two small electro-magnets, one stationary and the other attached 
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to the trembler. The stationary one was firmly attached to the base of the 
Du Bois magnet. A light coil spring, fastened to the upper portion of the 
positive electrode, kept the arc dosed when no arc current was passing. When 
the arc switch was closed, part of the arc current passed through the magnets, 
and as a result of their mutual attraction, opened the arc. It was found that 
normally an arc was hard to maintain in a magnetic field, but with the above 
device, as soon as it was extinguished, the mutual attraction of the electro¬ 
magnets ceased and the spring caused a fresh contact to be made. The effect 
was that the arc was self-sustaining. 

The vacuum arc m a magnetic field is most easily maintained at certain 
pressures, so that with unsuitable conditions only a to-and-fro motion of the 
positive electrode results. The above device therefore gave a means of finding 
the most suitable conditions for the maintenance of the axe, and also allowed 
for its operation under any desired conditions. The vacuum arc current was 
supplied by a 110-volt D.C. circuit, and in the case where tantalum was the 
metal used the linos were most easily obtained by employing a current of 
4 amperes with one-half of an atmosphere of air m the chamber. 

Plate 20, figs. 3 and 4, give a longitudinal and transverse view of the vacuum 
arc assembly. On account of the number of wax and vaseline joints used in 
the assembly, cooling tubes carrying water were inserted in the chamber. 

The light, produced in the centre of the magnetic field, passed through a 
window in the side of the chamber and was focussed on the slit of the spectro¬ 
graph by means of a lens placed immediately outside of the window. A second 
window was provided for observation purposes during exposures. The second 
electrode outlet was not used as the method of inserting the element in the 
pole oap permitted exposures of sufficient duration to be made. 

As already stated, a large Du Boia electro-magnet was used for producing 
the magnetic field. The soft iron core, 8 cms. in diameter, was in two sections, 
each section being firmly held to the base by two large bolts Further, each 
section could bo moved parallel to the field so that the two end faces of the oore 
could be brought into contact with the outer faces of the pole pieces. Align¬ 
ment of the vacuum arc assembly was secured by meant of a finch bolt 
attached to one of the pole pieces and fitted into a corresponding cavity in 
the core. 

The windings of the electro-magnet consisted of 10 V-shaped sections which 
fitted over the curved core, and had a total resistance of 5-25 ohms (68° F.). 
Current was supplied by a separate 100-volt D.C. circuit. Preliminary experi¬ 
ments indicated that the field intensity changed by less than 1 part in 
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400, for a period slightly less than two hours, provided the current was kept 
oonstant. This condition was realised by gradually lessening the amount of 
the auxiliary resistance in the circuit as the resistance of the magnet coils 
increased through heating. Exposures of 1 hour duration sufficed to give the 
Zeeman patterns of the wave-lengths under investigation. 


Experimental Procedure. 

The wave-lengths of many of the most prominent lines in the arc spectrum 
of tantalum fall in the region XX 6700-5500 A. They are shown grouped 
together in Table I. In operating with the vacuum arc, a few of the weaker 
lines and some of the spark lines were observed to give prominent Zeeman 
patterns, and the wave-lengths of these are grouped together m Tabic II. 


Table I.—Wave-Lengths of the Stronger Lines occurring in the Arc Spectrum 
of Tantalum. From Exner and Haschek Values; H. Kayser, ‘ Hand- 
buch der Spectroscopic,' vol. 6, p. 507. 



Two settings of the grating sufficed to cover the region indicated above, since 
eaoh setting included about 600 A. Ilford (10 inoh by 2 inch) thin glass 
panchromatic plates were used. The neon spectrum, supplemented by the 
iron aro spectrum for wave-lengths less than X 5850 A., furnished a con¬ 
venient set of standards for dispersion purposes. From the set of wave¬ 
lengths obtained, a dispersion wave-length curve was seoured for each setting 
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Table II—Wave-Lengths of Tantalum, not listed in Table I, but of whioh 
Zeeman patterns have been secured. 


Wave-length. | 

Intensity. 

Wave-length. 

Intensity. 

Wave-length. 

Intensity. 

#182-70 

6844-21 

44 06 
18-68 
6752-0 

1 

1 

1 

1 

1 spk. 

5746-02 

06-60 

04-06 

04-00 

6636-06 

1 

1 

1 

1 

1 

6600-47 

00-03 

84-26 

48-60 

1 

l 1 *' 

1 


of the grating and the dispersion at any point on the plates was ascertained 
from it. The value of tho dispersion varied over the entire region, from 2*67 
to 2*56 A. per millimetre. 

The speotrograms A and B of Plate 21 give the arc wave-lengths over the 
region XX 6700-6648 A. and for purposes of comparison these are matched 
with the spectrograms giving Zeeman patterns. Measurements of the separa¬ 
tion of the components of the different Zeeman patterns were taken directly 
from the plates by means of a travelling microscope. Because of the small 
value of the separation, in each case, a set of readings was taken, from which 
a mean value was secured. The Zeeman pattern of the zinc line X 6362 A. 
was secured on the same plates as the tantalum Zeeman patterns, and as the 
magnetically resolved components of this wave-length were known, it was 
possible from measurements on one of the best plates, Z 37, to evaluate the 
field strength. Its value was found to be 21,500 gauss. Tho Zeeman pattern 
for Zu X 6362 A. is shown in fig. 6 and a Moll tracing of the pattern in fig. 6. 

In addition to the above, some plates were also secured that gave the known 
patterns of two other wave-lengths, Sn X 6463 A and Pb X 6660 A., together 
with that of the zinc triplet. One of the best of these, Z 36, was used for 
measurements. Since dX*/X a was dependent only on H, the field strength, 
it followed that it should have a constant value for each plate. By taking 
each of the three patterns as standards, the values of dX»/X* obtained were 
found to be identical. This indicated that a true value for dX,/X* far any 
plate could always be obtained from the value of the 2dX» separation given 
by the zinc triplet, X 6362 A. The measurements that led to this conclusion 
are given in Table III. This table, it will be seen, includes the number of 
readings used, in each case, to determine a mean value for the separation of 
the components and also the average deviation of the set of observations from 
the mean. The latter is measured in ten thousandths of a millimetre and 
applies to the value given far the mean. 
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Table m. 


Element. 

Wave¬ 

length. 

Plate. 

Separation. 

No. of 
obeerva- 
tions. 

Mean. 

Average 

deviation 

rfAa/A«. 






mm. 


om- 1 

Za 

8882 

Z 36 

2dA» 

12 

0 313 

18 

1-009 

Sn . 

6468 

Z 35 

2/3 dA. 

7 

0-108 

27 





2<fA, 

7 

O'323 

lb 

1-009 

Pb 

6660 

Z 35 

4/3 dA* 

7 

O'232 

20 





8/3 dA, 

7 

0 470 

13 



(from mean 

uf above) 

2d A* 


0-350 


1 009 

Za . 

6882 

Z 37 

2dA, 

14 

0-316 

21 

(«) 




2dA. 

0 

0-314 

17 

(6) 


(from mean 

of abote) 

2 dA* 


0-315 


1-014 

Ta 

6102 

Z 37 

2dA 

2 

0-384 

20 

(“) 




2dA 

13 

0 383 

29 

(6) 



Mean: 

2dA 


0-3835 


1-014 

Ta ... 

6102 

Z 41 

2dA 

7 

0-378 

13 

(a) 




j 2dA 

7 

0-877 

13 

(b) 



Mean • 

2dA 

! 

0-3775 


0 981S 


fate- 

Ta, 0102, Z 37, 2d A =* (0 3835)(2-tt45) = 1 014 A.U. 
Ta, 6»02, Z 41, 2d A - (0 3775X2-600) = 0-9815 A.U 


Since two settings of the grating were used, it was necessary to have a standard 
pattern for the second region. One of our plates, Z. 41,* gave the Zeeman 
patterns for wave-lengths between X 5545 A. and X 6165 A. and the tantalum 
triplet X6102 A. occurred on plates of both settings. As pointed out above, 
the zinc triplet X 6362 A. gave a very good means of securing the constants of 
the plates for the region XX 6700-6075 A., and in consequence the constants 
of plates for the lower region were secured from the zinc triplet through the 
intermediary of the tantalum triplet X 6102 A. The results involved in tins 
conversion are given in Table HI. It was found that measuring the triplets 
in one operation gave a value less than that obtained when the measurement 
was made in two operations as a result of setting on the central component. 
Measurements obtained in this way are designated (a) and (5). 


In all, 55 Zeeman patterns were measured up for wave-lengths of tantalum 
between X5548 A. and X 6700 A. The results of the investigation are given 
in Table IV. As a number of the patterns included components which were 

* The Spectrograms A and B of Plate 21 ioohide Plate* Z 41 and Z 37*. 
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Table IV. 


Wave-length 

rfA* A U 

dA» mm. 

2d A mm. 

deviatfan. 

dA/dAa. 

Section I. 






6515 

0 4803 

0-1604 

0-692 

19 

1 778 

6390 

0 4140 

0-1690 

0-833 

27 

1 016 

6310 

0 4036 

0-1644 

0 437 

34 

1 415 

6102 

0 3774 

0-1427 

0 8835 

10 

1-348 

5944 

0 3468 

0 1323 

0 368 

23 

1-358 

6883 

0 3897 

0 1294 

0 336 

16 

1-294 

6811 

0 3809 

0-1266 

0 360 

19 

1-393 

6766 

0 3368 

0 1232 

0 326 

27 

1-323 

8706 

0 3196 

0 1209 

0 260 

16 

1 076 

6666 

0-3160 

0 1187 

0 260 

9 

1 096 

Section II 






6616 

0 4306 

0-1605 

0 814* 

40 

0 648 

6446 

0 4218 

0-1620 

0-886 

60 

1 188 

6446 

0 4311 

0 1619 

0 286 

20 

0 880 

6373 

0 4117 

0 1581 

0 310 

46 

0 980 

6346 

0-4088 

0-1564 

0 278* 

50 

0-889 

6341 

0-4078 

0 1563 

0-378 

16 • 

1 203 

6166 

0 3842 

0 1465 

a-346 

38 

1 189 

6163 


0 1454 

0 896 

22 

1-362 

6917 

0 8439 

0 1310 

0 392 

22 

i m 

6817 

0 8316 

0-1258 

0-863 

32 

1-442 

6747 

0 8241 

0 1227 

0 336 

44 

1-866 

6716 

0 3307 

0 1213 

0 235 

33 

0-968 

6706 

0 3197 

0 1209 

0 804 

60 

1 268 

6684 

0 3060 

0-1147 

0 322* 

40 

1 404 

Section III 






6612 

0 4482 

0 1726 

0 684* 

80 

1 988 

6309 

0 4086 

0 1644 




6844 

0-8352 

0 1276 

0 766 

46 

8 004 

6636 

0-8118 

0 1172 

0 196* 

50 

1 672 

6600 

0 8078 

0-1163 

0-272* 

80 

1 179 

6690 

0 8077 

0-1163 

0 360* 

80 

1-662 

Section IV. 






6676 

0-4619 

0-1762 

0 286/ 

16 

0-766 

6674 

0 4616 

0 1761 

0 291 

40 

0 826 

6486 

0-4266 

0-1647 

0-278/ 

22 

, 0 829 

6461 

0 4831 

0-1624 

0-196* 

40 

0-608 

6431 

0-4194 

0-1613 

0-219/ 

30 

0-629 

6325 

0-4065 

0 1661 

0 291 

27 

0-988 




0 082 

17 

0 264 

6209 

0-8986 

0-1621 

0 600* 

40 

1-648 

6267 

0-8970 

0-1616 

0-180 

14 

0 694 




0 060 

36 

0-198 

6047 

0 3688 

0-1380 

0-148* 

40 

0 586 

6046 

0-8687 

0-1380 

0 907 

10 

0 760 

6021 

0-8668 

0-1367 

0 207 

18 

0-767 




0-640* 

40 

2 340 

6940 

0-8468 

0-1322 

0-215 

17 

0 818 

6919 

0-8440 

0-1310 

0 279 

48 

1-064 




0-162 

28 

0-680 

6777 

0 8875 

0-1241 

0-409 

31 

1648 




0 278 

27 

1-100 

6762 

0 8840 

0-1230 

0-142 

60 

0-677 

Section V. 






6997 

0 8680 

0-1362 

0 36 


1-88 

6902 

0-8419 

0-1302 

0-06 


0-19 

6878 

0-8890 

0-1292 

0-18 


0 60 

6860 

0-8869 

0-1277 




6846 

0-8180 

0-1177 

0 09 


0-88 
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too indefinite to allow for accurate measurement, micro-photometer curves 
were secured for all the patterns. Measurements were made on these curves, 
and with them wo were able to chock up the measurements on the ongmal 
plates. The results have been classified into various sections. 

Section I gives information concerning triplets that had strong and unique 
components. One of these, Ta X 6102 A , is shown in fig. 7 and a micro- 
photoracter curve of another, Ta X 6310 A , in fig. 8 (Plate 22). 

Section II also deals with triplets but differs from Section I in that the 
components are of lower intensity and m general broader. With these triplets 
no fine structure was indicated. A few of the results in this section have very 
low average deviations, and for such cases it is the central component that is 
broad. Illustrations of the types of Zeeman patterns dealt with in Sections 
I and II are given m fig. 9 (Plate 22). 

Section III deals with triplets that differ from the above in that their micro- 
curves indicate a finer structure. A curve illustrating this type of resolution 
is that of Ta X 5844 A. It u. shown in fig. 10 (Plate 23). The separation to 
which the measurement refers is indicated by two dots on the curve 

Section IV deals with Zeeman patterns other than triplets. In many 
instances only one pair of components could be measured. One of these, a 
quartet, Ta X 6257 A., is shown in figs. 11 and 12 (Plate 23) 

In some cases where the Zeeman pattern was not measurable and the micro¬ 
photometer curves showed definite peaks, measurements were made from 
the curves. Results obtained m this manner are indicated by an asterisk. 
The letter J is used to denote a doublet with fuzzy sides, e g , Ta X 6431 A. 
(figs. 13 and 14). Where a single result ih given without any distinguishing 
mark, the pattern appeared as a doublet. As only one reading was taken in 
the cose of asterisked measurements, tho value of the average deviation was 
estimated from a comparison between the two methods of measurements as 
applied to a number of patterns in Section T. 

Section V deals with a few patterns that are included for their qualitative 
value. 

It remains to point out the error involved in the determination of the normal 
separation, dX», for the various wave-lengths. 

(i) Justification for taking the 2dX separation of the zinc triplet (6362) as 
a true measure of 2dX* has been considered above. 

(ii) Measurements on tho zinc triplet, involving 23 observations, gave as the 
value of the doublo normal separation, 2dX* = 0-315 J 0-001 mm. It 
follows that any calculation involving this value would possess a maximum 



510 


Zeeman Effect for Spectrum of Tantalum. 


error of 0-3 per cent. Ah tins error would carry the same sign throughout, 
all calculations would be affected in the same way. In consequence, this 
type of error is excluded from the considerations that follow. 

( 111 ) Since the calculation of d\ (A U) involves X 2 and X is taken to 
the nearest A U , the greatest possible error in dX„ (A U) is less than 

2 ^> . We therefore have the accuracy dX* (A U.) |- 0-02 per cent. 


(iv) In securing the dispersion for each wave-length from the dispersion 

;H)25 , 

600’’ 


wave-length curves, the greatest possible error was less than less 


than 0 • J per cent. 

Combining (m) and (iv) we have, therefore, dX* (mm ) ± 0-12 per cent, with 
a residual error of 0*3 per cent 

(v) The values for the various separations possess varying percentage 
errors, the magnitude of which may bo determined by combining the average 
deviation with the value of the mean The latter values involve the magnitude 
of the separation and the sharpness of the components and indicate that the 
value of dX, (mm ) as obtained is sufficiently accurate. It is intended that the 
value of the average deviation may lie used to indicate the worthiness of the 
final calculation, viz., dX/dX* 


Conclusion. 

Recent work on atomic states and spectral terms* gives the lowest spectral 
term for tantalum as 4 F„ thus indicating a quartet system for the arc spoctrum. 
Sevcrid of the Zeeman patterns confirm this statement, but m the present 
communication no attempt has been made to reduce the values of dX/dX„ 
to Runge fractions. The analysis of the arc spectrum will be given in another 
communication. 


MiLcmiuu, McLny and .Smith, ‘ H»y. Sov. I’rue ,’ A, vol. 112, p 70 (1020). 
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Motion of Electrons in Gases. 

By J. S. Townsend, F.R.S. 

(Received July 7, 1928.) 

1. In order to find an explanation of many of the ordinary electrical pheno¬ 
mena in gases it is necessary to consider the effects that occur in collisions 
between electrons and molecules or atoms of the gas. Collisions may he 
divided into two classes, those in which the electrons move with a small velocity 
and lose or gam a small amount of energy in collisions with molecules, and 
those in which the velocity is largo and the electrons may low a large proportion 
of their energy. In collisions of the latter tyjie the kinetic energy of the 
electron isof the order of the energy which corresponds to the ionising potentials. 

Many of the original investigations of phenomena where these effects pre¬ 
dominate have been made at the Electrical Laboratory, Oxford, and this work 
is accepted by several authors* as being of importance in the theory of the 
electrical properties of gases. 

Other authors, who are more interested in models of atoms, do not. refer 
to this work or do so in order to criticise it adversely. 

Tn a paper by Atkinson f an attempt is mude to show that there are many 
errors throughout the whole of this work. In some cases in order to explain 
experiments which conflict with the theories which he advocates, Atkinson 
finds it necessary to assume that electrical properties of monatomic gases are 
principally due to impurities which are not removed by any known process of 
purification. But m other cases his criticisms are less speculative, and he 
claims to have found that our results conflict with simple dynamical principles 
and that they must involve very grave errors. These criticisms are strongly 
emphasised, and as the principles involved are elementary it is possible to 
deal with them in a simple manner. 

2. The errors, to which special attention is drawn, are said to occur in the 
investigations of the average loss of energy of electrons in collisions with 
molecules when the electrons move with small velocities. According to 

* Schumann, ‘ Klectnscho DurchrUokfeldstArko von Gasen’ (1923); StOcklen, ‘ Hand- 
buch dor Phyeik,’ vol 14, chap. 1 (1927); Warburg, ibid., vol. 19, chap. 7 (1927), 
Przibram, \b\d„ vol. 22, chap. 4 (1926); Barrow, ‘ Introduction to Contemporary 
Physios ’ (1927); Whitohoad, ‘Dielectrio Phenomena, Electrical Discharges in Gases’ 
(1927). 

t ‘ Roy. Soc. Proo.,’ A, vol. 119, p. 336 (1928). 



512 


J. S. Townsend. 


Atkinson the method we have adopted for finding the average loss of energy 
of electrons in collisions is obscure; in argon and helium losses of energy 
have been foimd which are about half a certain theoretical value, and he 
concludes that “ The exact cause of the error need not be inquired into here, 
but the fact that such a serious error has been overlooked cannot but create a 
suspicion that in more obscure cases also, such as the calculations of the mean 
free paths, agitation energies, and so on, equally essential considerations have 
been omitted.” 

Also according to Atkinson there appears no way at all of accounting for 
an average loss of energy which is smaller than 2 m/M, m being the mass of the 
electron and M that of tho atom. 

This statement and others of a similar nature reveal the fact that in the 
method of investigation adopted by Atkinson, as in that of Hertz,* no account 
is taken of tho motion of agitation of the gas in finding the loss of energy m 
the simplest cases where the molecules or atoms of the gas are supposed to be 
perfectly elastic spheres. The constant 2m/M is tho mean value of the pro¬ 
portion of the energy of an electron lost in a collision when the spheres are at 
rest This constant is thus obtained on the supposition that there are no 
collisions in which electrons gain energy and the maximum loss of energy in a 
collision is 4 mE/M, E being the energy of the electron. 

3. An elementary calculation shows that if the kinetic energy E of an eleotron 
were about the same as tho energy acquired under the action of one volt, it 
would gam energy in amounts of the order 60 mE/M in some collisions with 
atoms of helium at 15° C , and in amounts of the order 200 mE/M in collisions 
with atoms of argon if tho atoms wpro perfectly elastio spheros. It is plain 
from tho outset that it is nocessary to investigate very carefully to what extent 
those gams are balanced by losses. This problem was first solved by Pidduok 
for the case of steady motion of electrons m a uniform electric field. The 
formula) which he gives lead to very interesting conclusions, but the results 
of some of tho experiments may bo explained by considering the well-known 
properties of mixtures of two gases. 

An example occurs m the case of helium where large changes have been 
found m the proportion of the energy of an electron which is lost m the collisions 
with atoms. The results obtained with this gas have not been overlooked, 
but no particular attention has been drawn to them, as they may be explained 
in a very simple manner which has occurred to physicists who are familiar 
with the ordinary dynamical theory of gases. 

• ‘ Verh. D. Phys. Ges.,’ vol. 19, p. 368 (1917). 
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When electrons move in a gas with kinetic energy which is large compared 
with the energy of agitation of the gas, they lose more energy than they 
gain in the collisions with molecules. In the average of a largo number of 
collisions the proportion of the energy of an electron which is lost in a collision 
diminishes with the energy of agitation of the electron, and when there is no 
electno force acting on the electrons, they continue to lose energy until thermal 
equilibrium is established When equilibrium is attained the average loss 
of energy of an electron in collisions with molecules is zero, as the losses of 
energy in some collisions are balanced by the gains in others. It is quite 
plain that the proportion of the energy of an electron which is lost in a 
collision is not constant, and the average loss diminishes as the kinetic 
energy of the electron approaches the mean energy of agitation of the 
moleoules of the gas, when the molecules are taken as being perfectly elastic 
spheres. This is shown by the results of the experiments with helium which 
are given below in section 8. 

4. The investigations of the motion of electrons which have been made in the 
Electrical Laboratory, Oxford, are not more obscure than the ordinary investi¬ 
gations in the kinetic theory of gases. The experimental part of the work 
consists in finding the mean velocity of agitation U of the electrons and the 
velocity W in the direction of the electric force Z, by methods which do not 
involve a previous knowledge of the mean froe path. 

The principle of the method of finding U is described in the explanation 
which was given of the first experiments* on the lateral diffusion of a stream 
of ionB in tho corpuscular state (i.e., electrons), The experiments showed that 
“ The velocity of translation! of the ions increases under tho electric force, 
and when collisions with molecules occur they do not in general lose all the 
energy they acquire but continue to move m all directions with increased 
energy after several collisions.” When the stream has traversed a distance of 
a few centimetres in the direction of the electric force a steady state of motion 
is attained in which the mean velocity of agitation remains constant while the 
stream continues to move in the direction of the electric force. In this stage 
of the motion the average loss of energy of an electron in a collision is equal to 
the average gain in moving between two consecutivo collisions under the 
electric force, but this loss is small compared with the average kinetic energy 
of the electrons. Maxwell’s equations of motion for the interdiffusion of 

* ‘ Roy. Soo. Proo.,’ A, vol. 81, p. 404 (1908). 

f The term “ velooity of agitation ” was subsequently used for “ velocity of 
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gases may be applied to electrons in a steady state of motion, and the mean 
velocity of agitation U may be found from determinations of the lateral 
diffusion of a stream of electrons moving in a uniform electric field. 

What is actually found is the coefficient k which gives the ratio of the mean 
energy of agitation (mU*/2) of an electron to the mean energy of agitation 
(M Q*/2) of a molecule of a gas at 15° C Thus the velocity U is 1 • 15 x 10 7 y/k 
cm. per second. 

Several experiments* were made to find the values of k for different gases, 
and to determine the form of apparatus which could be used to obtain accurate 
measurements of the velocities U and W since no reliable estimate of the pro¬ 
portion of energy lost in a collision, or of the coefficient of elasticity, can be 
made without finding W as well as U These were the first experiments which 
showed definitely that electrons moving with small velocities lose only a small 
proportion of their energy in collisions with molecules. It is noticeable that 
Atkinson following the example of Franck and Hertz, does not refer to them. 

5. The first complete sets of experiments! in which both W and U were 
determined with the same electric forces and gas pressures, were made with 
air at low pressures. 

In order to determine what values may be attributed to the dimensions of 
molecules, the coefficients of elasticity, the proportion of the energy of an 
electron which is lost in a collision, or the mean freo path of an electron, it is 
necessary to dofine a collision. This involves some hypothesis with regard 
to the law of force between an electron and a molecule, but there is no o prion 
reason for supposing that a hypothesis which is adopted with a view to 
simplifying mathematical calculations will lead to results that agree with any 
theory of molecular structure. 

It may be supposed that collisions between electrons and molecules are of 
the same nature os those which would occur lietween small particles and 
elastic spheres. On this hypothesis a formula is obtained connecting the mean 
free path with the velocities W and U which is of the form, 

W=- X - X ^ X 0-813, (1) 

pm U 

where p is the pressure of the gas in millimetres, and L the mean free path 

♦ ‘ Roy. Sop TW.,’ A, vol. 85. p. 25 (1910); Haselfoot, 1 Roy. Soc. Proc A, vol. 82, 
p 18 (1909), and vol. 87, p. 350 (1912); Townsend and Tizard, ‘Kov. Soc. Proo.,’ A, 
vol. 87, p 357 (1912). 

t Townsend and Tizard, ‘ Roy. Soc. Proc ,' A, vol 88, p. 330 (1913). 
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of an electron in the gas at 1 mm. pressure when the electrons arc moving 
with the velocity U. 

The exact value of the numerical coefficient depends on the distribution of 
the velocities of agitation about the mean, but as far as this discussion is 
concerned it is unnecessary to consider the degree of accuracy of the numerical 
coefficients which occur in the forraulte. The approximate values which have 
been found for the coefficients may be taken in order to indicate the mam 
features of the experimental results. 

Since W and U arc functions of Z jp, the above formula may be examined 
by substituting the values of the velocities which are found experimentally. 
With air the formula was found to be nearly correct for certain values of Z/p 
when L is taken as the mean free path obtained from the coefficient of viscosity 
(L = 0-032 cm). But for other values of Z/p there was a discrepancy which 
could not be attributed to experimental error. The value of L required to 
satisfy the formula diminishes as U increases. It was concluded* that “ The 
nature of the collisions between electrons and moleculeB may not resemble 
the collisions between elastic spheres to the same extent for different values 
of U ” 

From the values of k and W obtained experimentally, Pidduckf found the 
coefficient of elasticity for collisions between electrons and molecules of air. 
His results are the first quantitative estimate of the degree of elasticity in 
collisions of electrons with molecules of a gas. The following are some of the 
numbers which he obtained :— 


k | 19 | 21 | M 

/ I 0 9903 I 0 908S I 0-09 


where f (1 + e), e being the coefficient of restitution. The following 
relation between k and W was obtained for perfectly elastic collisions : 

k — 1 — 1*2 X W 1 / il 2 approximately, (2) 

which gives for the ratio of WyU 2 

it- ” Ti (' ~ i 1 * s (3> 

* Townsend and Tliard, loc. cit. (1013). 

t 1 Boy. Soc, Proo.,’ A, vol. 88, p. 290 (1913), and ‘ Proo. Lond Math. Soo vol. 15, 
p. 89 (1916). 

VOL. CXX.—A. 2 o 
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Thus in air when the energy of agitation of the electrons is equal 
to the energy corresponding to 2 volts [A = 64], tho coefficient of elasticity 
f is about 1 per cent, less than unity, which is tho value for perfect 
elasticity. 

For many years these experiments were viewed with suspicion. The idea 
that the mean free path of an electron should increase as the velocity diminishes 
was considered to be a physical impossibility, and even up to the present many 
physicists believe that electrons lose most of their energy m collisions with 
molecules of oxygen, and that in air the coefficient of elasticity cannot be near 
the value corresponding to perfect elasticity. 

6. The average loss of energy in a collision may be found by dividing the 
energy Z . e . z . gamed by an electron in moving a distance z in the direction 
of the electric force, by the number of collisions which it makes with molecules 
In estimating the, number of collisions [Uz/Wf] it is assumed that for each 
value of U there is a certain molecular radius such that the mean free path l 
is the same as the value of L Ip obtained from equation (1). 

This means that although the radius of the sphere changes with U the loss 
of energy and the change in the direction of motion of an electron in a colhsion 
are assumed to have reference to the same sphere 

With this specification of a collision the average loss of energy in a collision 
is 1 ■ 23 x w»W*, and the proportion X of the energy of an electron lost in a 
collision is X — 2-4G W z /U* 

One of tho advantages of estimating the loss of energy of an electron in a 
collision by this method, where Jj and \V refer to a stream in steady motion 
under the action of an electric force, is that all the electrons are kept moving 
w ith an energy of agitation which is very near the mean value. Equation (1) 
shows that if the value of U for anv group of electrons diminishes below the 
mean value the velocity W increases The rate at which the electrons in this 
group gain energy in moving in the direction of the force is thus increased, 
and the energy of agitation is brought back to the mean value. A similar 
effect operates m checking any tendency of an increase in U above the mean 
equilibrium value. This feature of the motion is accentuated when the 
mean free path L increases as U diminishes, Bince a further increase in W 
is thereby obtained when the velocity of agitation drops below tho mean 
value. 

In the calculations of the average loss of energy in collisions with perfectly 
elastic spheres the spheres aro also supposed to be perfectly smooth, and it is 
assumed that there is no force perpendicular to tho line joining the centre of 



Motion of Electrons in Gases. 


517 


the sphere and the electron. Tn this case the ratio W*/L T2 is given approxi¬ 
mately by equation (3), so that if the molecules were perfectly smooth elastic 
spheres the value of X should be X = 2 tn (k — 1)/M& approximately. 

7. It would be difficult to obtain any such results, on ordinary dynamical 
principles, with an atomic model m which electrons move with high velocities 
in orbits round a nucleus. The average loss or gam of energy of anothei 
electron when it collides with this atom would depend on the kinetic energy 
of the electrons m the atom. Thus when electrons and atoms of the gas are 
in thermal equilibrium the energy of agitation of the electrons would be much 
greater than that of the atoms, and it would be impossible to account for the 
small values of k obtained in the experiments where the electrons move under 
an electric force. 

In argon,* and to a lesser extent in helium, the values of k are, in some cases, 
above the exact value corresponding to perfectly elastic spheres, which may be 
taken as being due to some motion in the atom which has a very small effect 
on the transference of energy in a collision with an electron, but it is impossible 
to arrive at a very definite conclusion on this point owing to the probable 
error in the determination of k 

8. The values obtained experimentally for the coefficient of elasticity, and 
the 1ob8 of energy of electrons in collisions with atoms of monatomic gases, are 
nearly the same as tho calculated values for smooth elastic spheres The 
experiments are therefore m general agreement with the hypothesis of an 
atomic structure which is spherically symmetrical, and may harmonise with 
Schrocdinger’s conception of an atom. 

The agreement is very remarkable m the case of helium as tho expenmentsf 
extend over a large range of values of k. In the following table the loss of 
energy X (2-46 W a /U s ) obtained experimentally for different values of k is 
given in the third line, and the loss calculated from the formula for elastic 
spheres in the fourth line. The experimental error in measuring W was 
about 3 per cent., and a similar error mav occur m the measurement of k, 
so that the experimental error in X = 2-4(1 W*/lr may bo as much as 8 or 
10 per cent.| 


* ‘ J. Franklin Inst.,’ vol. 200, p. 563 (1025). 
t Townsend and Bailey, * Phil. Mug vol. 46, p. 657 (1023). 

t With the smaller valuos of z/p, the etror in the experiments with argon is gieatci 
than in those with helium. 
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Helium. 


k 

A X 10 4 


I 0 013 
1-77 
1 3 
1 10 


0 05 
3 08 
2-3 
i-w 


0 20 1 0 

1) 3 53 0 

2 55 2 4 

2 48 2-08 


15 
790 
2 fl 
2-7 


2-5 
124 0 
3 4 
2 >72 


5-0 

172-0 

0-8 

2-73 


Thus there is a good agreement between the results of the experiments and 
the theoretical value of the loss of energy, for values of Z/p from 0-013 to 1 - 5 
and values of it from 1 • 77 to 79. 

For larger values of Z Ip, X is much greater than the theoretical values, 
which is due to large losses of pncrgy in some collisions. With these values of 
Z Ip ionisation by collision begins to be appreciable. The coefficient of 
ionisation a/p is 0-02 for Z jp = 2-5 and O H for Z Ip = 5-0. 

9. It is possible that Atkinson may have found some ground for his suspicion 
of our methods in a paper by Compton,* quoted by him. Compton treated 
the relation of k and W theoretically, and arrived at results which he considered 
to be essentially different from ours. Ho wrote e 12 for the molecular kinetic 
energy which we have called Q*, eU for the energy of agitation }JfeM ft 1 , 
and his W 1 bears to our W* a ratio 0-666MTJ/e. He found an equation, 
equation (33) of his paper, which when squared becomes, in our notation, 

k(k — 1) = 0-666 W*/e . 2ek/ ft 1 , 
or 

it - 1=1-33 W*/0* (4) 

which is nearly the Bamc as equation (2). The factor 1-33 is a little higher 
than the most probable value for elastic spheres, but this is unimportant since 
Compton himself described his calculations as approximate. What is sur¬ 
prising, is that Compton did not realise the close relation of his formula to 
those that had been published before, but drew attention to a difference of 
analytical form which does not, in fact, exist. Compton wrote down another 
equation, equation (34) of his paper, which when squared differs from his 
equation (33) by having (k — 1)* in place of k(k — 1), and is therefore in our 
notation 

(k — l)*/& = 1 • 33 W/12*, (5) 

which does not appear to be correct. 

10. In a paper on the transfer of energy in collisions between electrons and 
molecules I criticised some statements made by Jeans and Bloch in connection 

* K. T. Compton, ‘ Phy*. R«v.,’ vol. 22, p. 333 (1323). 
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with an application of the Quantum Theory to electrical phenomena. Accord¬ 
ing to Atkinson my objection is based on misapprehension as to the exact 
claims of the Quantum Theory, and he endeavours to show that no misunder¬ 
standing should arise from the statements made by Franck and Hertz. The 
following are examples of statements to which I made two objections. 

Referring to the experiments made by Franck and Hertz, Jeans states, 
“ Electrons were projected with ever-increasing velocity into a mass of mercury 
vapour. At first it was found that the electrons rebounded from the mercury 
atoms without any loss of energy whatever, precisely as though the mercury 
atoms were perfectly elastic spheres,”* and according to Bloch, “ La discussion 
des r&iultats de Franck et Hertz conduit h. la conclusion que, dans Thulium 
pour les voltages infcrieures k uno dizaine de volts, tons les chocs sont parfaite- 
ment dlastiques Ja perte d'6nergie accompagnant la reflection eat absolument 
n6gligeable.” 

My first objection was that in a perfectly elastic collision with a molecule 
supposed to be at rest an electron loses a small proportion of its energy which 
is not absolutely negligible 

My second objection was to the effect that the experimental evidence on 
which the statements are based is not convincing. 

The authors must have considered that their statements represented the 
general truth of the theory they advocated, but evidently they did not realise 
that in the accounts that Franck and Hertz have given of their work the phrase 
“ collisions without loss of energy ” referred to experiments which claimed to 
Bhow with an accuracy then estimated at from 1 /3rd to l/10th of a volt that 
at low potentials “ no loss ” occurred on reflection Atkinson also points out 
that “ the loss involved in an clastic collision, however, is of the order of 
1/1000 volt, so that it is immediately evident that these experiments were 
concerned only with possible inelastic losses.” 

11. In 1917, Hertz (lor ext.) gave a theoretical estimate of the loea of energy 
of electrons in the experimentf with helium at 1-3 mm. pressure where the 
electrons moved from a filament to a grid with a potential difference of 18 volts. 
The electrons collide with a large number of electrons in which they lose energy 
so that on reaching the grid their kinetic energy V expressed in volts was Icbs 
than 18. In order to determine V a plate electrode was fixed near the grid 
opposite the filament in the ordinary manner, and the potential difference P 
between the plate and the grid was adjusted so that after passing through the 

* Jeans, ‘ Report on Radiation and the Quantum Theory,’ second edition, p. 48 (1024). 

t Franck and Herts, ‘ Verh. D. Phya. Gee.,’ rol. 16, p. 930 (1913). 
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grid the electrons moved in a retarding field towards the plate and a small 
proportion of the total number reach the plate. The current » to the plate 
diminishes as P increases and the curve representing i in terms of P shows that 
the current i is nearly zero at the point where P is 17 volts. If the potentials 
arc measured to an accuracy of 1 /5th of a volt the experimental error in deter¬ 
mining the loss of energy in the collisions (18 — V) is about 20 per cent. 

In the theoretical investigation an expression is obtained for the current i 
in terms of P assuming a certain angular distribution in the direction of motion 
of the electrons as they pass through the grid, the kinetic cnorgy of each electron 
being V. For values of P corresponding to tho smaller currents the equation 
connecting i and P is of the form 

»»i(i-VTO 

The agreement of tbs formula with the experimental result^ shows that a 
suitable angular distribution of velocity was assumed. As far as V iB concerned 
the equation only shows that the constant V is the value of P at which » = 0. 
But the corresponding point on tho experimental curve is not determined 
accurately owing to the fact that all the electrons have not the same energy 
when they arrive at the grid. 

Having thus found the total loss of energy (18 — V), the loss in one collision 
is found by equating the potential (18 — V) to an estimated value of the total 
loss of energy of an electron in all the collisions it makes with atoms in passing 
through the accelerating field. Tbs estimate involves a previous knowledge 
of the mean free path of an electron. The proportion of the energy of an 
electron lost in collision with an atom of helium was thus found to be 
2-7 X 10 -4 which agrees with the number 2-73 X 10~ 4 =» 2m/M). 
According to Atkinson this investigation proves that “at all actual 
(not average) energies below about 20 volts in helium the collisions were 
strictly elastic.” 

If tho problem be examined carefully it will be found that, apart from the 
difficulty of finding the total loss of energy (18 — V) from the experiments, 
this method of finding the average loss of energy in a collision is very un¬ 
reliable. In fact the experiments would have been more in agreement with 
the theory of perfect elasticity, if the proportion of energy lost in a collision 
had been found to be less than 1 - 3 X 10 -4 , instead of 2>7 X 10 -4 . 

In the theoretical investigation Hertz assumes that the total loss of energy 
of all electrons in collisions with atoms is the same (18 — Y). Tbs might be 
assumed to be sufficiently accurate for a first approximation if the atoms were 
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perfectly elastic spheres at rest, as in this case the maximum loss of energy 
in a collision is 4wE/M, which is only twice the average loss. But if the motion 
of the atoms be taken into consideration it is found that there ore such large 
differences in the amounts of energy passmg between electrons and atoms that 
all the electrons have not last the same amount of energy in collisions while 
passing from the grid to the filament. 

Even if each electron collided with tho same number of atomB (Bay 200), 
a considerable proportion of them would arrivo at the grid having lost on an 
average the amount mE/M instead of 2 mE/M in a collision. Since tho small 
currents received by the plate are due to the electrons which have the largest 
energies in passing through the grid, the loss to bo expected from these 
experiments, assuming the collisions to be perfectly elastic, should be as low 
as mE/M. 

12. The interchange of energy in collisions depends on the ratio of tho 
kinetic energy mU*/2 of tho electrons to the energy of agitation M il a /2 of the 
gas. In Franck and Ilertz’s experiments the temperature of the gas may be 
taken at about 70° C., since tho gas is heated by the filament. Also the 
principal losses of energy occur with tho large values of U so that the average 
kinetic energy of the electrons may be taken as about 15 volts, when they lose 
energy in collisions. 

The interchange of energy may therefore be considered for the case in which 
mU* — 320M fl*. 

In the collisions with atoms moving with tho velocity i2 in the same direction 
as U the maximum loss of energy of an electron is 23mE/M, and the maximum 
gain of energy when tho atoms move in the opposite direction is 15mE/M. 

It is difficult to find an average effect taken over all kinds of collisions, but 
for the purpose of an approximate estimate it may be supposed that in all 
collisions the electrons either lose energy in the amounts lOmE/M or gain 
energy in the amounts 6mE/M,and that these two types of collision are equally 
probable. 

The case of a stream comprising a largo number 8N electrons may be con¬ 
sidered. After each electron has made GO collisions the average loss of energy 
in a group of 4N is 70mE/M, and in the remainder the average loss is 170mK/M. 
Thus after 180 collisions there would be one group of N electrons in which the 
average loss is 210roE/M and another group of N in which the average loss is 
510mE/M. 

This constitutes a cause of inequality in the energy V of the electrons arriving 
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at the grid, which must be considered in any theoretical explanation of the 
experimental results obtained with a retarding potential. 

13. Atkinson suggests that the purpose of the experiments made by Franck 
and Herts in 1913 was to disprove a part of the hypothesis which I adopted* in 
explaining the action of electrons moving under a large electric force. 

In this case the electrons lose a large proportion of their energy m collisions 
in which molecules are ionised, and in some other collisions also. 

The following [three statements] contain the version of this Theory given by 
Franck and Hertxf • 

(1) The mean free path of electrons moving in the gas is given by the kinetic 
theory. 

(2) Electrons lose all their energy at every impact with gas molecules. 

(3) Ionisation by collision occurs when the energy of the impacting electron 
exceeds a definite value. 

It cannot be considered that it was necessary to make experiments in 1913 to 
disprove the idea conveyed in the statements (1) and (2) as several experiments^ 
had been made from 1908 to 1913 which showed that with the smaller velocities 
the energy of the electrons is not lost in collisions. Also the statements (1) 
and (2) never formed part of the theory referred to. The following statement 
explaining the action of negative ions (electrons) was given in my book on 
‘ Ionisation by Collision,’ p. 28 (1910) 

“ It has been assumed that one effect of a collision is to reduce the velocity 
of the ion to a relatively small value, an assumption which seems reasonable 
when the velocities are so large that the ions tend to produce changes in the 
molecules by impact. In these cases a large proportion of the energy of an 
ion would be absorbed by the molecule, so that after the collision the ion would 
begin to move under the electric force with a small velocity. But when the 
velocities on impact are much below that which is required to ionise the molecule 
there is no reason for supposing that a large proportion of the kinetic energy 
of the ion is lost on collision ; it may thus acquire the critical velocity more 
frequently than is shown by the calculations for the smaller forces.” 

In this theory N represents the number of collisions in which the electron loses 
a large proportion of its energy while moving through a distance of 1 cm. in the 
direction of the clectnc force, when the gas is at I mm. pressure. In a certain 

* ‘ Theory of Ionisation by Collision ’ (1910). 

f Franck and Hertz, ‘ Phys. Z.,’ vol. 17, p. 411 (1910); Hertz, ‘ Verb. D. Phys. Oes.,’ 
toI. 19, p. 268 (1917). 

X Townsend, HueUoot, Tizard, £oe. eU. 
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number a of these collisions, depending on the electric force the molecules are 
ionised. 

It was pointed out that 1 /N is not the mean free path of the electron obtained 
from the kinetic theory of viscosity. The value of N given for air at 1 mm 
pressure was 14*6, so that 1/N = 0-07 cm., whereas the mean free path 
obtained by the kinetic theory is 0-032 cm. A table of figures was given 
from which it may be seen that 1/N is more than double the mean free paths 
obtained by the kinetic theory for different gases 

This theory contains the principles on which it is possible to obtain a rational 
explanation of the phenomena which occur when the electric force is increased 
and ionisation by collision is obtained It explains ionisation by collision 
and accounts for large losses of energy m other collisions (N — a) where changes 
in the molecules are produced by the impacts of electrons, as are required in 
order to dissociate molecules of diatomic gases or excite radiation. The total 
number of collisions as estimated by the kinetic theory is much larger than N, 
and in all these (excepting the number N) the loss of energy of an electron is 
small. 


Researches on the Chemistry of Coal. Part V .—The Maturing of 
Goal considered from the Standpoint of its Benzene-Pressure- 
Extraction. 

By Wiujam A. Bonk, D.Sc., F.R.S, Laurence Horton, PhD., and 
Louis J. Tei, B.Sc. 

(Received July 4, 1928) 

Introduction 

In Part III of this senes* it was shown that on extraction with benzene 
under “soxhlet” conditions, at pressures between about 18 and 48 atmospheres 
(corresponding with temperatures between 240° and 285° C.), the coal substance 
of some typical coking bituminous and non-cokmg sub-bituminousf coals 
yielded between about 5 and 12 per cent, of its weight of an extract which, on 

* ‘ Roy. Soc. Proc.,’ A, vol. 106, p. 608 (1924). 

t It should be understood that the term “ sub-bituminous ” in this and previous papers 
wfars to ooals of maturity intermediate between bituminous coals and lignites proper. 
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treatment, successively, with light petroleum and ethyl alcohol, could be frac¬ 
tionated into four portions, as follows:— 

Concentrated Benzene Solution of Crude Extract 

Poured into Light Petroleum 

A__ 4__B 

Soluble Insoluble 

I i 

Light Petroleum free from Benzene Ethyl Alcohol 

I i I i 

Soluble Insoluble Soluble Insoluble 

Fraction I Fraction II Fraction III Fraction IV 

Fraction I consisted of neutral, yellowish-brown, non-nitrogenous, viscous 
oils or vaselme-like substances containing 

C — 83-3 to 89*7, H = 8-1 to 10*8, 0 = 2-3 to 5-5 percent. 

Fraction II was a reddish-brown solid, softening about 25° C,, and more 
difficult to characterise than the others. 

Fraction Ill consisted of reddish-brown brittle “ resinous ” substances, 
weakly acidic, softening about 60° C., substantially free from nitrogen and 
sulphur, containing 

C = 76-25 to 86-6, H = 6-6 to 7-8, 0 = 8-8 to 1G-5 per cent. 

Fraction IV was a neutral, amorphous, cinnamon-brown, nitrogenous, 
“ humic ” powder, softening between 185° and 230° C., and containing 

C = 79-9 to 88-5, H = 5-4 to 7-7, N = 0-8 to 1-5, 8 = nil to 0-9, and 
O — 3-60 to 9-2B per cent. 

It was also found that (i) whereas the first and second of these four fractions 
were quite devoid of “ binding ” qualities (when suitably heated in intimate 
admixture with powdered coke), and had no influence upon the coking pro¬ 
pensities of coals, the third and fourth possessed them m a high degree, and (ii) 
provided that the last named exceeded about 2 per cent., below which limit 
the coals were non-coking, the coking propensities of coals could be approxi¬ 
mately correlated with their yields of Fraction IV. 

Other notable features of the investigation were that (1) in each case the 
pressure-extraction process had a definite “ end-point,” the extracted 
" residues ” always being quite devoid of coking properties; (2) the oxygen- 
content of each of the four fractions diminished, and its carbon-content 
correspondingly increased, with the maturity of the coal substance; and (3) 
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typical non-ookmg “ semi-bituminous ” coals, yielding between 10 and 18 
per cent, of “volatiles” at 900° C., gave but little (0*5 to 1*25 per cent, 
only) crude extract, a circumstance which could be ascribed to the seam from 
which these coals were obtained having been subjected to the influence of 
“ igneous intrusion ” subsequent to their formation, whereby the benzene- 
extractable substances had been in greater part expelled from them. 

It was also found that the immature brown coal occurring in the uppermost 
bed of the famous Morwell Deposit in the Gippsland Region of the State of 
Victoria in Australia yielded as much as 15 per cent, of crude extract. And 
while this extract in part comprised substances analogous to those constituting 
Fractions I and 11 from the much maturer “ sub-bituminous ” and bituminous 
coals, it also contained, instead of Fractions TIT and IV, a considerable quantity 
of alkali-soluble acidic and phenolic bodies as well as resene-like esters. 

Altogether, a considerable body of weighty evidence was forthcoming of 
these benzene-extractable substances having played an important role in the 
maturing of the coal substance, especially in regard to the development of 
coking propensities; and it seemed desirable to continue their investigation, 
especially in regard to their occurrence m immature brown coals and lignites, 
with a view to tracing back (if possible) their origin in brown coals and the 
early stages of their subsequent development in lignites. 

Fortunately in 1924 one of us (W. A. B.) had the opportunity, whilst visiting 
Canada with the British Assciation, of seeing something of the important 
cretaceous Western Canadian Coalfield, which, stretching from the province 
of Saskatchewan in the east, through Alberta, to the Rockies in the west, shows 
in general a gradual maturing of the coals in an east to west direction; and, 
• thanks to the co-operation of Drs. Charles Camsell, D. B. Dowling and R. E. 
Gilmore of the Canadian Department of Mines, he was afterwards supplied 
with properly-taken composite samples of typical coals from various parts of 
the field. Also, on representing the scientific importance of the matter to the 
Fuel Research Board, grants were placed at his disposal for maintaining a 
group of research assistants for its systematic investigation, which has been 
proceeding continuously since the beginning of 1925. The present paper 
embodies its principal results up to date. 

An Experimental Examination of some Recent Criticisms. 

Whilst the investigation was proceeding, however, the benzene pressure- 
extraction process has been the subject of certain criticisms which it will now 
be convenient to deal with in the light of our further experience. 
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(1) It has been asked, for example, how can there be any assurance of the 
substances comprising the “ crude extract ” having been originally present 
as such in the coal substance, seeing that during the benzene-pressure-extraction 
it is necessarily subjected to temperatures between 240° and 285° C. ? 
Dr. H. 6. Colman put the point to us quite clearly and fairly in the course of 
a discussion on the subject about a year after the appearance of our previous 
paper; he said that, whilst agreeing that the use of benzene is much preferable 
to that of pyridine as a “ solvent ” m the investigation of the coal substance, 
he was “ not yet altogether convinced that even with benzene a partial resolu¬ 
tion of the complex molecules did not take place at temperatures of 200° or 
over. In that case the benzene extract would not consist entirely of sub¬ 
stances originally present in the coal, but would contain, perhaps in large 
proportion, less complex substances formed by the early action of heat upon 
some of the original coal substance ”* 

There are two experimental grounds on which the question thus raised may 
be answered decidedly in the negative. 

In the first place (as previously recorded), in extracting a great variety of 
bituminous coals in no case have we ever observed any gas evolution at all, 
and only in one or two cases could any sign of water-elimination from the 
coal substance be detected, and then only of the slightest. The same also has 
applied generally to the sub-bituminous coals and black lignites examined. 
Indeed, it has been only in cases of very immature brown coals or brown 
lignites, whose “ celluloaic ” constituents admittedly begin to undergo “ internal 
condensation ” with simultaneous elimination of water and carbon dioxide 
at temperatures below 250° C., that we have ever detected any sign of gas- 
evolution or marked water-elimination ; moreover, even in such cases, the 
implied “ internal condensation ” does not involve any breakdown of, or deep 
alteration in, the essential molecular structure of the coal substance. 

Secondly, at Dr. Colman’s suggestion, two typical bituminous coking coals— 
namely, (a) the South Wales hard-coking coal F. (yielding 22'6 per cent, of 
“ volatiles ” at 900° C. on the dry-ashless coal substance), referred to in our 
previous paper,f and (6) a rather weakly coking coal from the Shafton Seam 
of the Gnmthorpe Colliery near Barnsley (Yorks), yielding 35*5 per cent, of 
“ volatiles ” on the dry-ashless coal substance at 900° C.—have been examined 
experimentally in the following manner: Each coal was pulverised to a suitable 
degree, and then dned in a vacuum oven. Two equal portions of each were 

* ‘ J. Soc. Chem. Ind.,’ vol. 44, p. 299 (1925). 
t Ibid., p. 614. 
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then taken, one of which was immediately benzene-extracted in six successive 
stages at 18 to 55 atmospheres pressure, whilst the other was first of all main¬ 
tained at between 220° and 270° C. for 7 days in a current of nitrogen, and 
afterwards benzene-extracted in similar manner. 

In each ease it was found that, concurrently with a marked diminution m 
the coking propensities, the effect of such heat-treatment was rather to diminish 
than to increase the percentage of bcnzcnc-cxtract, as the following figures 
show:— 


Welsh hard colung 
ooalF. 

Shafton ooel 


It should be added that, in each case, careful ultimate analyses of corre¬ 
sponding fractions obtained from the coal before and after the heat-treatment 
referred to showed no material difference between their compositions. 
Therefore, whilst in each case the heat-treatment diminished the amounts both 
of the total extract and of Fractions III and IV obtained therefrom, it did 
not materially alter in any way tho chemical character of the several fractions. 
From this it may be reasonably inferred that the substances removed by 
benzene-pressure-extraction were not produced by thermal decomposition (in 
the sense of any real breakdown of the coal substance) but were pre-existent 
in it, either as such, or more probably in some loose molecular association 
with the coal complex. 

(2) The conclusion put forward in Part III of this senes that the nitrogenous 
“ humic ” bodies comprising our Fraction IV of the benzene-pressure-extract 
are “ mainly responsible for the coking propensities of bituminous coals ” 
has been questioned by F. Fischer and his colleagues of the Kaiser Wilhelm- 
Institut for Kohlenforschung m Mulheim-Ruhr. These investigators—who 
originated the method—extract coals with benzene at about the same 
pressure (55 atmospheres = 283° C.) as we employ, but for a shorter period; 
and whereas we divide our crude extract into four fractions, they divide them* 
into two only—characterising these as “ Oelbitumen ” and “ Festbitumen ” 


Percentage of total beniene- 
presiiu re-extract. 


From 

original 

coal. 


From coal after 7 
dayi heat-treatment 
at 240" to 270° C. 1 


original 


From coal after 7 
dayn heat-treatment. 
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respectively—according as they are soluble or otherwise in a mixture of three 
parts petroleum ether and one part of benzene. And while in general con* 
firming our experimental observations,* they consider that the “ coking ” pro¬ 
pensities of coals really reside in their “ Oelbitumen," although their “ swelling ” 
properties may be ascribed to their “ Festbitumon.” Also they have suggested 
that the proportion of “ Oelbitumen ’’ in a given coal increases with its 
maturity. 

It may here be recalled that m 1925 Messrs. J. D. Davis and D. A. Reynolds 
of the U.S. Bureau of Mines in Pittsburgh, Pa., reported that, having (i) 
first extracted Mesa Verda and Pittsburgh Coals by benzene at 285° C. under a 
pressure of 55 atmospheres, (ii) then resolved their crude extract into “ oils ” 
and “ solid ” fractions by means of petroleum-ether, according to Fischer’s 
method, and (in) subsequently tested their “ bitumens ” both on the extracted 
residues and on a coke, their results were “ in substantial agreement with those 
of Bone as opposed to those of Fischer," and that “ contrary to the findings of 
Fischer avd in agreement with those of Bone, the oily bitumen possessed little 
agglutinating power, whereas that of the solid bitumen was strong ."f 

In this connection, be it noted, we have never held that the coking 
propensities of coals can be wholly ascribed to the presence, or production in 
them, of the substances comprising our Fractions III and IV; on the contrary, 
in our previous paper we specially directed attention to the circumstance that 
on mixing the benzene-extracted coal-residues intimately with Fraction IV, in 
proportions corresponding with those found in the original coahi, nothing like 
the strongly coking propensities of the latter were reproduced ; from which it 
would seem “ as though some factor other than the mere intimate association of 
the chief coking constituents with the residues is required to develop fully the coking 
propensities of the coals"\ The matter is doubtless more complicated than 
would appear at first sight, and further patient investigation may be needed 
to dear up all its aspects. 

In comparing results obtained by Fischer’s procedure with those given by 
ours, it should be remembered that, whereas throughout his pressure-extraction 
the coal is kept in contact with the whole of the benzene-solvent plus 
extract, in ours the soxhlet principle is used, whereby contact between the 
* ‘ Brens toft 0 hemic,’ vol. 0, pp. 33 and 349 (1925), “ Wir haben nunmehr sowohi 
unsoro frUheren Versuohe wiederholt ala auch den von Bone beaohrittenen Weg nach- 
gearbeitet und konnten u nacre frUeren Angaben ebenso wio die Ang&ben von Bone beatt- 
tigon ” (ibid., p. 351). 
t ‘ Ind, Eng. Chem.,’ vol. 18, p. 838 (1920). 
t Ibid, p. 617. 
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extracted substance and the residual mass is avoided. And for this reason 
we consider our procedure preferable to his. 

Desirous of clearing up matters, we have recently made a comparison between 
our extraction method and his, using a strongly coking Durham coal from the 
“ Busty ” seam (volatiles at 900° C. = 25-5 per cent, of the dry-ashless coal 
substance*), and then resolving the crude extract into fractions by our method 
(in each case our Fraction I was further resolved into two portions I (a) and I (b), 
according as it was volatile in steam or not) with the following suggestive 
results:— 




Fraction 

Extraction method 

Total 

extract. 

I- 

II. 

III 

IV. 



(<*)• 

( 6 ). 

Fiaohcr 

Percent. 
12 44 

Per cent. 

1 27 

Per cent. 
2-90 

Per cent. 

1'63 

Per cent. 

0 04 

Per cont. 

6 40 

Bone 


1-33 

1-90 

3 03 

0 04 

9 24 


It would thus seem as though the extraction according to Fischer’s method 
was less complete than in ours, especially in regard to Fraction IV, although 
his method yielded more of Fraction I (b) than ours. Contrary to our former 
experience, we have also found that in the case ,of some (though by no means 
all) coking coals, our Fraction II (which would be contained in Fischer’s 
“ Oelbitumen ”) does contribute as well as Fractions III and IV to the binding 
properties. It therefore seems possible that the apparent differences between 
Fischer’s observations and ours may bo in part due to this seeming inconstancy 
in the properties of our Fraction II. Indeed, from the outset of our work, we 
have never regarded Fraction II as so clearly representing a distinct type of 
substance as do the other three of our fractions. This is a matter which will 
be again referred to later. 

With regard to Fraction I, however, we can only say that, having now 
examined a large number of different coals of all classes (black lignites, sub- 
bituminous, bituminous, etc.) covering a wide range of properties, we have 
never once found that it has per se any influence upon the coking propensities ; 
nor have we ever found it possible to correlate the two in any way. In this 

* The ultimate composition o( this coal substance was C — 87-75, H = 3 00, N *■ 1-55, 
8 ■« 0>75 and 0 (by dill.) 4-95 per cent. 
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conclusion we are supported by the observations of Mr. Harold Nielsen, who 
isolated a neutral oil of the same character and composition as our Fraction I 
from the oils resulting from his process for the low-temperature carbonisation 
of coals by direct contact with hot gases ; and ho confirmed our observations 
as to its non-binding propensities. 

(3) More recently C. Cockram and R. V. Wheeler have criticised our corre¬ 
lation of coking propensities with the yields of Fraction IV by our method on 
the grounds that this fraction is not homogeneous but can be resolved further 
into two parts, soluble and insoluble in ether respectively, each of which they 
regard as “resin “ or “resin-like,” notwithstanding their nitrogenous characters, 
high softening points, and other clearly non-resinous characteristics. Whilst 
it may be true that our Fraction IV is not entirely homogeneous—(indeed, it is 
hardly possible by any method yet proposed to resolve any coal “ extract " 
into a limited number of typical fractions each one of which shall be in all 
respects homogeneous)—we have found that such further resolution of Fraction 
IV by ether-treatment has no effect either upon the chemical composition or 
the binding properties of the soluble and insoluble portions respectively, as the 
following results obtained by resolving Fraction IV from the strongly coking 
Durham “ Busty ” coal will show. 


Fraction IV from Durham “ Busty ” Coking Coal. 


! 

(«)■ 

Ether-iolnble portion. 

Etber-iniolable portion. 


Per cent 

Per cent. 

C 

80 00 

87-68 

H 

8-70 

0 60 

N 

1-80 

1 00 

S 

0-76 

0-70 

0 (by diff.) 

610 

4-66 


100-00 

1 100 00 


Moreover, apart from the close similarity thus shown between the ultimate 
compositions of the ether-soluble and insoluble portions of Fraction IV, other 
evidence was forthcoming of their identity as regards chemical type, and they 
were indistinguishable as regards binding properties. We regard the difference 
between Fraction IV (o) and (b) as merely what might be expected in the case 
of a mixture of colloidal substances of the same chemical type but different 
molecular aggregations. From such standpoint the criticism referred to seems 
insubstantial. 
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The Extraction of MonoeU Brown Coal. 

We may appropriately commence the discussion of the main problem— 
namely, how the various typical substances comprised m the bcnzene-pressure- 
ertract from a bituminous coal have originated and been developed—by 
considering the character of those derived from the immature tertiary brown 
ooal occurring in the uppermost bed of the Morwcll Deposit in Victoria 
(Australia). 

The Raw Coal.— The sample of raw coal investigated contained rather more 
than 50 per cent, of water and about 4 per cent, of mineral matter, whilst 
the dry-ashless coal substance contained C = 64-9, II — 4-8, N and S = 0*8, 
and 0 = 29-5 per oent., and at 900° C. yielded 53-3 per cent of “ volatiles.” 
This composition is characteristic of an earthy brown coal in a very early 
Btage of development. 

Its Extraction. —Contrary to all our experience with the well-matured sub- 
bituminous and bituminous coals previously examined, during the benzene- 
pressure-extraction of the dried Morwell coal, at pressures between 40 and 48 
atmospheres (corresponding with temperatures between 250° and 280° C.), 
a small quantity of water, together with some gas containing 85 per cent, of 
carbon dioxide and 15 per cent, of carbon monoxide, was eliminated from the 
coal substance, whose “ cellulosic ” constituents had evidently undergone 
some “ internal condensation,” without breakdown of the prime molecular 
structure. 

Phenolic Constituents of the Crude Extract—It was immediately evident that 
the crude extract differed materially from any of those hitherto obtained 
from sub-bituminous or bituminous coals. Indeed, between 50 and 60 per 
cent, of it was phenolic in character and soluble in alkali. A detailed examina¬ 
tion of this alkali-soluble fraction resulted in the isolation of the following:— 

(i) Phenol —probably up to about 60 per cent, of the whole—identified by 

conversion into phenyl 3: 5 dinitrobenzoate melting at 146° C. 

(ii) p-Cresol —probably up to about 25 per cent, of the whole—identified 
by conversion into p-tolyl 3 : 5 dinitrobenzoate melting at 180° C. 

(iii) Catechol— in small amount—melting at 104° C., and further identified 
by conversion into its diphenylnrethane melting at 167° to 168° C. 

Other unidentified phenolic bodies were also present. 

Basic Constituents. —The crude benzene-extract also yielded basic substances, 
soluble in dilute hydrochloric acid, but in too small proportion to permit of 
their identification. 

vol. crxx.—A, 2 p 
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Neutral Oils .—After removal of the foregoing acidic and basic constituents, 
the remaining 40 per cent, of the crude benzene-extract consisted of a dark 
reddish-brown, neutral oil, resolvable into four different portions, as follows:— 

(i) A very small portion volatile in steam —consisting principally of the 
hydrocarbons diphenyl and mesitylene. 

(n) Saponifiable phenolic esters, in all about one-seventh of the total neutral 
oil. 

(iii) Dark brown, vaseline-like , non-nitrogenous substances, soluble in light 

petroleum, and containing C = 81-8, H = 9*7, andO = 8-5 (S in traces 
only) per cent. These substances constituted at least 60 per cent, of 
the total neutral oil, or (say) about 3-5 per cent, of the original dry- 
ashless coal Bubstance, and were in all essentials comparable with the 
Fraction I of the benzene-pressure-extract from sub-bituminous and 
bituminous coals. « 

(iv) A non-nitrogenous, amorphous, chocolate-brown powder, insoluble in 
light petroleum, and containing C = 73-2, H = 7-9, and 0 = 18'7 (S 
less than 0-2). This constituted about 25 per cent, of the total neutral 
portion of the crude benzene-pressure-extract, and in many respects 
resembled the Fraction II of the crude extracts obtained from sub- 
bituminous and bituminous coals. 

Summary .—Neglecting constituents present in small proportions only, 
the crude benzene-pressure-extract from this Morwell brown coal had thus 
been resolved into four principal fractions as follows 


Crude Extract = 15 per cent, of Original Coal Substance. 



I. 

Neutral 

oik 

roluble in 
light 

petroleum. 

II. 

Neutral 
amorphous, 
ohooolate- 
brown 
powder 
insoluble in 
light 

petroleum. 

m 

Phenolic 

esters. 

IV. 

Phenol*. 

Approximate percentage of 
original coal aubatanoe 

3-B 

1-6 

1-0 

90 


Character! resembling those 
of Fractions land II respec¬ 
tively from bituminous ooals. 

No resemblance to fractions 
from bituminous ooab. 
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The extraction of bo large a quantity of phenolic bodies from the coal sul>- 
stance of an immature brown coal is a remarkable circumstance. And the 
question naturally arose, were these bodies pre-existent as such in the original 
coal substance, or had they been produced from it by incipient thermal de¬ 
composition during the extraction process 1 Accordingly, experiments were 
earned out from whioh it was inferred that, although not present in the free 
state, these phenols were pre-existent in the coal substance in some loose 
“ molecular association,” rather than in firm chemical union, with the main 
coal-complex. So that, on fractionally extracting the dry coal substance 
with benzene under pressure in successive periods of about 2| hours each, the 
earlier fractions contained much larger proportions of phenols than did the 
later ones. 

Extraction of Coals from the Western Canadian Coalfield. 

The Canadian coals investigated m this connection comprised:— 

(i) A typical tertiary brown lignite from Estevan in Saskatchewan. 

(ii) A series of four black lignites or non-coking sub-bituminous coals of 
cretaceous origin from various places in Alberta. 

(iii) A non-coking semi-bituminous coal—also of cretaceous origin—from 
Canmore, Alberta. Their proximate and ultimate analyses are shown 
m Table I, where the ooals arc arranged in order of their maturities, 
beginning with the least mature of them. 


Table I.—Proximate and Ultimate Analyses of the Western Canadian Coals. 


Coal. 

Per cent, 
water m 

a* reoeivod. 

aah 

dry oo*l. 

Per cent. 

“ volatile*” 
at 000° C. 

uhkL' 

ooal. 

Ultimate oompoaition of 
j dry-aihlea* ooal. 

| C. H. 

N. 

8. 

o! 

1. BBtevan 

37 8 

7 60 

44 9 

67 75 4 3 

0 95 

0-6 

20-4 

2. Cardiff 

18 0 

11 7 

41 3 

71 2 4 3 

1-7 

on 

22 3 

8. Roao Deer 

1(1 0 

e o 

40 3 

72 6 4'2 

2-0 

0-0 

20-0 

4. Pembina 

15-2 

15 0 

38-1 

73'8 4-3 

1-4 

0 4 

20 1 

8. Harieoh . ^ 

fl-e 

8-8 

30-0 

76-0 4 3 

1-2 

0-5 

180 

6. Canmore 

i-0 

0-2 

14-1 

80 7 4-0 

1-4 

10 

8-9 


Further particulars about them are as follows:— 

(1) “ Estevan from the top 7-ft. seam of tertiary brown lignite with a 
25-ft. “ overburden ” of clay shale belonging to the Estevan Coal 
and Brick Company, S. Saskatchewan. 


2 P 2 
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(2) “ Cardiff,” from a seam near Edmonton just under the surface at the 
base of the Edmonton formation, a brackish water deposit 700 feet 
thick, at the top of the cretaceous. 

(3) “ Rose Deer," from a seam at Drumhcller of the same horizon as the 
“ Cardiff,” but having had a 400-ft. cover since late Miocene times. 

(4) “ Pembina” from a seam near Pcmbma, under a 100-ft. cover 
mostly of sandstones. 

(5) “ Harlech,” from a seam of horizon near that of “ Cardiff ” but, being 
nearer the mountains, the series of sediments enclosing the seams is 
much thicker, so that the “ overburden ” is much greater, and conse¬ 
quently tho coal is much more matured, than in the “ Cardiff ” seam. 

(0) “ Canmore,” from a seam in the lower cretaceouB formation which 
has passed through the stress of mountain building. In the Crow’s 
Nest Pass the coals are coking, but in the seam at Canmore tho coal 
is semi-bituminous. 

All the coals were comparatively loan as regards benzene-extractable 
constituents and absolutely devoid of coking properties. 

Extraction of the Estevan Broum Lignite—On extracting 425 grams of the 
dry coal with benzene in three stages at 17 to 50 atmospheres, small amounts 
of gas (CO, p» 80-4, CO = 11 -5, H, = 0-1, CH* = 0-8, N 2 = 6-5 per cent.) 
and water were eliminated during the first stage, but not thereafter, much 
as had been observed with the Morwell Brown Coal, and indicative of a similar 
“ internal condensation ” of part of the coal substance. Although the total 
amount of crude extract obtained when the “ end-point ” had been reached 
was only 4*5 per cent, of the dry-ashless coal substance (as compared with the 
15 per cent, yielded by the Morwell brown coal), the character and composition 
of the two extracts were practically the same, save that whereas the pro¬ 
portion of phenolic to neutral portions in tho oase of the Morwell coal was 
about 60/40, with Estevan coal it was as nearly as possible 50/50. 

Tho phenols isolated from the acidic portion of the Estevan extract (phenol, 
p-oresol, and catechol) were the same, and nearly in the same proportions, 
as in the Morwell extract (g.v.). The neutral portion likewisg comprised very 
similar substances—namely, diphenyl, mesitylene (volatile in steam), phenolic 
esters, and non-nitrogenous, non-volatile, neutral oils (partly soluble and partly 
insoluble in light petroleum) containing C — 83-14 to 84*10, H = 9*3to 
9-4, O = 7*5 to 0*4, but mere traces of sulphur—to those contained in the 
corresponding portion of the Morwell extract. And, save that the Estevan 
non-volatile oils contain much less oxygen, and correspondingly more carbon 
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and hydrogen, than the corresponding Morwell oils, the similarity of the two 
was very close. Both of the crude extracts likewise contained small amounts 
of basio substances. Altogether, then, the only difference between the two 
crude extracts lay in the less oxygenated character of the Estevan non-volatile 
neutral oil fraction, which is only what might be expected from the greater 
maturity of the Estevan coal. 

The following shows how the 4 • 5 per cent, (referred to the dry-ashleBs coal- 
subetance) yield of crude extract from the Estevan coal was distributed among 
the four principal fractions into which it had been resolved, namely:— 


I. 

n. 1 

HI. 

IV. 

Neutral oil* loluble 
m light 
petroleum. 

Neutral solids 
insoluble m 
light petroleum. 

Phenolic eetow 

Phenols. 

Percentage of cool substance. 

1-68 

0-30 

0 30 

2 25 


It is remarkable how closely, in nearly all respects, the extract obtained 
from this Canadian brown lignite resembled that obtained from the Australian 
brown coal; indeed, but for the yield in the latter case being more than three 
times greater than in the former, and for the less oxygenated character of the 
Estevan non-volatile neutral constituents, the difference between the two 
extraction-results was so small as to suggest a close similarity in the chemical 
aspects of the brown coal formation from the original vegetable debris in the 
two cases. It is our intention, in future work, to examine typical brown 
coals from other localities with-a view to finding whether or not the similarity 
referred to can be regarded as pertaining to brown coals generally. 

Extraction of the Black Lignites from Alberta. —Each of the four “ lignitio ” 
coals (“ Cardiff,” “ Rose Deer,” “ Pembina ” and “ Harlech ”)—ground so 
as to pass a 20- but to remain on a 40-mesh sieve—was first of all dried and then 
extracted with benzene under pressure in 400- to 500-gram batches, usually in 
two stages, namely, first for about 50 hours at 33 atmospheres pressure and 
then for another similar period at 40 to 48 atmospheres pressure, under 
“ soxhlet ” conditions in the special apparatus described in our previous paper 
(?.«.).* In each case a complete extraction was thus effected; moreover, it 
is important to note that in no case was there either any evolution of gas or sign 

• Ibtd., p. 610. 
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of water-elimination from the coal, a circumstance which may be regarded as 
rebutting any suggestion of decomposition (in the sense of breakdown) of the 
coal substance during the extraction process. The total extract so obtained 
varied in the different coals between 3‘10 and 4'30 per cent, of the dry coal 
substance. 

It was immediately evident, from subsequent examination of the crude 
extracts, that they differed from those obtained from either of the two brown 
coals (Morwell and Estevan) examined in being non-phenolic m character, 
and resembled more those obtained from sub-bituminous and bituminous 
coals. Indeed, it became clear that, while the amount of “ total ” extract 
obtained was not materially altered, the transition from the Estevan brown 
lignite to the Alberta black lignites had involved a profound change in at least 
the phenolic and phenolic-ester constituents (t.e., Fractions IV and III) of the 
former, causing their complete disappearance as such. 

Indeed, the benzene-extracts had acquired such a likeness to those normally 
obtainable from bituminous coals that not only could they bo resolved into 
four “ fractions ” by the same solvent treatment with light petroleum and 
ethyl alcohol as had been employed in the case of bituminous coals ( q.v .), but 
also the characters of resulting fractions resembled the corresponding fractions 
of a typical sub-bituminous or bituminous coal-extract. 

The results of the benzene-pressure-extraction of these four coals, and of the 
resolution of their respective “ crude extracts ” into four fractions by means 
of light petroleum-ether and ethyl alcohol (as outlined in the introduction 
hereof), as well as the ultimate composition of each of the four fractions so 
obtained, are detailed in Tables II and III. 

Table II.—Results of the Benzenc-Pressure-Extractions of the Western 


Canadian Coals expressed as Percentages on the Dry Coal Substance. 


Cod. 

Total 

extract. 

Fraotion. 


II. 

I- 

l IV ' 

1. Estevan 

4-0 

1 08 

0‘3 

0-3f 

2-28* 

2. Cardiff 

sia 

1-68 

MO 

0 38 

018 

3. Rose Deer 

3-88 

220 

0-70 

0-76 

0-20 

4. Pembina 

3-80 

160 

1-48 

0 60 

0-30 

5. Harlech 

4 30 

1-3 

1 3 

1-20 

0-60 

0. Canmorc 

1 -38 

1-2 

0-1 

0-02 

0 03 


t Phenolic ecten end * Phenol* not found in any of the other matnrar coni*. 




Table III.—Ultimate Compositions of the Fractions and Residues from the "Western Canadian Coals. 
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General description | Very dark brown powders. 
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Fraction I (the yield of which varied between 1-3 and 2-2 per cent, of the 
original dry coal substance) was in each case a semi-solid (or vaseline-like) 
non-volatile, dark red-brown, non-nitrogenous substance of neutral reaction 
with comparatively high oarbon and hydrogen, but low oxygen, contents, 
thus•— 

C = 81-8 to 84*85, H = 9*0 to 10*1, 0 = 6*15 to 8*45. 

Except for its greater oxygen content, this fraction closely resembled, both in 
ultimate composition and general character, the corresponding Fraction I 
obtained from sub-bituminous or bituminous coals. Indeed, the whole 
evidence of the investigation irresistibly compels us to the conclusion that 
these “ neutral oils ” are contained in coals of all ages and maturities from 
brown coals up to bituminous, as the following data regarding their ultimate 
compositions will (we think) sufficiently indicate:— 


Coal. 

Percentage compositions of non-nitrogenous 
neutral oils (Fraction 1). 

O. 

H. 

O. 

1. Morwt-11 brown coal 

2. Kg to van brown lignite 

3. Four Alberta black lignites 

4. Two aub-bituminoug coals 

5. Four bituminous coking coals 

81 8 

83 to 84 

81-7 to 84 46 
83-3 to 83 3 
87-9 to 89 0 

9-7 

0 3 to 9-4 

9 0 to 10-i 
101 to 10-8 
8-0 to 9-2 

8-5 

6 4 to 7-3 
016 to 8-46 

4 0 to 6 0 
2-3 to 3-2 


Another characteristic and constant feature of these neutral oils is that 
they arc quite devoid of “ binding power ” [e.g., when slowly heated up to 
900° C. in suitable intimate (10/90) admixture with either powdered coke or 
benzene-extracted coal "residues”] a circumstance which (inter did) confirms 
our conclusion that per se they have no direct influence upon the coking 
propensities of coals. 

Fraction II (the yield of which was between 0*7 and 1*45 per cent, of the 
dry coal substance) was always a chocolate-brown, amorphous solid and (except 
in one case) non-nitrogenous, or practically so. Its ultimate composition lay 
between the limits:— 

C = 77-0 to 80*0, H = 6*5 to 9*3, N = nil to 0*95, O = 12-25 to 13-6 
per cent. 

In many respects, including chemical composition, it resembled the Fraction 
II similarly obtained from sub-bituminous and bituminous coals; indeed, 
we think that, as is undoubtedly the case with Fraction I, the type of bodies 
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composing it persist through coals of all maturities, aa the following figures 
relating to ultimate composition indicate :— 


Coal. 

Percentage composition of Fraction II. 

c. | 

U. 

0 . 


Morwell brown coal 

Four Albert* black lignites 

Two sub-bituminoua coals 

Three bituminous coking coals 

73 2 

77 0 to 80 0 

78 8 to 82-7 

81 3 to 87 8* 

7-9 

6 5 to 9 3 

9 75 to 11-75 

0 25 to G-90 

18 7 

12-25 to 13-8 

8 0 to 8-5 

4 1 to 10-25 


* In two oat of these three coking coals C — 81 -3 to 82 8 and 0 = 8 S to 10 25. 


As will be seen later, the characterisation and interpretation of this fraction 
are, however, less clear and certain than with any of the others; thus, whereas 
in the two brown coals and three of the black lignitic coals, it was non-nitro- 
genous (or practically so), in the “ Harlech ” coal (as in most bituminous 
varieties hitherto examined) it contained nearly 1 per cent, of nitrogen. 

Fraction III was always a reddish-brown amorphous brittle substance of 
resinous appearance, and (save in one case) substantially non-nitrogenous. 
Its ultimate composition varied between the following limits .— 

C = 74-65 to 80-0, H = 5-6 to 6-35, 0 = 13-8 to 19-0 per cent. 

In nearly all respects (save greater oxygen- and smaller carbon-contents) 
this fraction resembled that of the corresponding Fraction III from bituminous 
coals , and, taken os a whole, the evidence of the investigation so far strongly 
supports the supposition that the type of substanoe comprising this fraction 
first appears during what may be termed the “ black lignitic ” stages of coal- 
formation, and persists (and in some cases even increases) during its later 
stages. 

Fraction IV, which was present in small proportion only, was composed of 
amorphous, chocolate-brown solids (sometimes containing up to 0*5 per cent, 
of nitrogen, sometimes none at all) which in most respects resembled the corre¬ 
sponding Fraction IV from Bemi-bituminous and bituminous coals. And 
there is little doubt in our minds that the two are generically connected. 

The question naturally arises as to what connection or significance (if any) 
there is between the disappearance of the phenolio esters and phenols found 
in the two brown coals and the appearance of these foregoing two fractions 
III and IV when the “ blaok-lignitic ” stage is reached; but at present we 




540 


W. A. Bone, L. Horton and L. J. Tei. 


can only direot attention to the circumstance, leaving the query to be 
answered after further knowedge has accrued. 

The Extraction of Canmore Semi-Bituminous Coal .—This non-coking semi- 
bituminous coal from the extreme western part of the W. Canadian Coalfield 
yielded only 1*35 per oent. of benxene-pressure-extract, which was almost 
entirely composed of the neutral oil Fraction I. Apparently, under “the 
stress of mountain building ” subsequent to the formation of the seam, the 
coal had lost nearly all the bodies contained in the Fractions II to IV found 
in the other Alberta coals, a circumstance whioh recalls our former observa¬ 
tions in regard to Welsh and Spanish semi-bituminous coals (q.v.).* 

Also, on steam distilling Fraction I, besides a trace of diphenyl (m.p. 69° C.), 
about a quarter of it passed over as a lemon-yellow, pleasantly odorous mobile 
oil, leaving a non-volatile, reddish-brown oil from which a trace of Bolid 
separated on long standing. In this respect the “Capmore” Fraction I, 
while differing from the corresponding fractions obtained from the four Alberta 
lignitic coals, behaved similarly to Fraction I from moBt of the bituminous 
coalB examined ; thus we obtained :— 



Percentage 
on dry- 
uhleee 
ooai. 

Ultimate composition. 

c. 

H. 

0 . 

Fraction I— 


Per oent. 

Per oent. 

Per oent. 

(a) Steam-volatile. 

0 33 

82-95 

8 40 

8-65 

(6) Non-volatile 

0 83 

80-45 

9-15 

4-40 


It will be observed how, save for a slightly higher oxygen content, the 
ultimate composition of the non-volatile Fraction I (6) fell within the limits 
already found for the non-volatile neutral oil Fraction I obtained from fully 
developed bituminous coals. These features of our results rather suggest 
some thermal resolution of the non-volatile neutral oils found in the brown 
coals and black lignites into (a) volatile and (6) non-volatile portions during 
the transition from the “ black lignite ” to the “ bituminous ” stage in the 
maturing process. 

The Extraction of Bituminous Coals. 

During the course of our further investigations, a number of bituminous 
coals, other than those previously examined, have been extracted with results 
generally confirming our former conclusions. We think it desirable, however, 
* Put m, toe. cit„ p. 617. 



Researches on Chemistry of Coal. 


541 


now to describe in some detail the results obtained with three of these newly 
examined bituminous coals, because of their special interest in relation to the 
matters now under discussion. These coals were as follows 

(1) Shafton Coal.—A weakly coking variety from a seam, not very far 
below the surface, in the Grimthorpe Colliery of the Carlton Main 
Colliery Company near Barnsley (Yorks). As received by us, it con¬ 
tained about 10 per cent, of moisture, the dry coal having 5*45 per cent, 
of ash. Its interest was that, while giving good yields of oils and a 
“ semi-coke ” of satisfactory quality, it swelled considerably between 
300° and 600°, and on carbonisation at 900° yielded a weak coke. The 
dry-ashless coal substance contained, 

C = 77*35, H = 4*95, N = 2*00, S = 2*00, and 0 = 13*7 per cent., 
and at 900° C. yielded 35*45 per cent, of “ volatiles.” 

(2) Busty Coal. —A typical Durham hard-coking coal from the “ Busty ” 
seam in Langley Park Colliery belonging to the Consett Iron Company 
(Co. Durham). The dry coal contained 3*45 per cent, of ash, while the 
dry-ashless coal substance contained, 

C = 87*75, H = 5*00, N = 1*55, S = 0*75, and 0 = 4-95 per cent., 
and at 900° C. yielded 25*5 per cent, of “ volatiles.” 

(3) A South African Coal.—A non-coking coal from the upper portion of 
No. 2, or the main-working, seam in the Coronation Colliery, Witbank, 
E. Transvaal, South Africa. There arc altogether five seams in this 
coalfield, all more or less horizontal, the coals being considered as of 
permo-carboniferous age. No. 2 seam lies about 100 feet below the 
surface, but about 5250 feet above sea-level. The dry coal (as received 
by us) contained 10*35 per cent, ash; and the dry-ashless coal sub¬ 
stance contained, 

C = 81*75, H = 4*50, N = 2*00, S = 0*55, and O = 11*2 per cent., 

and at 900° C. it yielded 27*6 per cent, of “volatiles,” the residue 
being an absolutely non-coherent powder. 

From our point of view, the interest of coals (2) and (3) lies in the fact that, 
while (3) is obviously a less matured coal than (2) and devoid of coking por- 
perties, both yielded at 900° C. nearly the same percentage of “ volatiles ” 
(namely, 25*5 and 27*6 respectively). According to the Regnault- 
Grtlner classification of bituminous coals, both of them should be strongly 
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coking coals; but whereas the Durham coal is such, the South African coal 
is absolutely without any coking propensities at all. 

Broadly speaking, the results of our bcnzene-preasure-extractionB of these 
coals—which were all carried out to completion in our usual manner—as shown 
in Table IV, support our previous conclusions as to the coking propensities of 
coals being bound up with their yields of Fractions III and IV (but chiefly 
IV) rather than with those of the neutral oil Fraction I. For, whereas the 
hard-coking Durham (“ Busty ”) coal gave the largest yield of Fraction IV 
ever obtained by us (namely, no less than 9-24 per cent, referred to the “ dry- 
ashless coal-substance ”) the combined yields of Fractions III and IV from the 
weakly coking Shafton Coal amounted to just under 5 per cent, and from 
non-coking South African coal to 3-8 per cent. only. The corresponding 
yields of the neutral Fraction I—namely3-3 (“Busty”), 3-6 (“Shafton”) 
and 1-72 (S. African); or 1-96 ("Busty”), 2-28 (“Shafton”) and 1-16 
(S. African), if the non-volatile portion thereof be regarded as the more proper 
criterion—were, however, in no relation to the coking propensities of the coals. 
Generally speaking, also, the ultimate compositions and characteristics 
of the several fractions were in line with those previously found in the case 
of bituminous coals. 

One or two new points, however, emerged from these further experiments, 
namely, (1) Fraction 1 could now always be resolved into two portions (I (a) 
and I (6)) volatde and non-volatile in steam, respectively, of which I (a) had a 
naturally higher oxygen content than I ( b ); the latter probably comprised what 
may be regarded as the true “ neutral oils ” of the original coals ; (2) in the 
case of the hard-coking “ Busty ” (Durham) coal, Fraction II (as well as 
Fractions III and IV) had binding properties and, therefore, contributed to 
the coking propensities ; and (3) Fraction IV from the “ Shafton ” coal 
(according to oxygen-content the least mature of the three examined) was, 
practically speaking, non-nitrogenous. 

Summary and Conclusions. 

For convenience of reference the general results of our benzene-pressure- 
extracts up to date of coals of greater maturity than the Morwell brown coal 
and Saskatchewan brown lignite are now summarised in Table V. The 
principal results, and conclusions therefrom, of these our further investigations 
are summarised in the following paragraphs:— 

(1) Broadly speaking, the results of our previous work have been confirmed 
and extended, except it is now shown that in some cases Fraction II 
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Table V.—Summarising all Benzene-Pressure-Extraction Results to Date 
(excepting those with the Brown Coals). 




Per- 

Per- 

1 Percentage yield of Fraction*— 

Coal. 

Coking 

propensity. 

oontage 

volatile 





dry-uhleu 

coal 

on 

dry-aehlee* 

coal. 

*■ 

II. 

HI. 

IV. 

Canadian black lignites. 

“ Cardiff " 








Nil 

22 3 

41 3 

1-55 

1 10 

0 35 

016 

“ Row Deer ” 

Nil 

20 0 

40-3 

2-20 

0-70 

0-75 

0-20 

“ Pembina ” 

Nil 

20 1 

38-1 

1-50 

1 45 

0-00 

0 30 

“ Harlech” 

Nil 

18-0 

30-0 

1-30 

1-3 

1-20 

0-60 

Sub-bUuminous. 

New Zealand 

Nil 

21 2 

40-4 

2 9 

1-7 

2-4 

1-2 

Nigerian 

Very feeble 

12 50 

45 0 

1-8 

0 3 

0 8 

2 1 

Bituminous. 




1(a). 1(61. 




Sooth African 

Almost ml 

11-22 

27 58 

0-50 1 10 

1-97 

0 00 

3 20 

Shafton 

Weak 

14-6 

35 6 

1 22 2-28 

214 

2-30 

2-08 

Bam* ley 

Fairly 

strong 

7-93 

33 1 

1. ’ 

2 20 

0-0 

0 4 

5 1 

Spanuh 

Welsh 

e 01 

21 7 

3 9 

0 2 

0 7 

4-0 

Strong 

7-8 

22 0 

1 3 

11 

0-3 

5-1 

Durham (Langley 








Park) 

Very strong 

7-0 

27 0 

I 9 

1*7 

0 8 

7-0 



1(a). 1(6) 




Durham (Batty) 

» 

4-00 

25-6 

1-33 1 90 

3-03 

0 04 

9-24 

Semi-bituminous. 








Spanish 

Welsh 

Nil 

4-13 

17-9 

Total extraot 0 -48 per cent. 

Nil 

0-07 

10 2 

Total extraot 1 -25 per cent. 

Canadian (Can mo re) 

Nil 

3-9 

14-1 

1-2 

0 1 

0-02 

0 03 


(as well as Fractions III and IV) may contribute to the coking pro¬ 
pensities of bituminous coals, which, however, while chiefly bound up 
with their yields of Fraction IV, are quite unrelated to their yield of 
the “ neutral oils ” comprised in Fraction I. 

(2) The residues from such benzene-pressure-extraction are always quite 
devoid of coking propensities. 

(3) The substances removed from the coal by our benzene-pressure-extrac¬ 
tion process are pre-existent in (either as such, or in some loose mole¬ 
cular association with) the original coal-complex, and are not derived 
from it by thermal decomposition in the sense of any real breakdown 
in the essential structure of coal substance. 
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(4) Both Fractions I and II of the benzene-extract from bituminous and 
sub-bituminous coals have their similitudes and counterparts in corre¬ 
sponding fractions obtained from both brown coals and lignites. 

(5) Whereas Fractions III and IV of the benzene-extracts from bituminous 
and sub-bituminous coals could also be traced through their counter¬ 
parts in the laminated black ligniteB examined, nothing like unto them 
was found in either the Morwell brown coal or the Saskatchewan brown 
lignite examined. 

(6) In the Morwell brown coal and the Saskatchewan brown lignite, however, 
the places of Fractions III and TV of the maturer coals referred to were 
taken by phenolic esters and phenolB, respectively. 

(7) Therefore, it seems probable that the Fractions III and IV invariably 
found in the laminated black lignites, sub-bituminous and bituminous 
coals examined, and which are closely related to the coking propensities 
of bituminous coals, have originated in the phenols and phenolic 
esters found in the brown coals referred to. 

(8) Also, the general effect of “ maturing ” has been progressively to 
diminish the oxygen contents of the substances comprised in each and 
all the various fractions of the benzene-pressure-extracts as well as of 
the benzene-extracted residue. 

In conclusion our best thanks arc due first of all to the Fuel Research Board 
of the Department of Scientific and Industrial Research for their generous 
grants in aid of these researches, which have enabled two of us to devote the 
whole of our time to them ; also to Drs. Charles Camscll, D. V. Dowling and 
R. E. Gilmore of the Canadian Department of Mines in respect of the samples 
which they so kindly obtained and sent us of various typical coals from the 
Western Canadian Coalfield ; and finally to the Carlton Main Colliery Company, 
near Barnsley, and the Consett Iron Company (Co. Durham) for furnishing us 
with samples of their “ Shafton ” and “ Busty ” seams respectively. 
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Gaseous Combustion at High Pressures. Part XT .—Further 
Experiments on the Influences of Hydrogen and Steam on the 
Explosion of Carbonic Oxide-Air, &c., Mixtures. 

By William A. Bone, D.Sc., F.R.S., Donald T. A. Townend, Ph.D., D.I.C., 
and Gordon A. Scott, B.Sc., D.I.C. 

(Received July 31, 1928.) 

In Part II of this series* were described the results obtained in the year 
1920 by the late W. A. Haward and one of us by exploding isothermic 
2 (mH t + nCO) + 0 2 + 4N S mixtures (where m -f- n = 1) in our Bpherical 
bomb No. 2 at an initial pressure of 50 atmospheres, from which it was con¬ 
cluded (inter alia) that, in Buch circumstances, not only had hydrogen exerted 
a peculiar influence in accelerating the rise of pressure, disproportionate to the 
amount of it present, but also that it is more potent than its equivalent of 
steam as a promoter of the combustion of carbonic oxide. 

Since the results referred to were pubbshed, not only have certain new facts 
affecting their interpretation been discovered,’but also new questions relating 
thereto have been propounded for discussion. Among the new facts should 
be mentioned the peculiar radiation-absorbing rile played by nitrogen in 
CO-Air explosions at high initial pressures ; also that, in such circumstances, 
carbonic oxide is directly oxidised without any chemical intervention of steam 
at all. 

During recent discussions of the subject, the question whether hydrogen or 
steam is the more potent promoter of the combustion of carbonic oxide has 
been raised anew by R. V. Wheeler and Payman, who have maintained that 
“ moisture is more effective than hydrogen in promoting the combustion of 
carbon monoxide. ”f 

Apart altogether from the importance of settbng this question, we thought 
it desirable to repeat and extend the Bone-Haward experiments with a view 
to. finding whether or not in any other circumstances the effects of successive 
CO by Hj replacements might become “ additive,” which most certainly they 
had not been in those referred to. 

While not pretending to have exhausted the subject, we think the new 
experiments described herein, besides clearing up some of the old issues, will 


* ‘ Roy. Soc. Proc.,’ A, vol. 100, p. 07 (1921). 
t * Trana. Chem. Soc.,’ vol. 123, p. 1250 (1923). 
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alio suggest new points for farther investigation. These, however, will be 
dealt with in discussing the experimental results. 

Experimental. 

It should be understood that all the explosions described herein were carried 
out in our No. 2 nickel-steel bomb with a 242 c.c. spherical exploeion cavity, 
generally as described in our previous papers (but more particularly in Part III 
hereof)* except that, in all but the first series, the body of the bomb, instead 
of being at room temperature, was kept at 100° C. in order to facilitate the 
introduction of steam into the explosive mixture fired. Any other variation 
from our usual procedure will also be indicated in the text. 

In tabulating the new experimental results, 

P* — the initial pressure m atmospheres at which each mixture was 
fired. 

P„ obs. — the observed maximum pressure in atmospheres attained in the 
explosion. 

P M corrd. =» the same, but " corrected ” for cooling in respect of any t m 
exceeding 0-006 sec. 

t* — the time in seconds taken for the attainment of maximum pressure 
after the commencement of the pressure rise. 

0 = temperature of bomb when the mixture was filled in and ignited. 

1st Series. — Repetition and Extension of the Bone-Uaward Experiments with 
Isothermic 2 (mH 8 + nCO) -j- O, + 3-76 N a Mixtures at P 4 = 60 atmo¬ 
spheres and Bomb at Room Temperature (17° C.). 

In the JBone-Haward experiments, a series of isothermic 2 (mH t + nCO) 
+ 0 8 + 4N t mixtures (where m + n = 1) were exploded in our No. 2 Bomb 
at an initial pressure of 60 atmospheres, the bomb being at room temperature 
in each case. Immediately before each experiment the spherical explosion 
chamber of the bomb (capacity = 242 c.c.) had been well dried out in a currant 
of Cadj-dried hot air; and, in making up the explosive mixture, each con¬ 
stituent was passed into the bomb from a storage cylinder in which its pressure 
was 60 atmospheres or more. Hence the moisture content of each mixture 
fired would certainly not have exceeded, and probably would have been sub¬ 
stantially less than, 0-046 per oent. The ratio H,/CO in the mixtures fired 
in different experiments were approximately 0/23*6, 1*26/26-6, 2*1/24*7, 


2 Q 
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* ‘ Roy. 8oo. Proc.,’ A, voL 103, p. 205 (1923). 
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3*6/22*5, 6*7/19*9, 13*5/14*0 and 28*2/0, respectively, the lowest hydrogen 
content (except in the case where it was not present at all) being actually 
1*10 per cent. 

In repeating the experiments, it was thought desirable always (i) to make 
the N a -content of each 2 (mH, + «CO) + O t -f 3*76 N s mixture the same as 
that in a theoretical CO-Air mixture, (u) to introduce each constituent slowly 
into the spherical explosion chamber (which had been previously thoroughly 
dried out by means of a CaCl 4 -dried hot air blast, followed by a 30 minutes- 
evacuation with a “ Hyvac ” pump) from a storage cylinder at 100 atmospheres, 
passing it en route through a 20-inch column of redistilled and purified phos¬ 
phoric anhydride, so as to ensure each mixture being fired at 50 atmospheres 
and room temperature (about 17° C.) in a uniformly “ well-dried ” condition 
corresponding with a moisture content of less than 0*02 per cent, and (hi) 
particularly to study the influence of smaller proportions pi hydrogen than 
had been introduced in the Bonc-Haward experiments. It should be noticed 
also that the Petavcl gauge used in the new experiments was rather more 
sensitive than in the Bone-Haward series, so that probably the new “ < M ’s ” 
are somewhat more reliable than the old. 

The repeat experiments comprised (i) seven in which the hydrogen-content 
of the mixture fired was raised in stages from nil up to 0*8 per cent., or by 
less than in any of the Bone-Haward experiments, and (ii) four in which it 
always exceeded 1 per cent, (namely 1*4, 3*4, 5*4 and 29*4 per cent., respec¬ 
tively), as in the Bone-Haward series. 

The results (see Table I), while substantially confirming those of Bone and 
Haw&rd, also showed that the peculiar effect observed by them required a 
Hj-content exceeding 0 • 65 per cent, in the mixture fired. For it has transpired 
that, although the effect of the first few successive small CO by H a -replaeements 
was approximately proportional to the hydrogen so introduced, with a 
Hj-content of 0*66 per cent, or more it became abruptly so exceedingly great 
that for most of the pressure rise the combustion was practically instan¬ 
taneous. Also, after passing the said 0*60 limit, the explosions were 
always accompanied by a peculiar sharp “click,” which before had been 
absent, as though they had become abruptly much more violent. 

The genoral character of the results may bo judged from Table I and the 
aeries of pressure-time curves (for the explosion periods only) shown in fig. 1. 
Special attention is directed to the following characteristics, namely (i) the 
abrupt change, already referred to, at or about 0*65 per cent. H a -content, 
(ii) the fact that, as shown in fig. 1, with all higher H a -contents, and except 
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Table I.—Experimental Results (1st Series) with Isothermic 2 (mil, -f nCO) 
+ 0, + 3*76 N, Mixtures at P 4 = 50 Atmospheres and 8 = 17° C. 


Percentage 
composition of 
mixture exploded. 

860. 

1 A. 

P 

- 

Pm/P(, 

Pressure fall 
in 1 see after 

Hr 

CO. 

Air. 

Observed. 

Corrected, 


Atmo¬ 

spheres 

Per 

cent. 

Nil 

299 

701 

0-22 

4-48 

413 

463 

9-06 

98 

23-7 

020 

28-8 

71 0 

0-086 

11-8 

426 

447 

8-94 

102 

24 0 

O'M 

29-5 

70-08 

0-07 

14-3 

424 

444 

8 89 

no 

26-0 

0-00 

28-8 

70-7 

0-07 

14-3 

428 

448 

8-90 

106 

24 8 

0-60 

286 

70-8 

0 06 

16 7 

429 

448 

8-96 

111 

26-9 

0-65 

29 0 

70-38 

0-028 

40 0 

431 

439 

8-78 

180 

34-8 

0 SO 

29 0 

70-2 

0-02 

60-0 

440 

447 

8-94 

160 

34 1 

1-40 

28-1 

70-6 

0 018 

67-7 

432 

438 

8-76 

187 

36 4 

8-40 

25-3 

71-3 

0 010 

100 

440 

444 

8-88 

168 

35-3 

5-40 

24-4 

70-2 

0-010 

100 

422 

425 

8 60 

164 

36-6 

29-40 

Nil 

70-6 

0 006 

~ 

404 

404 

8 01 

229 

56-8 


* Note the abrupt change in the character of tho explosion at this point. 



for an extremely short interval after ignition, tho pressure-rise curves all 
became parallel and almost vertical, showing the practical instantaneous 
character of the main combuBion in- each case, and (iii) that, simultaneously 
with the abrupt change in the character of the explosions referred to, the 
observed rates of cooling during the first second after P m also abruptly became 
faster. 

Having thus confirmed the Bone-Haward observations in regard to 

2 Q 2 
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“ theoretical ” H,-CO-Air mixtures with H,-oontenta between 0*65 and 6*4 
per cent., it hardly seemed necessary to Mow up the matter any farther; 
because it may be regarded as certain that the effect of further progressive CO 
by H, replacements in the mixtures referred to would have been the same 
as those previously observed. 

2nd SBEnts.— Expl6sion» of Isothermic 2 (mH a + nCO) -f O a + 3*76 N a 
Mixtures at P< = 64*4 Atmospheres and Bomb at 100° C. 

It next occurred to us to repeat the previous series of explosions, with the 
same charge-density as before, but keeping the bomb at 100° C. (instead of at 
room temperature) throughout. Accordingly, in this series of experiments, by 
means of a simple heating device, which need not be detailed, the body of the 
bomb was kept at 100° C., and the initial firing pressure was raised to 64*4 
atmospheres so as to secure the same charge-density as in the previous series. 

Immediately before each experiment, the bomb being at 100°*C., the explosion 
chamber was thoroughly dried out by means of a current of hot CaCl a -dried air 
followed by 30 minutes evacuation with a “ Hyvao ” pump. Each constituent 
of the explosive mixture was then successively filled into the bomb from a 
cylinder at 100 atmospheres, through a 20-inch column of redistilled and 
purified phosphoric anhydride en route, so as to ensure the mixture being fired 
in a uniform “ well-dried ” condition (».e., with certainly less than 0*02 per 
cent, steam present). 

Table II.—Experimental Results (2nd Series) with Isothermic 2 (mH, + nCO) 


-f O a -(- 3*76 Nj Mixtures at P 4 = 64-4 Atmospheres and 0 = 100° C. 


Percentage 
composition of 
mixture oxpioded. 

sec. 

l/<» 

F 



Pressure fall 
in 1 sec. after 

tm- 

H,. 

CO. 

Air. 

Observed. 

Corrected. 


Atmo¬ 

spheres. 

Per 

oent. 

Nil 

20 2 

70-8 

019 

5-3 

425 

460 

714 

95 

22-4 

0-3 

28 7 

71 0 

0 085 

11-8 

435 

455 

7 065 

105 

242 

0-8 

28 8 

70-4 

0 06 

16 7 

435 

450 

6'99 

108 , 

24-8 

M 

27-8 

711 

005 

20 0 

430 

441 

6-85 

108 

25-2 

1-6 

27 2 

71-3 

0-04 

25 0 

430 

430 

6 82 

109 

25-4 

2-0 

27-5 

70-5 

0-035 

28 6 

441 

450 

6 99 

125 

28-4 

2-8 

26 6 

70-6 

0-02 

50-0 

444 

448 

6 96 

137 

30-9 

10 4 

10-2 

70-4 

0 015 

66-6 

430 

435 

6-75 

155 

36-1 

29-5 

Nil 

70 5 

<0 005* 


415 

415 

6-44 

175 

423 


* Although it w hardly possible to make t m measurements from our Petavel-gauge moords 
with greater accuracy than 0 005 see., it may be regarded m certain that in this owe t m was 
rather (cm than 0 '005 sec. 
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The experimental results, whioh are summarised in Table II, differed from 
those of the previous series in that none of them exhibited the characteristic 
features of the Bone-Haward explosions, namely, the practically instantaneous 
character of the main pressure development. On the contrary, while the 
aooelerating influence of successive CO by H s replacements upon the pressure- 
rise were well marked (vide the curves shown in fig. 2), the reciprocals of t m , 



Fro. 2.-2 (mH, + »CO) + O, + 3 ■ 76 N,. P,= 64■4 atmos. 6 = 100° 0. 

whioh are plotted as ordinates against percentages of hydrogen as abscisses 
in the upper curve reproduced in fig. 3, show that alter the first 1 per cent. 
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(or bo) of hydrogen had definitely catalysed the CO-combustion up to a certain 
velocity (about twice that of the well-dried 2CO -f 0, + 3-76 mixture), 
further amounts of it produced 'merely an “ additive ” accelerating effect, 
which is not at all surprising seeing that, in the circumstances referred to, the 
rate of combustion of a theoretical H a -air is at least 50 times faster than that 
of a well-dried theoretical CO-air mixture. 

It is not easy to account for the striking contrast between the results of 
these experiments and those of the previous series with H t -oontents exceeding 
about 0 • 65 per cent, in the mixtures fired, although there can be no doubt about 
the facts actually being as recorded in each of the two series. The explosion 
chamber, the charge-density, and the means and position of ignition were the 
same in both, the only difference in conditions being that the bomb and its 
charge were at room temperature (17° C.) throughout the first, but at 100° C. 
throughout the second series. The fact that, in the firsti series, with the 
relatively cold bomb, a “knock’* effect always supervened when the 
Hj-contentof the explosive medium exceeded 0-65 per cent., but never in the 
second series with the bomb at 100° C., possibly may have been due to some 
shortening of the pre-flame period in the second case ; or it may have been 
that the hotter walls of the explosion chamber in the second may have “ de¬ 
activated ” something responsible for the “ knock ” in the first series. Obviously 
it is a matter requiring further investigation, which wc propose undertaking. 

3rd Series.— Experiments showing the Influence of Steam upon the Rate of 
Pressure Development in Theoretical CO-Atr Explosions at P, = 32*2 and 
64-4 Atmospheres respectively with 0 = 100° C. 

In this series of experiments (divided into two groups, A and B) we measured 
the acceleration by successive additions of steam of the rate of pressure- 
development observed in the explosion of a “ well-dried " theoretical CO-air 
mixture (2CO -f- O a -f- 3-76 N,) at initial firing pressures of 32-2 and 64-4 
atmospheres, respectively, the bomb temperature being 100° C. throughout. 
The “ charge densities ” would thus be the same as if the bomb temperature 
had been 17° C. but the initial firing pressure 25 or 50 atmospheres respectively. 

To ensure exactly the desired amount of steam being introduced into the 
gaseouB mixture before firing it in each experiment, the special device shown in 
fig. 4 was screwed on to the admission valve of the bomb so as to come imme¬ 
diately between it and the usual filling-in system. It consisted of a hexagonal 
nut, about 2} inches long, bored out so as to accommodate a small copper 
boat oontaining the weighed quantity of water which it was desired to introduce 
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into the bomb with the gaseous mixture. Before starting the filling-m opera¬ 
tion, however, the explosion cavity of the bomb (whose temperature was 
100° C.) was first of all thoroughly 
exhausted; the copper boat containing 
the weighed amount of water was then 
slipped into the bore of the hexagonal nut 
in question, after which the filling-in of 
the gas from cylinders at 100 atmospheres 
was proceeded with, tho nut being 

sufficiently heated by meins of a Bunsen flame so as to ensure ^complete 
evaporation of the water in the boat and its homogeneous incorporation (as 
steam) with the gaseous explosive mixture subsequently fired in the bomb. 

Starting with a “ well-dried ” theoretical CO-air mixture made up from 
oompressed gases in cylinders at 100 atmospheres, without any addition of 
steam en route to the bomb, the device referred to enabled us to study experi¬ 
mentally the effect of adding to it successive and known quantities of steam 
nearly up to “ saturation,” which at 100° C. and P 4 — 32-2 atmospheres would 
mean the presence of about 3, but with P 4 -« 64-4 atmospheres of about 
1*5 per oent. of steam by volume. 

Group A. With a 2CO + 0, + 3-76 N, Mixture at P 4 = 32-2 Atmospheres 
and 0 =3 100° C .—The results, as regards the effects of steam upon t M and P,„ 
respectively, are summarised in Table III as follows 


Table III— P 4 = 32-2 Atmospheres. 0 = 100° C. 


Peroentago 
of steam 
added to 
mixture. 

Percentage 
composition 
of mixture 



olJmsi 

Pressuro fall 
in 1 see. after 
tm- 

CO. 1 

Air 


II 

l’or 

oent. 

<0 02* 

28 6 

71 4 

0 14 

7-15 

198 

82 

31 3 

0*35 

29-2 

70-8 

0-085 

18-2 

205 

75 

35 0 

0-70 

29 2 

70-8 

005 

20-0 

203 

74 

34-8 

1-40 

29-0 

71-0 

0 05 

20-0 

205 

78 

37-1 

2*80 

28-8 

71 2 

0 045 

22-2 

203 

70 

390 


* Mixture made up of oompreaaed gases from storage cylinders at 100 atmospheres, after slow 
passage through a oolnmn of purified phosphoric anhydride in each case, and without any 
addition of steam en routs. 


Group B. With a 2CO + 0, -f 3-76 N, Mixture at P 4 = 64-4 Atmospheres 
awd 0 -i 100° 0.—In this group, we started with (1) P,0,-dried gases from 
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cylinders at 100 atmospheres, then passed on to (2) a mixture containing just 
about 0*02 per oent. of steam, made up from compressed gases each stored 
in cylinders at 100 atmospheres, but without any steam addition en route, and 
finally (3) to experiments in which known and successively increasing amounts 
of steam were so added up to “ super-saturation.” The results are sum¬ 
marised in Table IV and plotted (reciprocals of t a as ordinates against per¬ 
centage of steam as absciss®) in the upper of the two curves shown in fig. 5. 


Table IV.—P, = 64-4 Atmospheres. 6 = 100° 0. 


Percentage 
of steam 
added to 
mixture. 

Percentage 
oom position 
of mixture. 


1 Urn- 

V 


P«/*V 

Pressure fall 
in l boo. after 

CO. 

Air. 


Observed. 

Corrected. 

• 

Atmo¬ 

spheres. 

Per 

oent 

<0 02* 

29-1 

70-9 

0-19 

6-8 

428 

484 

7 20 

94 

22-0 

0 02 

29-4 

70-0 

0-17 

6-9 

425 

458 

7-13 

95 

22-3 

010 

29-3 

70-7 

0-165 

0-5 

420 

450 

7 00 

94 

22-4 

018 

39-2 

70-8 

0-14 

7-15 

420 

448 

6-97 

93 

22-2 

0-35 

39 3 

70-7 

Oil 

0-1 

420 

442 

6-88 

90 

21 4 

0-00 

29-4 

70 8 

0 09 

11-1 

428 

448 

6-07 

65 

22-2 

O-70 

28 0 

71-4 

008 

12-5 

428 

444 

6-90 

94 

22 0 

1-00 

29-2 

70-8 

0 075 

13-4 

430 

447 

8 94 

97 

22-8 

1-40 

(saturation 

28-8 

) 

[ 71-2 

0-07 

14-3 

424' 

440 

6 86 

66 

22-4 

l 90 

29-3 

70-7 

0-065 

15 4 

428 

443 

8-87 

102 

23-7 


* Mixture* made up of compressed bum from storage cylinders at 100 atmospheres, after 
alow passage through a column of purified phosphoric anhydride in each case, and without any 
addition of steam en roult. 



K*. fc-SOQ + 0, + 3-78 N i (+,H t O). «_ 100 s 0. P« - U-4 sod 33-2 atmos. 
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Considering the results of the two groups of experiments as a whole, it is 
abundantly clear that, whereas the first small suooessive addition of Bteam to a 
“ well-dried ” theoretical CO-air mixture markedly accelerated the rate of 
pressure-rise during tho explosion-period, a point (at about 1 per cent, of steam 
in each case) was soon reached when further successive additions produced 
very little further effect. This is brought out very well in the two curves 
(ordinates == t n> and absciss® percentage of steam present in the gaseous 
medium fired) shown in fig. 5. And while it would perhaps hardly be correct 
to say that in either of the two groups of experiments “ optimum ” combustion 
conditions had been fully attained, undoubtedly in each case they had been 
nearly so, with no more than 1 per cent, of steam in tho medium. When it is 
recalled that, according to both H. B. Dixon* and W. Payman and R. V. 
Wheelerf 1 optimum combustion conditions for a theoretical CO-oxygen or 
CO-air mixture at atmospheric pressure are not attained until between & and 6 
per cent, of steam are present in the system, while R. W. Penning! found that 
about 2*38 per cent, sufficed at 5 atmospheres, it may be inferred from their 
results and ours that the amount of steam required for optimum conditions in 
Buoh explosions decreases rather rapidly as the initial pressure rises. 

In this connection it may be stated that, during the course of these investi¬ 
gations, our colleague Dr. D. M. Newitt has obtained abundant spectrographic 
evidence—namely, the entire absence of steam lines in the spectrograms of 
the explosion flames with “ moist ” (even up to “ saturation ”) theoretical 
CO-air mixtures at initial pressures of 32 • 2 and 64 • 4 atmospheres (0 = 100° C.) 
- -proving that, whatever the rdle of steam may be in such circumstances it is 
not chemical, in any sense of involving its alternating decomposition and 
regeneration. And it is perhaps significant that in the Group B experiments of 
this series successive additions of moisture up to saturation neither increased 
any of the corrected P„ values (indeed, they tended to diminish as steam was 
added) nor yet affected the rate of pressure-fall after the attainment of maxi¬ 
mum pressure. Therefore it would not appear that addition of steam to the 
“ well-dried ” theoretical CO-air mixtures in the circumstances referred to has 
any effect in increasing the liberation of “ kinetic ” at the expense of “ radiant ” 
energy on explosion. 

Another interesting circumstance to which attention may be drawn, is that 
the “ corrected ” P m value for the “ well-dried ” 2CO ■+■ 0, + 3-70 N t mixture 

* • Phil. Trans.,’ vol. 184, p. 187 (1893). 
f * Trans. Ohem. 8oc.,’ vol 133, p. 1264 (1923). 
t • Phil. Trans.,’ A., vol, 226, p. 331 (1926). 
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in Group B of this series was 464 atmospheres as compared with a “ corrected,” 
value of 478 atmospheres for a similarly “ well-dried ” 2C0 + 0, -f- 3*76 CO 
mixture under precisely the same conditions, the difference being wholly 
attributable to the suppression in the latter case of the 0 per cent. 
CO,-dissociation at P* occurring in the former. 


4th Series.-- Comparison between the Effects of Hydrogen and Steam 
respectively. 

Prom the results already detailed in the second and third scries of our present 
experiments it may be inferred (see fig. 3) that, quite apart from what may be 
termed the mere flame-speeding-up effect of successive small additions of a 
theoretical H,-air to a theoretical CO-air mixture in explosions at the high 
initial pressures under consideration, hydrogen iB a more potent promoter than 
its equivalent of steam of CO-combustion. 

With a view of investigating the matter further, however, it was decided to 
carry out comparative groups of experiments under precisely the same con¬ 
ditions—namely, at P 1 = 64-4 atmospheres and 6 = 100° C.—with 2CO 
-f- 0, + 6R (where R = CO or Ar) mixtures in which either (i) successive 
small amounts of water up to “ saturation ” were added or (ii) an equivalent 
part of the CO had been replaced by H s . In this way, without materially 
altering the amounts of total energy E developed in the successive explosions, 
comparable small amounts of steam were either originally introduced, or 
formed during explosion, in the system. 

The results of these experiments—which are summarised in Tables V, VI 
and VII, and (bo far as the reciprocals of the J„’s are concerned) are plotted 
in the curves Bhown in figs. 6, 7 and 8, respectively—confirm our previous 
conclusion that hydrogen is a more potent promoter than its equivalent of 
steam of CO-combustion at high initial pressures. Apparently also from these 
curves, the relatively greater H,-effect was much more marked with 6CO than 
with either 6N, or 6Ar as the “ diluent.” And, if anything, it was rather 
greater with 6N, than with 6Ar as diluent. 
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2C0 + O t + BN, -I- *H t O. 


Percentage 
of steam 
added to 

Percentage composition 
of mixture. 

U 

Pm 

obaervod. 

Preeeure fall 

tm 

CO. 

°t- 

N t . 

Atmoapherea. 

|per cent 

Nil 

21-8 

US 

60-7 

0-97 

338 

76 

220 

0-4 

22 4 

11 25 

66-35 

0-41 

377 

95 

25-2 

0-7 

22 -6 

11 -3 

60-2 

0-33 

378 

98 

26-0 

1 4 

22 0 

10 0 

00 5 

0 29 

380 

103 

271 


2 (mH, + nCO) -f O, + BN,. 


Percentage composition of mixture. 



Pleasure fall 
m 1 aeo. after tm- 





> 




H t . 

CO. 

o,. 

N,. 



Atmoapherea. 

Per cent. 

NU 

21-8 

11 5 

667 

0 97 

338 

76 

22-5 

0 7 

21-5 

11-1 

66-7 

0 20 

382 

106 

27-8 

1-8 

20-3 

11 0 

66 9 

0 13 

400 

118 

29-5 

3-2 

19-5 

111 

66 2 

0 080 

410 

126 

30-8 


Table VI.—P t = 64-4 Atmospheres. 6 = 100° C. 


2CO f o, + 6CO + *H,0. 


Percentage 
of steam 
added to 
mixture. 

Percentage 

composition 
of mixture. 

tm 

P« 

observed. 

Preeeure 

aeo. 

i fall 
after 

CO. 

O,. 

N f 

Atmoapherea. 

Per oent. 

NU 

87-0 

111 

1-9 

0-27 

400 

102 

26-6 

0-6 

86-7 

11-fi 

1-8 

0-086 

414 

97 

23-4 

0-7 

86-6 

11-3 

2-1 

0 060 

410 

98 

23 9 

1-4 

86-8 

11-3 

1-9 

0-066 

410 

m 

27-1 
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Table VI (continued). 


2 (ntU, + *CO) f- o, »- eco. 


Percentage composition 
of mixture. 



Pressure fall 
in 1 soo. after 1*. 

H, 

CO. 

0,. 

N,. 


Atmospheres. 

Per oent. 

Mil 

87 0 

Ill 

1-9 

0 27 

400 

102 

28-8 

0 7 

868 

11 3 

1 8 

0-038 

400 

99 

24-8 

1-4 

88 8 

11 4 

1 7 

0 028 

417 

111 

26-6 


Table VII.—= 64-4 Atmospheres. 0 = 100° C. 


2CO + O, + 6Ar + *H.O. 


Percentage 
of steam 
added to 
mixture. 

Percentage 
composition 
of mixture. 


P» 

observed. 

Pressure fall 
in 1 seo. after 

CO. 

o». 

| Ar. 

Atmospheres. 

Per sent 

Mil 

22 4 

11 0 

66 6 

0-12 

472 

164 

32-6 

0 7 

22 0 

11 3 

66 0 

0-06 

473 

161 

34 0 

1-4 

22-8 

11 0 

66-2 

0-04Q 

476 

159 

33-4 


2 (n*H, + »00) + O t + 6Ar. 



Percentage composition 1 



Pressure fall 


of mixture. 



P. 

in 1 seo. after . 






observed. 



H,. | 

CO. 

O,. 

Ar. 



Atmospheres. 

Per oent. 

Mil 

22* 

11-0 

66-6 

0 12 

472 

184 

326 

1 8 

211 

11-2 

06-2 

0-03 

480 

174 

86-3 
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Fig. 0.—P« = 04-4 atmos. 0 «= 100° C. 



Percentages of Hydrogen ([UppCr Curve}, Steam [Lower Curve) 


Pio. 7.—Pi =.04-4 atmcu. S =, 100° 0. Fig. 8.—Pi = 64 4 atmoa. 6 = 100° C. 

5th Bbhois. —Experiments showing the Retarding Influence of Nitrogen upon 
the Pressure-Rise in Theoretical C0-^»r Explosions under “ optimum ” 
Combustion Conditions at High Pressures with 0 « 100°. 

The foregoing experiments having shown that the rate of pressure-rise in a 
carbonic oxide-oxygen explosion at high initial pressures may be accelerated 
by the presence of steam up to a oertain point, irrespective of the nature of 
the “ diluent ” present—whether nitrogen, argon, or excess combustible 
gas, it remained now to show that the " lag ” in the pressure rise observed in 
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suoh theoretical CO-air explosions is due principally to nitrogen, quite apart 
from the (relatively speaking) “ dryness ” of the system. 

It may be recalled that in former experiments, and particularly in those 
described in Part V* hereof, it was shown that, whereas on exploding a “ well- 
dried ” theoretical CO-air mixture in our spherical bomb at room temperature 
the rate of pressure-development progressively diminished as the initial firing 
pressure increased, thus 

P*= 3, 10, 25, 50, 75, 100, 125, 150, 175 Atms. 

t„ = 0-07, 0-10, 0-15, 0-19, 0-32, 0-40, 0-47, 0-53, 0*56 Secs. 

The substitution for nitrogen of an equivalent of either argon or excess carbonic 
oxide as the “ diluent ” always had the opposite effect at all initial pressures 
above 10 amtospheres. Hence there could be no doubt about “ nitrogen- 
activation ” being the principal cause of the peculiarity referred to in CO-air 
explosions. 

Seeing, however, that in the said experiments the explosive medium had 
always been in a fairly uniform condition of “ dryness ’’—having been made 
up in a well-dried-out 1 explosion chamber at room temperature from gases 
which had been slowly admitted into it from storage cylinders at high pressures 
through a 10-inch column of redistilled phosphoric anhydride—it now seemed 
of interest to make further experiments at two different initial pressures, in 
eaoh case under “ optimum ” conditions as regards steam-content of the 
explosive medium. 

With this object in view, groups of comparative experiments were carried 
out at initial pressures of 32-2 and 64-4 atmospheres, respectively, with the 
following mixtures, namely:— 

2C0 + 0, + 3-76 and 6N„ 

2CO + 0, + 3-76 and 6CO 
and 2CO + 0, + 3-76 and 6Ar, 

each containing 1 - 4 per cent, of steam, the bomb being kept at 100° C. through¬ 
out, and the steam being introduced as described in p. 552. Such conditions 
may be regarded as “ optimum ” for CO-combustion at each of the initial 
pressures concerned ( vide 3rd Series hereof). 

From the results of these experiments, which are summarised in Table VIII, 
it will be observed that (i) not only in every case did the replacement of nitrogen 
by its volume equivalent of either carbon monoxide or argon considerably 
* ‘ Boy. Soo. Proo.,’ A., voL 108, p. 398 (1926). 
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Table VIII.—Experiments (5th Series) on the Explosion of 2CO -f 0,-f 3-76R 
and 6R Mixtures containing 1-4 per cent. Steam at Initial Pressures of 
32*2 and 64*4 Atmospheres respectively, and 0 =* 100° C. 


Diluent. 


Percentage 
composition 
of mixture. 

Be o. 

observed. 

observed. 

Pressure fall 
in 1 sec. After 

CO. 

O,. 

N, 

or 

Ar. 

Atmospheres 

Per oont. 

3-76 N, 

32-2 

29-0 

14 6 

56-4 

0-05 

206 

6-37 

76 

37-1 


64-4 

28 8 

14-8 

56-4 

0-07 

424 

6-60 

US 

22-4 

, 6N, 

32-2 

22 0 

11-4 

66 6 

0 20 

176 

8 47 

80 

46-6 


64-4 

22 6 

10-9 

66 8 

0-29 

380 

8-90 

103 

27-1 

3-76 00 

32 2 

83 6 

14 6 

1 8 

0 018 

230 

TiT 

124 

63-8 


64 4 

83-8 

14 4 

1 8 

0 006 

478 

7 44 

190 

39 7 

6C0 

32-2 

86 6 

11 3 

2-1 

0 068 

186 

8-78 

89 

48 0 


64-4 

86 8 

11 3 

1-9 

0 066 

410 

6 37 

111 

27-1 

3-70 Ar 

32-2 

29-1 

14-2 

56-7 

0-02 

266 

8-28 

182 

67-2 


64-4 

28-9 

14-8 

66-6 

0-02 

646 

8 49 

230 

42 0 

6Ar 

32-2 

21-7 

11 0 

67-3 

0-05 

220 

0-83 

122 

66 6 


64-4 

22-8 

110 

66-2 

0 046 

476 

7-40 

160 

33-4 


more than halve but also (ii) whereas a doubling of the initial pressure always 
materially increased t m in the nitrogen-diluted mixtures, in all other cases it was 
either unaltered or shortened. It is, therefore, abundantly clear that nitrogen 
is the principal cause of the peculiar "lag” in the pressure-rise always observed 
in theoretical 00-air explosions at high initial pressures irrespective of the 
hygroscopic condition of the medium. 

In this connection attention may be directed to the fact that, whereas in our 
former explosions of relatively “ dry ” 200 + 0, + 4Ar mixtures the value of 
tm at P, s= 50 atmospheres and 0 = room temperature was 0*025 seconds, 
which, with the same charge density (P« = 64*4 atmospheres, and 0 =* 100° C.) 
and 1*4 per cent, of steam present now became 0*020 second (or only 0*005 
second shorter), in the corresponding 2C0 + O, + 4N t experiments, the t m 
values were 0 • 19 and 0 < 07 second respectively. This suggests that steam may 
have a less influence on t m with argon than with nitrogen as diluent in our 
explosions, a point which is reserved for further investigation. 
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Summary. 

The principal facte brought to light during the foregoing inveotigation may 
be summarised as follows 

(1) While the peculiar influence of successive CO by H, replacement* observed 
in the Bone-Haward experiments on the explosion of theoretical 
2 (mil,-}-«C0) + 0 t + 4N, mixtures at initial pressures of 50 atmo¬ 
spheres and room temperature have been confirmed, it is now shown 
to come in abruptly when the H s -content of the mixture exceeds about 
O’66 per cent., and then to be of the nature of a “ knock ” effect which 
may be eliminated by raising thp bomb temperature to 100° C. without 
altering the charge-density. 

(2) When suoh “ knock ” effect has been eliminated by the means referred 
to, effects of successive GO by H a replacements upon explosions of the 
mixtures m question were twofold, namely, initially ^nd up to a certain 
point, which is reached when about 1 - 0 per cent, of hydrogen is present, 
definitely “ catalytic,” but afterwards purely “ additive ” only, the 
second phase being attributable merely to a speeding-up of the flame 
propagation resulting from the concurrent combustions of a relatively 
fast-burning theoretical H,-air and a relatively slow-burning theoretical 
CO-air mixture, the oxygen supply being always sufficient for complete 
combustion in the system. 

(3) The effects of suoceesive small additions of steam to a theoretical CO-air 
mixture on explosion at initial pressures of 32-2 and 64-4 atmospheres, 
respectively, and with the bomb chamber at 100° C. was to promote 
combustion, but without the steam intervening chemically in the sense 
of its being continuously decomposed and regenerated, “ optimum ” 
conditions being nearly reached in each case when but 1 per cent, only 
of steam was present. It is the initial small addition of steam which 
most matters in suoh circumstances. 

(4) Actually, and apart altogether from the “ knock ” effect referred to 

under (1), the addition of a small quantity of hydrogen had a greater 
effect than its equivalent of steam m speeding up the explosion of a 
CO-air mixture at high pressures; whioh of the two H,-influouces 
referred to m (2) was most responsible for this result is perhaps not yet 
altogether certain, though the evidence seems distinctly in favour of 
the view that what may be termed the purely " catalytic ” effect of 
hydrogen exceeds that of steam in like circumstances. Certainly, the 
reverse is not the case. 
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(5) Apart altogether from any influence which mere “ dryness ” may have 
during the explosion of a theoretical CO-air mixture at high initial 
pressures, the progressively increasing “ lag ” in t m observed as the 
initial pressure rises is principally, and for the moHt part, a nitrogen- 
effect, because it is not observed at all when the nitrogen is replaced 
by its volume equivalent of either carbonic oxide or argon. 

In conclusion, we desire to tender our grateful thanks to the Government 
Grant Committee, the Department of Scientific and Industrial Research, and 
Imperial Chemical Industries, Limited, for generous grants out of which the 
heavy expenses of the investigations have been defrayed. 


Gaseous Combustion at High Pressures. Part XII. — The 
Injtuences of Steam atul Temperature , respectively , upon the 
“ Explosion Limits” of Carbonic Oxide-Air Mixtures. 

By William A. Bonk, D.Sc , F.R.S., D. M. Nkwitt, Ph.D., D.I.C., and 
C. M. Smith, B.Sc., D.I.C. 

(Received July 31, 1928 ) 

In Part IX* of this series, experiments were described showing (inter alia) 
that, under the usual firing conditions, the explosion range of “ well-dried ” 
CO-air mixtures becomes progressively narrower as the initial pressure increases. 
In each case the components of the experimental mixtures had been slowly 
passed into the bomb (at room temperature) from cylinders at 100 to 150 
atmospheres, through an 8-inch long column of freshly distilled and specially 
purified phosphoric anhydride, so that they would all be fired at room 
temperature in a uniformly very dry condition. 

Under such conditions, the “ explosion ranges ” found for CO-air mixtures 
at various initial pressures were as follows :— 


Initial praaiurc. 

Per cent. CO in CO-air “ limit nurture*." j 

Kxjiloeion range. 

L, - L,. 

1 w 

L - 1 

1 0 

14 2 

71 0 | 

868 

5-0 

15 4 

676 

621 

10 0 

17-8 

628 

46 0 

30-0 

20-3 

58-8 

38 5 

60 0 

200 

66-8 

36 2 

1260 

20 7 

61-6 

30-9 


• * Roy. Soc. Proo.,' A, vol. 117, p. 653 (1928). 

VOL. CXX. — A. 2 B 
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It will be observed that, whereas an increase in P< beyond 50 atmospheres 
hardly affected the lower limit, where the oxygen was present in great excess, 
the upper limit, when it was always in considerable defect, continued to 
fall, so that the “ explosion range ” continued to contract with increasing 
pressure. 

It was impossible to say, from the information then available, how far such 
progressive contraction in the “ explosion range ” with increasing high pressures 
was attributable either to the presence of nitrogen or to some possible slight 
increase in the dryness of the explosive medium. That it could not wholly 
(if at all) be due to nitrogen was evident from the fact that the substitution of 
argon for nitrogen in the medium did not eliminate, though it reduced, the 
contraction in question between 10 and 50 atmospheres, thus:— 



Per oent. CO in CO-“ argon- 

Iim ,t 


Initial pressure 
atmospheres. 

mixture. 


Explosion range, 

L. — I*. 

L,. 1 

L,. 



10 

14 0 

66 0 

62 0 

60 

16 3 

60 4 | 

461 


On the other hand, when CO-“ helium-air ”* mixtures were employed, 
there was but little contraction in the “ explosion range ” on similarly increasing 
the pressure, thus:— 



Per oent. CO in CO-“ helium-air ” limit 


Initial pressure 

mixture. 

Explotion range, 

atmospheres. 

! - - - - - 

r—- 

L, - L|. 


Lx. 

1 L * ! 


10 

13 9 

67 ’3 

63 4 

60 

16 1 

66 2 

611 


Since the experiments in question were carried out, further evidence has 
come to hand in our laboratories of the sensitiveness as regards explosion time 
of theoretical 00-air explosions to slight changes in hygroscopic conditions at 

* The expressions “ argon-air ” and “ helium-air ” as used in this and other papers of 
the senes always mean air in which the nitrogen has been wholly replaced by its volume 
equivalent of either argon or helium, respectively (i.e., 0, f 3-76 He or Ar). 
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high initial pressures, even though the moisture actually present in the system 
be less than 0*04 per cent. And, seeing that the increasing compression of a 
gas progressively dries it, it is especially necessary in work of this kind always 
to ensure that the hygroscopic state of the gaseous explosive mixture is well 
under control and accurately known. Hitherto it has been our regular practice 
to introduce the constituents of our mixtures slowly and successively into the 
bomb (the explosion chamber of which is always thoroughly dried out in a 
current of hot CaCl 2 -dried air) from cylinders where they had been stored at 
pressures somewhere between 100 and 200 atmospheres, en route, through an 
8- to 10-inch column of redistilled and purified phosphoric anhydride, a pro¬ 
cedure which ensures the mixture being fired in a state of fairly uniform 
“ dryness ” corresponding with something substantially more than “ CaClj- 
dryness,” namely, with a moisture content probably below 0-02 per cent. 


Experimental. 

It being the object of the further experiments described herein to determine 
the influence of steam upon the limits of explosion of CO-air mixtures at high 
initial pressures, arrangements were made whereby the temperature of our 
cylindrical bomb No. 4 (explosion chamber 75 cm long x 5 cm. diameter, 
capacity 2 litres) could be maintained at 100° C. throughout so as to permit of 
the gaseous mixtures being fired at either 32’2 or 64-4 atmospheres initial 
pressure, as required, either (i) in a “ well-dried ” (moisture certainly below 
0*02 per cent) or (ii) in an 80 per cent, saturated condition, such that the 
moisture content would be either 2 -24 or 1 • 12 per cent, respectively, according 
to whichever of the two initial mixtures referred to was employed. Reference 
to the third series of experiments described in Part XI hereof will show that 
as nearly as possible “ optimum ” combustion conditions (as regards moisture 
content) would be attained in such “ moist ” experiments at each of the 
two initial pressures in question. 

It should be particularly noted that (i) the bomb now being always at a 
constant temperature of 100 ± 0-5° C., instead of at room temperature as 
formerly,the present initial pressures of 32 ■ 2 and 64 • 4 atmospheres, respectively, 
Would give the same “ charge-densities ” as the former initial pressures of 25 
and 50 atmospheres, respectively ; (2) before each experiment the hot explosion 
chamber was well dried out by means of a current of CaCl.-dried air, followed 
by a 15 minutes exhaustion by means of a Hyvac pump ; and (3) in the “ dry ” 
experiments the components of the gaseous explosive mixtures were slowly and 

2 R 2 
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successively introduced into the bomb from storage cylinders at 150 atmos¬ 
pheres pressure, through an 8-inch column of redistilled and purified phosphorio 
anhydride en routed ; and in the “ wet ” experiments, the predetermined 
amount of steam was introduced into the gases as they passed into the bomb 
by means of the special device described and illustrated in p. 552 of the 
preceding paper (Part XI hereof). 

The same criterion for judging the actual “ limit mixture ” was employed 
as formerly {vide p. 557 of Part IX hereof) for CO-air mixtures, namely, an 
abrupt change in the “ percentage combustion ” when mixtures of slightly 
varying CO-content in the neighbourhood of each limit mixture were fired in 
the bomb, as shown in each case by the intersection of the horizontal and 
vertical portions of the “ percentage combustion ” diagrams accompanying 
the text. 

Tho clearest way in which the experimental results can be summarised is by 
means of a series of tables with corresponding graphs specially designed to 
show up the “ explosiou limits ” in each case, from which the reader will 
readily see how they were determined. This will be dono in Tables I to IV 
and the corresponding figs. 1 to 4. In what follows— 

0 = the temperature of the bomb explosion chamber. 

P 4 = the initial firing pressure m atmospheres. 

P„ = the observed maximum pressure in atmospheres. 
t m = the time in seconds required for the attainment of t M aftor com¬ 
mencement of the pressure-rise. 


* The mixtures would thus be tired in much the name hygroscopic condition as m our 
former " limit ” experiments, i.r., with moisture content well below 0-02 per cent. 
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1st Sbbibs .—All with P 4 = 32-2 Atmospheres and 9 = 100° C. 

Table I.—Group A: With “ dry ” CO-air Mixtures (t e.. Moisture below 
0-02 per cent.). 

(Pj = 32-2 Atmospheres and 0 = 100° C.) 


17 1 
17-6 

18 0 
19 2 
23-8 


81 1 
81 8 


83 1 
83 4 


P w observed 
I atmospheres. 


0 47 
0-32 


0 76 
0 80 
0 86 


I 



97 6 
95-2 

95 5 Upper 
92 1 limit. 
86-1 


Per oent CO. 

„ / Lower limit from curve (fig 1) » 18 1 
■\ Upper limit from curve (fig 2) = 82 -7 
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Table II.— Group B: With "moist” CO-air Mixtures (».«., 80 per cent. 


“ saturated ” H 2 0 — 2*4 per cent.). 
(P< = 32-2 Atmospheres and 0 =» 100° C.) 


Per oent. CO 
in mixture. 

P* 

atmospheres. 

*nd* 

Percentage 

combustion. 

14*9 

38 

- 

6 0 

153 

40 

- 

32 0 Lower 

16-8 

80 

110 

90-1 limit. 

10 0 

100 

0 88 

98-4 

17 6 

111 

0 66 

96-6 

26 4 

160 

0 IS 

98-1 

80 0 

149 

0 18 

98 4 

62-8 

112 

0 61 

•96 6 

641 

100 

0-63 

94-9 Upper 

68 9 

70 

MO 

8B-4 limit. 

66-3 

70 

1 00 

81*1 

67-8 

60 

- 

61 0 

68 6 

would not fire 



Par oent. CO. 

■pj n /Lower limit from curve (fig. 1) — 15-7 
' \ Upper limit from curve (fig. 2) m 88-7 
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2nd Series.— AU with P 4 — 64-4 Atmospheres and 0 = 100° C. 

Table III.—Group C: With “ dry ” CO-air Mixtures (i.e.. Moisture below 
0-02 per cent.). 

(P 4 = 64*4 Atmospheres and 0 = 100° C.) 


Per cent CO 

Pm 

l m 

Percentage 

in mixture 

atmospheres 

seconds 

combustion 

179 

103 

0 60 

27 9 

18-6 

118 

0 80 

28 6 Lower 

19 3 

203 

1 60 

96 8 ' limit. 

19 7 

- 

- 

96 1 

20 1 

270 

1 40 

97 3 

20 7 

279 

1 22 

96 7 

63 1 

320 

0 75 

96 6 

67 1 

209 

0 78 

95 0 

59 1 

243 

1 77 

78 3 Upper 

69 6 

126 

0 90 

70 4 limit 

69-8 

110 

0-76 

32 9 

60 9 

did not ignite 



Per cent. CO. 

a /Lower limit from curve (fig. 3) *- 18 9 
\Upper limit from curve (fig. 4) = 59 3 
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Table IV.—Group D: With “ moist ” CO-air Mixtures (t.e., 80 per cent. 
“ saturated ” H 4 0 = 1-2 per cent.). 


(P< — 64-4 Atmospheres and 9 = 100° C.) 


Per cent. CO 
in mixture 

r„ ! 

atmospheres. 

1 

Percentage 

combustion. 

16 6 

would not ignite 


16-7 

ignited but flam 

d toon died out 

10-7 

Lower 

16 0 

190 

2 00 

88-7-<- m 

limit. 

16 8 

208 

1 08 

93 0 

18 7 

300 

0-70 

96 0 

266 

360 

0-22 

98-8 

62 9 

271 

0 76 

90 3 

66 1 

240 

1 01 

As 

66 1 

200 

1 60 

94 6 

66 6 

211 

1 80 

961 

Upper 

66 7 

200 

2 00 

96-0-<-4*- 

limit. 

66-8 

120 

- 

62-2 

67 8 

would not ignite 

- 


Per oent. CO. 

N B f Lower limit from curve (fig. 3) «=. 16 0 
Upper limit from ourve(flg.4) ■= 66-7 
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Summary. 


(1) The new experimental results show quite clearly that the mere drying 
of CO-air mixtures narrows their explosion ranges at the high initial pressures 
employed, as follows :— 



1 

Percentage CO In 

| 

p, 

i Hygroscopic condition of 

i 

limit mixtures. 

i Explosion 

atmospheres. 

L,. | L, 

Li-Lf 

S*-2 { 

[ “ Dry ” 

181 1 62 7 

44 6 

80 per oent. saturated at 100° C. 

16 7 | 66 7 

60 0 

“*{ 

“Dry” 

18 9 ! 69 3 

40 4 

80 per oent. saturated at 100° C. 

16 6 66 7 

601 


(2) In the case of the “ moist ” mixtures the influence of increasing pressure 
(charge density) was slightly to shift each limit downwards without narrowing 
the “ explosion range ” at all, but with the “ dry ” mixture, the “ explosion 
range ” was definitely narrowed by doubling the initial pressure (see fig. 5). 



(3) By comparing the results of the present “ dry " experiments at 100° C. 
and at 32<2 and 64*4 atmospheres initial pressure, respectively, with those of 
our former “ dry ” experiments {vide Part IX hereof) at 18° C. and initial 
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pressures of 25 and 50 atmospheres, respectively, we can see at once that the 
influence of temperature per tie is to widen the “ explosion range,” because the 
charge density at 18° C. and 25 atmospheres is the same as at 100° G. and 32-2 
atmospheres, while at 18° C. and 50 atmospheres it is the same as at 100° C. 
and 64-4 atmospheres. The results of such “corresponding experiments” 
compare as follows:— 


Percentage CO in limit mixture. 


■.tmoapkeras. 

e "C. 




, Kxploflion 

range 

1 L a — I*. 

I*. 

L " 

m/ 26 0 1 

18 


20 3 

88-8 

| 38 0 

(1) \32 2 

100 


18 1 

82 7 

| 44 6 

„,/80 0 

18 


20-6 

66-8 

' 36 2 

<2) \04-4 

100 


18 9 

09 3 

40-4 


In conclusion, we desire to tender our grateful thanks to the Government 
Grant Committee, the Department of Scientific and Industrial Research, and 
Imperial Chemical Industries, Limited, for generous grants out of which the 
heavy expenses of the investigations have been defrayed. 
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A Theory of Partial Osmotic Pressures and Membrane Equilibria, 
with special reference to the application of Dalton’s Tmw to 
Hemoglobin Solutions in the presence of Salts. 

By G. S. Adair, Fellow of King’s College, Cambridge. 

(Communicated by Sir William Hardy, F It S—Received Oi lober 10, 1927 ) 
1. Introduction. 

Dalton’s Law of Partial Pressures affords a point of departure for the 
discussion of the osmotic pressure of colloidal solutions. The observed osmotic 
pressure of a solution of a protein such as haemoglobin is essentially a property 
of the protein system as a whole, and a knowledge of the partial pressures of 
the various components is of service in a systematic study of the properties 
of the solution. 

It will be shown that many of the difficulties in the interpretation of such 
systems can be overcome by the application of Dalton’s Law in the form used 
by Gibbs. 

The osmotic pressures of aqueous solutions of hiemoglobm have been 
discussed in a previous communication (Adair (1925), 3) * The removal of 
the Balts associated with a protein under natural conditions may cause 
fundamental changes in its properties, and therefore it is necessary to 
investigate the osmotic pressures of solutions of proteins in the presence of 
salts. 

Measurements of the osmotic pressures of haemoglobin and of the membiane 
equilibrium of diffusible salts, recorded below, show that there arc deviations 
from the theoretical formulae of Donnan (1911) and of Loeb (1922) 

The magnitude of the deviations is so great that it is necessary to investigate 
systems with a wide range of concentrations of hydrogen ions, of salts and of 
the protein, in order to find out what assumptions can be considered justifiable 
in correcting osmotic pressure measurements for the effects due to diffusible 
ions and in calculating the Bize of protein particles in the presence of salts. 

The experiments recorded in this work indicate that within certain limits 
of hydrogen ion and salt concentrations, including the range that obtains in the 
blood, it is legitimate to interpret the observed osmotic pressures of haemoglobin 
by the modified form of Dalton’s Law of Partial Pressures given in Section 5. 


* For Literature and iWereooea, aee p. 602. 
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2. Methods. 

The thermodynamic activities of the components of the protein systems 
which have been studied in this work have been deduced from the results of 
experiments in which protein solutions contained inBide collodion sacs have 
been allowed to reach equilibrium with solutions of diffusible crystalloids 

The apparatus used and the criteria for osmotic equilibrium liavo been 
described m a previous communication (Adair (1925), 2). Tn general, equilibra¬ 
tion has been continued for at least seven dayB at a temperature of 0° C , in 
order to ensure a dose approximation to a true thermodynamic equilibrium. 
After equilibration, the potential difference across the membrane has been 
measured with saturated calomel electrodes as described by Loeb (1922), 
Taylor (1924), Northrop and Kunitz (1926) and Bjerrum (1924) 

Samples of the inner and outer fluids have been taken for measurements of 
the densities and for chemical analyses, which include determinations of the 
bases (Studio and Boss (1925)), chlorides (Van Slyke (1923)), phosphates (Briggs 
(1922)). The protein content of pure protein solutions has been determined by 
drying at ]03° C , but m the case of mixtures of proteins and salts, the protein 
content lias been calculated from Kjeldahl nitrogen determinations or from 
the differences in densities of the inner and outer fluids, or from the differences 
iu refraction of the inner and outer fluids 

The hydrogen ion concentrations have licen determined with the Clark 
hydrogen electrode in certain cases, but in general the colorimetric method has 
been used for the “ outer fluids ” which aro free from protein. (Ref. Clark, 
1923.) 

3. The Stability and the Number of Components and Degrees op 
Freedom op Protein Systems. 

Before applying the theory of membrane equilibrium to protein systems, 
it is necessary to establish their stability and the number of components and 
degrees of freedom by experimental methods. 

It has been shown in a previous paper that solutions of one of the proteins— 
namely, haemoglobin—are practically stable at 0° C. (Adair (1925), 2) in 
respect of their osmotic properties. 

Theoretically the number of components may be changed by the formation 
of reduced haemoglobin, met-hsemoglobin and other derivatives of oxy-haemo¬ 
globin. 

Comparative studies of fresh and of old preparations and of pure 
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met-hcmoglobin prepared by the ferricyamde method, and reduced haemoglobin 
prepared by Stokes’ reagent, have shown that under certain conditions it is 
possible to obtain differences of 5 per cent, between the osmotic pressures of 
different preparations, and slightly larger variations in the membrane 
potentials and the distribution of ions, but m the calculations of partial 
pressures and molecular weights given below, the error due to changes in the 
hremoglobin seems too small to require detailed discussion in this paper. 

The possibility that the osmotic equilibrium of haemoglobin is influenced by 
enzymes or by traces of lipoids, globulins, stroma protein and other colloidal 
impurities requires experimental investigation, because Planck (1917) has 
shown mathematically that it is impossible entirely to eliminate impurities, 
and therefore all of the substances present in the corpuscle must be considered 
as components 

In this work haemoglobin has been purified by fractional crystallisation. 

A comparative study of the osmotic pressures of preparations subjected to 
three different, degree* of purification (Adair (1925), 2) yielded results bo nearly 
identical that, for the purposes of this work, it seems legitimate to omit the 
colloidal impurities in calculating the number of degrees of freedom of the 
system under normal conditions. 

The osmotic pressure of hemoglobin equilibrated with distilled water shows 
a range of variation which suggests that traces of ammonia and carbon dioxide, 
and other crystalloidal impurities, must be included in calculations of the 
number of degrees of freedom (Adair (1925), 3). 

The smooth curves obtained when tho protein is equilibrated with a salt 
solution of well-defined composition (fig. 6) indicate that under these conditions 
it is legitimate to assume that the number of components is 1 + N where N is 
defined by tho composition of tho salt solution. 

4. The Diffusible Components of a Protein System. 

The general theory of the thermodynamic properties of the diffusible 
substances present in natural protein-systems is beyond the scope of a paper 
concerned mainly with the analysis of the osmotic pressures of proteins in the 
presence of salts, but there are a number of special points in which measure¬ 
ments of tho “ thermodynamic activities ” or the effective concentrations of 
diffusible substances are essential for the interpretation of the osmotic pressure 
measurements. 

In the first place, the simple theoretical formuke for the osmotic pressure due 
to the unequal distribution of ions across membranes (Donnan (1911), 
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Sorensen (1917), Loeb (1922), Wilson (1925)) have been based on the assump¬ 
tion that the ideal solution laws are applicable. 

In solutions of finite concentration it ib possible to estimate the margin of 
error m the theoretical assumptions by means of measurements of the activities 
and activity coefficients of the ions, which are correlated with their osmotic 
pressures by thermodynamic formula) (Bjcrrum (1918, 1923)) 

The experimental evidence given in Tables I, II, III and IV Bhows that even 
if the concentration of diffusible ions is as Bmall as 0-01 equivalents per litre, 
the margin of uncertainty in the partial pressures of the diffusible ions is of 
the same order of magnitude as the observed osmotic pressures of the protein 
recorded under the same experiment numbers in Tables VI, VIII and X. 

The tables published by Loeb (1922) prove that even if the concentration of 
diffusible ions is as small as 0-001, there is a risk that Donnan’s equations 
may give, results of the wrong order of magnitude if they, are applied for the 
purpose of calculating the part, of the observed osmotic pressure which is due 
to diffusible ions, and the part which is due to the protein itself. 

In tho second place, the direct experimental proof (Tables 1, II, III, IV) 
that the protein causes appreciable changes in the activity coefficients of the 
diffusible salts associated with it supports tho hypothesis, developed in this 
paper, that certain variations in the osmotic pressure, formerly attributed to 
actual changes in tho aggregation of the protein (Roaf (1910), Barcroft and 
Hill (1910)), are really due to deviations from the ideal solution lawB. 

(i) The Application of Gibbs’ Equations for Membrane Equilibrium 
Crystalloidal non-electrolytes and salts can diffuse across collodion membranes 
without restriction, and therefore it is possible to apply the equation of Gibbs, 
which has been re-stated below in the activity notation (Gibbs (1876), 
Formula 77)--- 

< = <' ( 1 ) 

af — the activity or effective concentration of a diffusible substance in the 
protein solution, or “ inner fluid.” a K " =the activity of this .substance in 
tbp “ outer fluid ” m diffusion equilibrium with tho protein solution. The 
convention that a single accent as m a n ' refers to the inner fluid and two 
accents, as in of, refers to the outer fluid has been applied to the concentra¬ 
tions in mols per litre (of and c n ") and other symbols used m this paper. 

Since af can be calculated from the concentration in a pure solution of 
crystalloids (Lewis and Randall (1923)), formula 1 shows that af can be 
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determined by measurements of the distribution of the diffusible substance. 
The activity of water can be determined by equation 1 if the freezing-point 
of the outer fluid has been measured. 

Charged ions can diffuse across the membranes in equivalent proportions 
The equations of Gibbs, and the corresponding formula in the activity notation 
given by Donnan and Allmand (1914), show that the products of the activities 
of the ions of a salt must be equal on both sides of the membrane. 

The activities of individual ions inside and outside the membrane arc related 
to the membrane potentials by formulae 2 and 3— 

*- r -=r h $ (2 > 

E' — E" = potential difference in volts between the protein solution, or 
inner fluid, and the outer fluid. 

F = 96,494 coulombs per equivalent. 

R = 8-316 volt coulombs or joules per degree. 

T = 273-1 at 0° C. 

o/ = activity of a diffusible ion in the protein solution. 
a" = activity of a diffusible ion in tho outer fluid, 
n » valence of the ion. 

< -/,"<(««. logis) 

c" = concentration of the ion in tho outer fluid, a pure solution of strong 
electrolytes. 

= activity coefficient of the ion in the outer fluid. 

l\ — a i'l c i"- 

fi' has been obtained from the tables and formulae published by recent 
workers on pure solutions of strong electrolytes, reviewed by BronBtcd 
(1927). 

E = membrane potential m millivolts at 0° C. 

64-193 = constant for 0° C. *= 1000 x 2-303 x RT/F. 

Rona and Petow (1923) have raised the question whether the theory of 
membrane equilibrium applies to all of the ions in protein solutions, but it 
has been pointed out (Adair, 1923) that the general equations arc supported by 
the authority of Gibbs. 

The extensive researches of Locb proved that formula 2 represents the 
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relationship between the hydrogen ion activities and the membrane potentials, 
if the concentration of electrolytes is not too small for the application of 
electro-metric methods. 

(li) Experimental Investigations of the Activities of Diffusible Ions in Protein 
Solutions. 

(а) Activities of Chloride Ions m Dilute Solutions .—Table 1 showB that even 
in dilute solutions there is a considerable reduction in the activity coefficient 
of the chloride ion m the presence of proteins 

This reduction might be due to the formation of an unionised protein chloride, 
as suggested by Pauli and Sehon (1924) and Northrop and Kunitz (1926). 

In more recent work Pauli and Wit (1926) and Frisch, Pauli and Valkd 
(1926) have adopted the hypothesis that the protein chlorides are fully ionised. 

It is possible to attribute the fall in the activity coefficient to the electrical 
forces due to the multivalent protein ions, which may lead to an accumulation 
of diffusible ions in the neighbourhood of the protein and a diminution of their 
effective concentration in the bulk of the fluid, even if the protein chloride 
is fully loniseil 

The agreement between the observed values and those calculated by the 
formula of Debye and Huckel (1923) and Htickel (1926) shows that the 
intenonic forces may be great enough to account for the fall in the activity 
coefficient. 

(б) Activities of Chloride Ions in Concentrated Solutions .—In protein solutions 
which are not very dilute it is impossible to apply the equations of Debye and 
Htickel in their original form. 

One factor that must be allowed for is the volume of the natural protein. Van 
Slyke, Wu and MoLean (1923) found by experiment that if the concentrations 
of ions are expressed in mols per 1000 grammes of water, the results for blood 
and serum are in good agreement with the ideal solution laws. 

In extensions of the work to more concentrated salt solutions, referred to 
below, it appears that the corrected activity coefficients of the chloride ions 
are abnormally high, if it is assumed that the loss of weight in drying the 
solution represents the mass of free water under natural conditions. 

A part of the loss in weight may be attributed to tho decomposition of the 
protein. From the thermodynamic point of view, water which is produced 
by an irreversible reaction should not be treated as a component of the Bystem 
in its original state. In the circumstances, an allowance has been made for 
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the effects of the volume of the natural protein by the empirical formula stated 
below: 

m/ = Cj'/fl - V,) = Cl'1(1 - 0-01aC), (4) 

ef = gramme mols of an ion per litre of protein solution. 

V, = effective volume of the protein. 
fi the corrected activity coefficient = a//*/. 

ntf = corrected concentration in mols per litre of “ dispersion medium.” 

C = the protein concentration in grammes of dry matter per 100 c.c. of 
solution. 

The data for the more concentrated solutions recorded in Table II 
show that if a = 0-905, the corrected activity coefficient ff is 
practically equal to f", the activity coefficient of the chloride ions 
in the outer fluid. It seems probable that the empirical constant a is 
approximately equal to the volume of natural protein whirh yields 
* 1 gramme of dry matter. The specific volume of dry protein is aliout 
0-75 c.c., and therefore the loss of water by denaturation appears to be 
about 0-21 c.c. per gramme of dry material. Theoretically, a more 
exact estimate of a can be obtained by formula (5), whirh includes an 
empirical correction for the adsorption or combination of the salt or 
non-electrolyte used in the distribution experiment: 

c, = c n " (1 - O-OlaC) + 106 . C (5) 

b = mols of diffusible substance adsorbed per gramme of protein. 

Tabic I.—Activities of Chloride Ions in Dilute Solutions. 


(Edestin chloride |- hydrogen chloride.) 


let' 

Observed. 

/Cl' 

Calculated. 

[Cl]' 

Concentration. 

M' 

Concentration. 

e„ 

J 

0-86 

0-81 

0-0128 

0 0094 

0-000126 

0-10 

089 

0-80 

0-0128 

0 0090 

0-000148 

0-12 

0-80 

0-74 

0 0178 

0-0088 

0-000383 

0-27 

•■69 

0-66 

0-0361 

0-0064 

0-00187 

0-74 

0-66 

064 

0 0404 

0-0060 

0-00141 

0-84 

0 89 

0-63 

0-0408 

0-0070 

0-00132 

0-90 


fa = observed activity coefficient of chloride ions in a solution of edestm 
chloride equilibrated with approximately 0-01 Molar HC1. 

[Cl]' = mols of 01 per litre, determined by analysis. 

[H]' = hydrogen ion concentration, assuming. 

[H]' — Oh'// a exact). 

▼Ol. cxx. —a. 2 s 
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c, = protein concentration — provisional estimates (assuming MoL Wt. 
17,000). 

J — [Cl] + [H] + «,«,*. (n, is about 24.) 
fd (calculated) has been obtained by applying the formula of Debye and 
Httokel, re-stated below (Hlickel, 1925): 

log/i = 0-344 «!* J»/(l + ««,)• (6) 

n s = valence of the ion. 

J = the Bum of the ion concentrations multiplied by the square of their 
valences. 

k = 0-229.10®-.!*., = an empirical constant which depends upon the 

radius of the chloride ion and the mean radii of other ions. In 
this case a, — 3 X 10 -s . 


Table II.—Activity Coefficients at Different Salt Concentrations. 
(Haemoglobin -f- sodium chloride.) 


Experi¬ 

ment 

No. 

CHb 

[Cl]' 

men' 

[Cl]" 

act' 

oci" 

ft? 

MS 

20-4 

0-098 

0-122 

0-128 

0-003 

0-93 

840 

19-8 

0 391 

0-488 

0-490 

0-967 

0-99 

189 

19-7 

1-02 

2-00 

2-02 

100 

1-00 

844 

191 

3-34 

4-09 

4-04 

100 I 

0-9S 

843 

20-7 

3 24 

4-OS 

4 04 

100 

1-00 


[Cl]' = concentration in mols. per litre of protein solution. 
m'a = corrected concentration (formula 4). 

[Cl]" concentration of NaCl in outer fluid, buffered at pH 8-3 by 0-025 
Molar NaHCO,. 

fa — Oa'/wW -fa = Ooi"/[Cl]". 

CHb = grammes dry haemoglobin per 100 o.c. solution. 

fa is distinctly less than f a " if the concentration [Cl]" — 0-125. 

This observation is not inconsistent with formula 6, if the term 0 ,%* 
(approximately 0-003 X 10 1 ) is included in the calculation of J for the inner 
fluid. 

The suggestion has been made that the charges on protein ions are so far 
apart that they can exert only slight effects on f a . If this is the case, the 
reduction in the ratio fdlfd' must be due to some unknown factor. 
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( 0 ) Activities of Chloride and Phosphate Ions at Different Protein Concentrations . 

Table III illustrates a number of points of theoretical interest. 

A 34 per cent, haemoglobin solution diminishes the ratio of the (corrected) 
activity coefficients to 0*87 in a membrane equilibrium experiment. Van 
Slylce, Hastings, Murray and Sendroy (1925) have shown that the ratio of the 
coefficients for Cl in corpuscles and plasma is about 0*77. 

fa and fneof are so much reduced by the protein that there is an excess of 
(3 and P0 t 10 ns inside the membrane, although the protein is acting as an 
anion. 

The differences between the results obtained with different preparations with 
different proportions of oxidised and reduced hemoglobin ore comparatively 
small. 

Table III.—Activity Coefficients at Different Protein Concentrations. 

[HsBmoglobin + KC1 4- Na,HP0 4 + KH,P0 4 ] pH 7*8. 


Ion 

8pMfea. 

Bxperi. 
mont No. 

CHI* 

e.' 

*V 


Ratio 

°i7°i" 

Ratio 

ftlfx' 

01 

01 

a 

Cl 

p: 

Na+], 

Mi 

208 

288 

208 

288 

380 

288 

208 

288 

288 

288 

180 

240 

28 0 
34-4 

18 4 
240 

28 0 
344 
240 
34-4 

0 0880 

0 0806 
0-081 

0 0714 
0-0833 
0-0814 
0-0648 

0 044 

0 2043 
0-173 

0-108 

0-108 

0-111 

0-107 

0 066 
0-0667 
0-0746 
0-066 
0-2668 
0-262 

0-101 

0-1022 

0102 

0-1017 

0 0638 
0-0668 

0 0371 

0 0674 
0-228 
0-237 

0-870 

0-886 

0-844 

0-818 

0-84 

0-918 

0-896 

0-863 

1-046 

1 088 

0-80 

0-83 

0-87 

0-87 

0-81 

0-82 

0-87 

0-87 

0-80 

0-88 


Experiment No. Ref. Table X (membrane potentials). 

Ci — gramme mols per litre of protein solution. 

= corrected concentration (formula 4). 
e," = gramme mols per litre of outer fluid. 
o,7a," = activity ratio. 

(For phosphates a correction has been introduced for the 10 per cent, of 

h « po 4 .) 

fi — corrected activity coefficient = af/mf (mean value for phos¬ 
phates). 

[HPOjl denotes total phosphate. 

[Na], denotes total base (Na -f K). 

The measurements of total base are subject to much larger errors than 
ohloride or phosphate determinations. 


2 
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Measurements of the activity coefficients of ions in approximately 
isoelectric haemoglobin solutions (Table IV) show that the condition of the 
isoelectric protein is much more complex than was formerly supposed. 

There is a large excess of ions inside the membrane, which does not agree 
with Loeb’s (1922) application of the Donnan theory. Moreover, the excess 
of onions much exceeds the excess of cations, an observation which does not 
agree with Pauli’s theory that both ions of a salt combine with the pirotein. 

Sorensen, Linderstrom-Lang and Lund (1927) have pointed out that 
theoretically there may be a difference tietween I, the true isoelectric point 
where the net charge of the protein is zero, and 1/ the “ isoionic point,” where 
the charge duo to combination with hydrogen and hydroxyl ions is zero, if the 
protein combines with other ions. 

Unfortunately, it is impossible to determine I in terms of Sorensen’s 
definition, but if the true isoelectric point is defined as suggested below, I is 
distinctly on the acid side of J A \ 

Proposed Definition of the True Isoeleetric Point. 

The isoelectric point I of a protein in equilibrium with a buffer mixture is 
the activity of hydrogen ions a n ', at which a H ' would be equal to o H ", which 
is the same ns the point of zero membrane potential. 


Table IV.—Activity Coefficients at Hydrogen Ion Concentrations near the 
Isoelectrio Point. 


Ion 

Spook*. 

Experi¬ 

ment 

No. 

CHb 

1 

C l 

1 

V 

1 

Cl" 

“i7«" 

pH" 

Kill" 

Cl 

1 

263 

10 3 

0100 

0-134 

0-121 

0-98 

6-86 

0-88 

[HPOJ, 

263 

19-8 

0-0612 

0-0763 

0-0637 

0 97 

6-86 

0-82 

[HPOJ, 

304 

17-B 

0-0134 

0-0188 

0-00966 

1-0 

6-96 

o-ei 

[HPOJ, 

313 ! 

17 6 

0-0120 

0-0144 

0-00988 

0-93 

0 9 

0-64 

iraT 

313 

17-5 

0-014 

0-0186 

0-0142 

1 05 

6-9 

0-90 


5. Thk Partial Osmotic Pressure of the Protein Ions. 

In order to determine the partial osmotio pressure and the molecular weight 
of a protein m tho presence of diffusible salts, it is necessary to analyse the 
“ observed osmotic pressures ” defined by formula 7 in terms of the pressure 
due to tho excess of ions inside the membrane and the pressure due to the 
pirotein ions themselves: 


Poi*. = F — P" 


(?) 
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j>oU — the observed osmotic pressure, or the pressure measured with a 
membrane permeable by water and salts, but impermeable by 
the protein. 

F = total osmotic pressure of the protein solution or “ inner fluid.” 

F' = total osmotic pressure of the “ outer fluid,” a solution of salts in 
diffusion equilibrium with the protein'solutions. 

The determinations of partial pressures of proteins in the presence of an 
ezoess of diffusible ions may be invalidated by relatively small errors in the 
theoretical assumptions concerning the diflusihle ion pressures and by the 
deviations from Dalton’s Law of Partial Pressures investigated by Abcgg 
(1893) and Cematescu (1920). 

The risk of error is so great that it has been found necessary to modify the 
theoretical assumptions* made by Donnnn (1911) and by Loeb (1922), as 
suggested under the heading Method I, or even to treat the problem from a 
different point of view suggested by the theory of membrane equilibrium 
referred to in a previous communication (Adair, 1927). 

The accumulation of the experimental data required for the application 
of the more accurate Method II is not yet complete,f but it shows that under 
certain conditions, where the ion pressure difference (defined below) is a Bmall 
fraction of the observed osmotic pressure, Method I is a useful approximation 
for the special purpose of calculating the partial pressure of the protein ions. 

Method I. Application of Dalton’s Law of Partial Pressures. —The data 
required for the application of this method include a determination of the 
observed osmotic pressure and the membrane potential of a protein solution 
in equilibrium with a solution of diffusible salts, the concentration of which 
must be within the range of application of the modification of Dalton’s Law 
stated in formula 8 : 

JW = 2p p ' + Ep/ + Ep„' — Ep/' — Ep,,". (8) 

Ep p ' — sum of partial pressures of the protein ions. 

Ep/ = sum of partial pressures of the diffusible ions (in the inner fluid). 

Ep.' = sum of partial pressures of the unionised molecules (in the inner 
fluid). 

Ep," = sum of partial pressures of the diffusible ions (in the outer fluid). 

* Abnormalities in the osmotic pressures of diffusible ions in protein systems have 
been demonstrated by Hammarsten (1924), Understrtm-Lang (1926), Bjerram (1924). 

t The detailed thermodynamical treatment of the partial pressures of protein ions in 
•quilibrtam with salt solutions of constant composition, and the activities of protein 
km will be published later. 
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2p„" =b sum of partial pressures of the diffusible unionised molecules (in 
the outer fluid). 

Formula 8 is un empirical modification of the equation suggested by Gibbs in 
his work on the theory of ideal gas mixtures (Gibbs, 1876). 

He defined the partial pressure of a gas m a mixture as the pressure which 
would be exerted by the gas in the pure state at the same temperature and 
potential. The equations referred to in Section 4 show that the potential 
of a non-electrolyte is the same inside and outside the membrane, and it 
follows from Gibbs’ definition that the terms 2 p % ' and 2p„" cancel out, even 
if the solutions are not ideal. 

Formula (8) is therefore equivalent to formula (9). 

7W = £p,' + %pi — Eft". (9) 

As a first approximation 2p,' and 2p," have been evaluated* by applying 
formulae (10) and (11)— 

p " = RTjCj". (10) 

Pi =IRT(11) 

c," = the concentration of an ion in the outer fluid. 
g — the mean osmotic coefficient of the outer fluid, or the observed 
freexing point divided by the theoretical freezing point. 
h = the valence of the ion (negative for anions), 
u = a symbol representing the expression (E' — E") F/RT. 

K' — K" — membrane potential. (Ref. formulas (2) and (3).) 

If E is expressed in millivolts at 0° C., u = E/23 • 53fi. 

Formula (11) is the same as Nernst’s equation for a concentration cell, quoted 
below— 

K' - E" = InZL. 

aF Pl 

It has been applied to the membrane potentials of glass electrodes by Haber 
and Klemensiewicz (1909). This formula has been employed rather than the 
formula (12) p t ' = RT c/ (Donnan, 1911), or the formula (13) fr' — RTo/ 
(Loeb, 1922), because the osmotic coefficients of ions are different from their 
activity coefficients. 

If the formulas (10) and (11) are applied to all of the diffusible ions, it is 
pooible to make provisional calculations of the “ ion pressure difference ” 
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defined by formula (14) and the partial osmotic pressure of the protein by 
formula (15). 

(14) 

Pdf. = P, + Pi- ( 15 ) 

Pi — ion pressure difference, 
p 9 — partial osmotic pressure of the protein ions. 

If the membrane potentials are small—less than 3 millivolts—the computa¬ 
tions can be shortened by the use of tho exponential series formula No. (16), 
resembling that applied by Bjerrum (1924) in his treatment of ideal solutions. 

S Pi * RT £ [go;' (1 - if(« + i»*iM*)]. (16) 

Since terms of the form gc<" « 4 u for anions and cations cancel out, it follows that 

Zpt ^ ETglOi" + RTjf ($«*) Ecj'V- (17) 

If pressures are measured in mms. of mercury at 0° 0 

Y.pi = 17,03%5> 4 " -f [15-4 q . r . £c ( "] E* (18) 

r = a valence factor — a constant for any given salt — ’Lc i "n , i [£e l ". 

Pi = 15-4 . g . r . Sc/' E* = i,E*. (19) 

4, — a constant for a given outer fluid. 

Under certain conditions a provisional estimate of the order of magnitude 
of tho ion pressure difference can be obtained by applying the formula (20) 
derived from formula (17), by the substitution of the value of “ u ” given by 
formula (21) 

pi = RT g.\ (c,n,)*lrL0i", (20) 

c,i» p = equivalent concentration of protein. —- valence of protein ion, 

defined by the formula c,n p = — Ec/nj. Formula (21) has been derived 
from the series in formula (16). 

c p n„ — uZCiW — w£Ci". ( 21 ) 

In order to compute a, at 0° C it is necessary to know tho molecular weight 
of the protein (Section 7), the amounts of acid or base bound at a definite pH, 
the temperature coefficient of ionisation, and, in addition, it is necessary to 
investigate the degree of ionisation of protein chlorides, sodium proteinates and 
similar salts, a subject which will be discussed in a later communication. 

The acid and base binding power of haemoglobin at 38° C. has been studied 
by Van Slyke and his colleagues (Hastings, Van Slykc, Neill, Heidelberger 
and Harington (1924), Hastings, Sendroy, Murray and Heidelberger (1924)). 
Some rough provisional estimates have been given in Table V. 
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Table V.—Provisional Estimates of the Valence of Hemoglobin Iona. 
pH 2 6 6-8 7-4 8 9-5 

», f40 +6 0 -6 — 9 -20 

It has been stated that the formula (15), p, = — pj, yields a “provisional 

value ” for the partial osmotio pressure. The next step is to find out whether 
there is a range of concentrations of hydrogen ions, salts, and of the protein in 
which the “ provisional value ” is approximately correct. 

The experimental evidence bearing upon this question can be discussed from 
the standpoint of formula (23), which has been derived from formula (22). 

Poba. = Vi + RTflfpO,, (22) 

y, = osmotic coefficient of the protein, e, — molar concentration of the 
protein. 

= + . (as) 

^ = a function which has been introduced to represent the variations in 
the osmotic coefficient caused by hydrogen ions, in systems where 
the protein concentration and the salt concentrations have been 
kept constant. 

<f>, = a function representing the effects of diffusible salts (* — equivalent 
concentration of salts in the outer fluid). 

<f> v = a function representing the variations in the osmotic coefficient at 
different protein concentrations. 

0 = grams of protein per 100 c.c. of solution. 

M. = molecular weight of the proteiu. (If the protein is a mixture of 
polymers, M, is the average value of the mass of the particles.) 
Formula (23) shows that the application of Dalton’s Law to protein systems 
can bo verified by determinations of the molecular weight of a protein. 

If the calculations of molecular weights at different concentrations of 
hydrogen ions, salts, and of the protein are not concordant, the discrepancy 
might be due to three causes : 

(i) The " provisional values ” of the partial osmotic pressure may .be 
different from the real value, if Dalton’s Law is not applicable, or if 
the approximate formulae for ion pressure differences are in error. 

(ii) The osmotic coefficient (<^,^,^) may be very different from unity 
even at low protein concentrations. 

(in) M. may be altered by changes in the hydrogen ion and salt concentra¬ 
tions. 
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It will be shown in Section 7 that the calculated values of the molecular weight 
of haemoglobin in a number of different solvents are in close agreement. The 
evidence in Section 6 makes it Beem improbable that the agreement is due to an 
accidental compensation of deviations from Dalton’s Law by variations in 
or the degree of aggregation, and therefore it may be inferred that the 
agreement in the calculated molecular weights is evidence in favour of the 
application of Dalton’s Law within a limited range of hydrion, salt and 
protein concentrations. 

Outside this range the problem is more complicated, there are many 
relationships between osmotic pressure and one other variable which are 
consistent with the hypothesis that there arc great deviations from Dalton’s 
Law, and there are other relationships consistent with the theory of A. V. 
Hill (Barcroft and Hill (1910), Brown and IIill (1923)), which has been 
supported by Koaf (1910) According to Hill’s theory, the degree of aggrega¬ 
tion of haemoglobin is a function of the concentration of hydrogen ions and 
salts. 

If, however, the observations are vmualiscd as a model, or a series of models, 
in which the “ provisional value ” of the partinl osmotic pressure is represented 
as a function of the hremoglobin concentration and the concentrations of 
hydrogen, potassium, sodium, chloride phosphate and bicarbonate ions and 
the temperature, the relationships which arc consistent with the aggregation 
theory appear to have a different interpretation. 

The hypothesis suggested in this paper is that over the wide range covered 
by the experiments in Section 6, the degree of aggregation is a constant, and 
the apparent variations are accounted for by the functions j> h j> 

It seems probable that with the exception of a few experiments in which p 4 
is relatively large or the diffusible salt concentration is abnormally groat, 
the deviations from Dalton’s Law do not cause serious differences between the 
partial osmotio pressure of the protein and the provisional values defined by 
formula (15) in the experiments referred to below. 

6. The Analysis ok the Observed Osmotic Pressures or Hemoglobin. 
(a) Osmotic Pressures at Different Hydrogen Ion Concentrations. 

Condition (/).—Haemoglobin 1 per cent. Salts, Mixtures of M/15 . KH,P0 4 
+ M/15 . NajHPO*. (Clark, 1923.) 

The points marked by squares in fig. 1 show that under these conditions, 
where the concentration of diffusible salts is so much larger than the equivalent 
concentration of the protein that the value of p t is reduced to a fraction of a 
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millimetre (formula (20)), the observed osmotic pressure of the protein and 
the provisional value of its partial osmotic premure arc practically constant 
over a wide range of hydrogen ion concentrations. 

Two explanations of these observations may be considered. The hydroxyl 
ions may diminish the degree of aggregation of the protein, and the variations 
in the molecular weight may be masked by deviations from Dalton's Law of 
Partial Pressures. 

The explanation adopted in this paper is that the degree of aggregation is a 
constant over a wide range of hydrogen ion concentrations, and that Dalton's 
Law is at least approximately correct (Adair, 1926). 

The provisional values of the partial osmotic pressures are in fairly dose 
agreement with the line AB, calculated on the assumptions that = 1*0 

under these conditions, and that the molecular weight equals 67,000, as 
suggested in Section 7. t 



1.—c -w. (ordinate) ™ observed osmotio pressure of 1 per cent, hemoglobin solutions 
(in millimetres of mercury at 0” C.). pH (absdssa) » — log hydrogen ion oonoentra- 
tion of the “ outer fluid." Circles: Outer fluids, very dilute solutions of NH 4 OH 
and H/sO,. Squares: Outer fluid, mixtures of M/15 Na»HP0 4 + M/15 KH(PO ( . 
E3F » Theoretical value of the osmotio pressure of a protein salt. RT C, (1 + n,). 
AB = Theoretical value of osmotio pr es sure of the protein ion RT <V 
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Condition (II). —Haemoglobin 1 per cent., equilibrated with very dilute 
solutions of ammonia or of carbonic acid. 

The circles in fig. 1 show that hydrogen ions cause great variations in the 
observed osmotic pressure, if the “ outer fluid ” is a very dilute solution. 
Under these conditions ;; obg> is practically the same as the total osmotic 
pressure of the protein salt, minus a small correction term Ep/', as stated in 
formula (24). (Formula (8)) 

Pot*. — RT</,e, (1 + />„) — Ep 4 ". (24) 

The osmotic coefficients of protein salts ( g ,) or their apparent degree of ionisa¬ 
tion, calculated by the classical theory, may range from 0-5 to 0-8 or more 
under these conditions, according to the observations of Adair (1925, 1) and 
Austin, Sunderman and Camack (1926). 

The partial pressures of the protein under these conditions havo not been 
discussed because the outer fluids were too dilute for the application of the 
membrane potential method and formula (11). It may be observed, however, 
that in all cases the osmotic pressures are smaller than the estimates of the total 
osmotic pressure of the ammonium hffimoglobinatc or the hemoglobin 
bicarbonate (Curve EIF), assuming g, = 1*0. 

Condition (III).- -Protein concentration 20 per cent. Salts, 0 • 23 equivalents 
per litre. 

The data given in Table VI and fig 2 show that over the range from 
pH = 6-8 to pU 7-8, the “ provisional value ” of the partial osmotic pressure 
defined by Method I is a constant, and it is probable that the degree of accuracy 
of the provisional values is great enough to justify the assumption that the 
degree of aggregation is const-ant. Calculations based on Method II indicate 
that the function ^ is diminished us the pll is increased from 6-8 to 8-3. 
This function will be discussed in a later communication. 

Table VI.- Osmotic Pressures at Different Hydrogen Ion Concentrations. 


llaomoglobin Phosphates and Bicarbonates, 


Experi¬ 

ment 

No. 

pH" 

K 

Pot*. 

Pi 

Pe 

CHb 

an* 

6 8 

-0» 

101-1 

1-7 

99-4 

19-33 

*50 

7-9 1 

-0-75 

[ 103-6 

4-4 

99-2 

19-48 

*5* 

80 

-0-87 

110-9 

8-7 

105-2 

80-00 

840 

8-3 ■ 

-2-40 

126-8 

24-7 

102-1 

80-40 


* No. 253(B). HeeeorementiMccumto—probable rnngeO—to-0-5. 
CHb — gramme* dry hamogjobin per 100 e.e, eolation. 
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Fro. 2.—Poba. (ordinate) = observed osmotic pressures of 20 per oent. hemoglobin sola- 
tions (in milliraotres of meroury at 0° C.). [OH] *■= concentration of OH ions in the 
outer fluids (mixtures of ohloridea, phosphates and bicarbonate*) (Tables VI and VLL). 
Pi ~ diffusible ion pressure difference =15-4 jf.r. Sc," E* (Equation 19). p v — partial 
osmotic pressure of protein (provisional value). 


Table VII.—Densities and Inn Concentrations. 


Experi¬ 
ment No. 

Density, 

Inner. 

Density, 

Outer. 

fKj" 

LNa]" j 

(Cl]" 

[HPOJ" 

[H,POJ" 

268 

1 0698 

1 0184 

0-163 

0-064 

0-121 

0-0819 

0-0819 

860 

1 0696 

1-0188 

0-104 

o lie 

0-100 

0-0697 

0-0048 

868 

1 0606 

1-0186 

0-103 

0-127 

0-100 

0-0633 

0-0088 

846* 

1-0663 

1 0062 

0-000 

0-180 

0-186 

0-000 

0 000* 


* No. 846 (0 -OSB). Buffered by bicarbonate 0 -086 Molar (HP0 4 absent). 


(6) Osmotic Pressures at Different Salt Concentrations. 

The relationship between the “ observed osmotic pressure ” of haemoglobin 
and s, the concentration of diffusible salts in the fluid in diffusion equilibrium 
with the protein solution, has been shown by the curves in figs. 3 and 4, and by 
Table Vm. 

The analysis of the pressure in terms of Pi and p„ given in Table VIII, 
' v shows that the initial fall in osmotic pressure is due to the diminution in p,, 
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and the rise in pressure at higher salt concentrations must he due to the 
term j?,. 



• *UT CONCtMTSATION 


Fio. 3.— p ^hi -3 observed osmotic pressure m millimetres of meroury at 0° C. In this 
range p 0 t*. is equal to the provisional value of p p . Salt concentration (abscissa) in 
gramme equivalents per litre of the outer fluid. Curve K: 1 per cent, hemoglobin 
4* potassium salts at pH 7 • 8. Curve Na : 0*0 per cent, hemoglobin -f- sodium salts 
at pH 8-8 (mixtures of phosphates and chlorides). 



Fid. 4. —observed osmotic preMure of 20 per cent, haemoglobin solutions. 
fi =» diffusible ion pressure difference. p p = partial osmotic pressure of protein ions 
^provisional value). Salt oonoeotration, gramme equivalents/* sodium wOts (NaCl 
buffered by 0 020 Molar NaHCO,) pcrUtreof outer fluid (Table VIH). 
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Table VIII.—Osmotic Pressures and Membrane Potentials of Hemoglobin 
Equilibrated with Sodium Chloride Solutions, Buffered by 0*025 Molar 
NaHCOj (pH" = 8*3). 


No. 

CHb 

[N.J" 

K 

Pub. 

Pi 

P» 

P» (oorr.) 


347 

19-1 

0 0368 

—10-06 

167-6 

87 

80-6 

88-5 

1-03 

346 

30-4 

0-1004 

- 2-4 

126 8 

24-7 

102-1 

98-0 

1-14 

340 

1 19 60 

0 630 

- 0-65 

115-8 

6-2 

109-6 

114-7 

1-88 

309 

19-70 

3 040 

0 

138-5 

0 

138-5 

140 6 

1-63 

344 

19-08 

4 064 

0 

127-4 

0 

127-4 

139-0 

1-63 

349 

20-00 

4-067 

0 

148-1 

0 

148-1 

189-0 

1-03 


OHb a gnmmM dry Hemoglobin per 100 c.c. tolution (Inner liquid). [Na]" » gramme mole 
N* per litre of outer fluid (NaCl + NaHCO,). p, (oorr.) — v r lot CHb = 20, oorreoted by 
Mtimatea of ip. 4, -=» J> r (oorr.)/86. (86 mm. =■ extrapolated preuuie for [Na]" — 0.) 

Cl « oonoontratlon (aee Table II). 

Measurements at very low protein concentrations showed thkt- as a first 
approximation (and the provisional value of p,) are independent of the 
salt concentration over the range from 0 -01 to 4*0 equivalents per litre (fig. 3). 

It is here suggested that the state of aggregation of haemoglobin is constant 
over a wide range of salt concentrations, and that if the protein concentration 
is low the deviation from Dalton’s Law does not exceed 15 per cent. 

The theory that salts increase the degree of aggregation (Barcroft and Hill 
(1910), Roaf (1910)) cannot be reconciled with the observations for dilute 
protein solutions without postulating great deviations from Dalton’s Law. 

At higher protein concentrations the problem is more complicated, but in 
view of the relationships between osmotic pressure and protein concentration 
demonstrated in Tables X, XI, XII, XIII, it is difficult to explain the results 
by changes in aggregation, and the variations in osmotic pressure may be 
attributed to the function <f>,. 

If this hypothesis is correct, the function <j>, defined by formula (25) ifl of 
significance in calculations of the molecular weights of proteins in the presence 
of salts. 

P, = <t>. iP,l <>• (25) 

p, — partial osmotic pressure of the protein. 

lp»lo — theoretical value of the partial pressure (at the same hydrogen ion 
and protein concentration) at zero Balt concentration. 

The range of variation in <f>, is from 1 to 1*09 under the conditions repre¬ 
sented in fig. 3. At higher protein concentrations the range is much larger. 
It will be observed that a 2 Normal solution of sodium chloride gives the value 
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1*63 in Experiment No. 259, Table VIII, and under Bimilar conditions 
ammonium sulphate gave 1*48, magnesium chloride 1*83, and potassium 
chloride 1*63, the same us Bodium chloride. 

(r) Osmotic Pressures at Different Piotnn Concentrations. 

Condition /.—Concentrations o! hydrogen ions and salts in the physiological 
region. 

It has been shown that if the hemoglobin of the horse ib in equilibrium 
with a neutral decinormal solution of sodium chloride, the observed osmotic 
pressures can be represented by the formula given below (Adair, 1924). 

Pod*. - *»C/(1 - K»C), (26) 

2W = observed osmotic pressures, measured at room temperature (18® 
to 20° C.) reduced to millimetres of mercury at 0° C. by Gay 
Lussac’s Law. ! 

k m — an empirical constant—approximately 2-55. 

K* = an empirical constant—approximately 0-033. 

C — grammes of anhydrous protein per 100 c.c. of solution. 

Similar results with a sightly smaller value for K* have been obtained with 
human haemoglobin and horse haemoglobin, equilibrated the mixture of ions 
found in the red corpuscle, namely, K = 0*116, Na = 0*03, Ca = 0*0014, 
Mg = 0-001, Cl = 0-0725, HCO a = 0-026, H,PO* -= 0-006, HPO t = 0*022, 
SO* = 0 -0011 mola per litre of water. 

Application of van't Hoff's Law at Low Protein Concentrations. 

The preliminary experiments carried out in 1921 indicated that van’t Hoff’s 
Law applies to the osmotic pressure of haemoglobin if the concentration of 
the protein is less than 3 per cent. In view of the importance of this conclusion 
from the point of view of molecular weight determinations, the observations 
have been repeated by more exact methods at 0° C., and with the “ outer 
fluid ” defined in Table IX, in which the hydrogen ion concentration could be 
reproduced with much greater exactness than is practicable with solutions of 
sodium chloride or the salts of blood. 

The observations recorded in fig. 5 confirm the provisional conclusion that 
the osmotic pressure is proportional to the concentration in dilute solutions, 
but they show that there arc appreciable deviations in solutions containing 
more than 1 per cent, of protein. 



594 


G. S. Adair. 



Fifl. fi.—Osmotic pressures of dilute solutions of hemoglobin equilibrated with phosphates 
(Table IX). p„ theoretioal carve calculated by formal* (29). T =* theoretical 
curve calculated by formula (27). CHb = grammes dry haemoglobin per 100 c.c. 
solution. Circles, sheep’s haemoglobin. Crosses, human haemoglobin 

Table IX -Composition of “ Outer Fluid ” pH 7-8 in Experiments Recorded 
m Figs. 5 and 6 and Table X. 

KC1 = 0-10 mols — 7- 546 grammes per litre of solution (density 1 -013). 
KHjP 0 4 = 0-00533 mols — 0-726 grammes per litre. 

Na*HP0 4 .12 H,0 = 0-06133 mols = 21-98 grammes per litre. 

Note— The pH of the phosphate mixture (7-8 at 0° C.) is greater than the 
pH of blood (about 7*4 at 38° C.), a condition which compensated for the 
diminution in the dissociation constant of the protein with fall of temperature 
referred to by Warburg (1922) and Stadio and Martin (1924). 

Application of the Equation* of Him and van der Wads in Concentrated 
Protein Solutions. 

The observations recorded in Table X and fig. 6 show the observed oamotio 
pressures and also the partial osmotic pressures of the protein ionB, in solutions 
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equilibrated with the mixture of potassium chloride and phosphates at pH 7-8, 
defined in Table IX. 



0” C. p„ =-- partial pressure of the protein long. p ( = diffusible ion pressure differ¬ 
ence calculated by formula (34). C = diffusible ion pressure difference calculated 
by formula (38). CHb — grammes dry haemoglobin per 100 c.o. protein solution, in 
equilibrium with phosphate buffer mixture at pH 7 8 (Table X). 


It is possible to represent the observations by means of a number of simple 
empirical formulae, which have been stated below, with their range of applica¬ 
tion and numerical constants. 

Pom. = ; Pv = KC. (27) 

Range C = 0—0-8 (in grammes dry protein per 100 c c. solution), jfc„=2-67. 

p 0 u = h m 0 + 1cJ b & -f kf?. (28) 

Pp = KC + k m k b W. (29) 

Pi 

Range C = 0-8 - 4-0, k M = 2-72, k m k b = 0-066, k { = 0-018. 


Pom. = *.C/(1 - KjC). 

P, = k m GI(l - k b C). 

Range C = 1-0- 20-0, £* = 2-72, K* = 0-0254, ^ 

Pou. =» Pi + RT/(V — pV*). 

VOL. OXX.—A. 


(30) 

(31) 

0-0242. 

*■ 132) 

2 T 
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Range General.—V — volume in litres of solution per mol of protein. 
V„ = volume of one mol of protein. (J — a variable factor defined by this 
formula, p diminishes from 3-4 at C = 8-0 to 2-26 at C = 34-4, and, as a 
first approximation, the variation can be represented in a formula with 
three empirical constants of the form stated below— 

i»,[V-V„ (Pj- p*e-’)]=RT. (33) 

The term V m , the product of the molecular weight (about 68,000), and the 
effective volume per gramme (a in formula (4) is approximately 0*965 c.o.) is 
66 litres. 

The term has been calculated by two methods. The curve marked p t 
in fig. 6 has been calculated from membrane potentials by formula (19), quoted 
below. 

p { = 15-4 g . r Ec/' E* = 15*4 (0-87) (1-48) (0-395) E* = 7-74 E*. (34) 
The curve marked C has been calculated from entirely different data, by 
formula (20) quoted below, assuming that the valence of the protein equals 8. 

Pi = jRT g (m r n,)*lrle i n = 0-018 (cHb) 1 . (35) 

„ — equivalent concentration of protein (formula (4) ). (cHb) = grammes 
protein per 100 c.o. of solvent. 

cHb = C/1 -0-00965 C. (36) 

For certain purposes equation 30 must be re stated in the forms given 
below— 

Pob, (V - 6 t ) = <£,RT. (37) 

Pot* (v-b) = ^RT. (38) 

V = litres of solution per raol of protein, 
v — litres of solvent or “ dispersion medium.” 
b x = 173-4 litres. 
b ^ 107-5 litres (6 = - V m ). 

<f>, = empirical correction factor = 1-09. 

The formula) (33), (37) and (38) resemble the gas equations of Him and 
van der Waals and the equations for the osmotic pressure of non-electrolytes 
developed by Sacknr (1910) and Porter (1917), in that they contain a correction 
for the volume of the molecules. The data in Tables XI, XII, XIII show that 
this^corroction is of significance at different salt concentrations, because g,', 
the corrected osmotic coefficient, defined by formula (39), increases with the 
protein concentration; but there is no strict analogy between the term pV„ 
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in formula (32) and van der Waals’ 6, because (SV m is a function of the concen¬ 
tration of diffusible salts. 

Pp = RT, P (—) (— 0 . (H)905C )- ( 39 ) 

The value of M, the molecular weight, has been discussod in Section 7. 


Table X.—Osmotic Pressures at Different Protein Concentrations. 
Haemoglobin plus KCl 0-1 Molar, Na,HP0 4 0 0613 Molar. KH s P0 4 0-00533 
Molar. 


N > o. t 

c 

Pob*. 

P . 

Pi' 

p„ (calo.) 

pH" 

K 

220 

0 68 

1-9 

0 00 

1 9 

1 9 

7 8 

0-02* 

184 

2-21 

6-2 

0 04 

a 2 

0 2 

8 0 

0 07 

208 

2 90 

8 0 

0 07 

8 5 

8 5 

7-9 

0 10 

211 

3 58 

11 2 

0 07 

11-1 

10-7 

7-75 

0 10* 

258 

6 00 

14-9 

0-31 

14-6 

15 4 

7 8 

0-20 

207 

8 00 

28 2 

0 60 

27-7 

27 0 

7-75 

0-24* 

300 

8 12 

28 8 

0-81 

28 2 

27 5 

7 7 

0-28* 

260 

10-00 ' 

40 2 

I 2 00 

38 2 

38 9 

7-9 

0-60 

204 

12 00 1 

48-7 

1 20 

47 8 

46 0 

7-75 

0 40* 

297 

16 60 1 

07-4 

2 80 

64 6 

67 6 

7-7 

0 60* 

260 

19 40 

103-8 

4-40 

99 2 

99 3 

7-9 

0-75 

902 

19-80 

104-2 

3 80 

100-4 

103 4 

7-75 

0-70 

262 

20-00 

110 9 

6-70 

105 2 

105-3 

8-00 

0 87 

298 

24 00 1 

156 0 

1 8 80 

146-5 

156 2 

7-70 

1 05 

201 

25-00 1 

179 0 

» 50 

169 5 

172 2 

7 75 

1 10 

206 

28-00 1 

242 0 

14-20 

227-8 

236-2 

7 75 

1-35* 

200 

29 00 ; 

204 6 

1 16 50 

248 1 

264 5 

7 75 

1-45 

299 

1 "" 1 

382-8 

| 30-60 

352 2 

668 8 

7 65 

1 98 

4 -> 


C = grammes of sheep’s haemoglobin per 100 c.c. solution. 
p 0 u. = observed osmotic pressure in millimetres of mercury at 0° C. 

Pi — diffusible ion pressure difference (formula (34)). 
p p — partial osmotic pressure of protein — p 0 bn — Pi- 
p 9 = (calc.) == pressure computed by formula (31). 
pH" — pH of the “ outer fluid ” (Table IX). 

E = membrane potential in millivolts (inner fluid negative). Those 
marked with an asterisk are calculated values. 


The activities of diffusible ions in the protein solution have been given in 
Table HI. 


2 t 2 
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Table XI—Osmotic Pressure of Carbon Monoxide Haemoglobin.* In equili¬ 
brium with Ammonium Phosphate at pH 6 • 7 (Isoelectric). Concentration 
(NH 4 ) H,P0 4 , 0-006 Molar (NH 4 ), HP0 4 , 0-004 Molar. 



4-24 
12-55 
1 14 


7-13 

23-3 

110 


14 1 
58-1 
1-39 


18 2 
90-3 
1-88 


Table XII.—Osmotic Pressure of Reduced Haemoglobin In equilibrium 
with Phosphate Mixture 6-8 (approximately iBoelectnc). Concentrations 

KH 3 P0 4 , 4 Molar, Na*HP 0 4 i Molar, KC1 i Molar 
30 30 10 


c 

Pohfc 

9/ 



19 33 
101 1 
1-70 


Table XIII—Osmotic Pressures of Reduced Haemoglobin. In equilibrium 
with 2 Molar NaCl -f- 0-025 Molar NaHCO, (pH 8-3). 


4-7 
190 
1 58 


19-7 

138-8 

2-28 


* p ( 1b practically negligible under the conditions referred to in Tables XI, XII, XIII. 


7. Determination op the Molecular Weight of a Protein in the 
Presence op Salts. 

It bas been shown (Adair, 1925, 3) that in the absence of salts, the mass of 
the haemoglobin molecule is four times the equivalent weight 16,666, determined 
by iron analyses. ThiB result has been confirmed by Svedberg and FAhreus 
(1926), and Svedberg and Lysholm (1927). 

In calculations of the mass of the particles in the presence of salts, a number 
of different factors must be taken into account, as stated in formula (23) 
(quoted below). 

M. = RT . 10C/(p obi - &) (40) 

It has been shown that under certain conditions the term p 4 is relatively small, 
and the osmotic pressure is approximately proportional to the concentration, 
as stated in formula (27). 
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If it ia assumed that the functions fa and fa are equal to unity, under these 
oonditions it follows that 

M 10RT 10 X 760 x 22-414 170,330 .... 

”‘ = T7“- K - <41) 

Extrapolation-Method I. 

The first method of determining iin formula (41) depends upon the 
observation that when dilute solutions (less than 3 per cent, of protein) are 
equilibrated with certain salt solutions of constant composition, the osmotic 
pressures can be represented by an empirical formula like equation 28, re-stated 
below: 

it = Pot. /C = k m + k M h C + faC. (42) 

The relationship between n defined by equation (42) and C, the concentration 
in grammes of dry protein per 100 c.c. of solution, appears to be approximately 
linear in very dilute solutions, and therefore k m (or 7t for C ~ 0) can be deter¬ 
mined with considerable accuracy by extrapolation. 

Results obtained by this method have been Btated in Table XIV. 

Extrapolation—Method Ia. 

This method differs from Method I in that it depends upon measurements of 
osmotic pressures at higher protein concentrations. Theoretically, the correc¬ 
tion for the deviations from van’t Hoff’s Law is not quite so accurate, but from 
the technical point of view Method Ia is simpler because measurements of 
osmotic pressure below 5 mm. require exceptional precautions, and may take 
many days to reach equilibrium (Adair, 1925, 2). 

In applying Method Ia p 9 (or p^ if p t is small) has been plotted as ordinate 
and C as abscissa, and the ratio k m has been determined by extrapolation 
(Adair, 1924, fig. 1). 

The value 2-55 ±0-2 for k M has been obtained by this method for 
haemoglobin equilibrated with a solution of the ions present in the red corpuscle. 

Method II. 

The measurements recorded in Section 6 and Table X show that if the 
concentration of salts is great enough to reduce the term p t to a small fraction 
of the observed osmotic pressure, and not great enough to cause large variations 
in fa, the observed osmotic pressures can be represented by an equation of 
the type stated below— 

1 

C 


Pofci. ft 


(43) 
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In the case of hfflmoglobin solutions in the range from 4 per cent, to 20 per 
cent., K„ == 2*72 if the solvent is a phosphate mixture. This figure differs 
by less than 10 per cent, from the value of that obtained by extrapolation 
methods, and therefore Method II may be of service m the case of a senes of 
observations on concentrated protein solutions, in which the data required for 
the application of Methods I and Ia are not available. 

In the case of the serum proteins the provisional estimates given by equation 
(43) are of the samo order of magnitude as these calculated by Sorensen’s 
formula (Sorensen, 1925), which gave the figures 45,(XX), 80,000 and 140,000 
for serum albumin, pseudoglobin and euglobulin. Formula (43) gives 
uniformly higher values—namely, 68,000, 147,000 and 170,000. Differences 
between the function <f>, and unity may be. of importance in these calculations. 

In the case of haemoglobin, experiments have been carried out (fig. 3) which 
make it possible to correct for the salt effect by extrapolation, hnd it appears 
that under the conditions referred to in the determination of K„, <f>, — 1-09, 
and by applying this correction, the following formula can be obtained— 

M a « 10 RT^/K m = 68,260. (44) 

A small correction for the unequal distribution of a protein in a gravitational 
field reduces this result to 68,000. 


Table XIV.—Values of k m and Provisional Values of the Molecular Weight 
of Hmmoglobin (M„) at Different Salt Concentrations. 



M. 

pH 

Salts. 


2-62 

66,000 

6-8 

0-001 Molar Na,HP0 4 + KH.PO. mixture. 

0 01 Molar (NH 4 ), HP0 4 + (NH 4 ) H.PO,. 

0 22 Normal Na^HPO. + KH,P0 4 + KC1. 


2 *M 

67,000 

66,800 

6 7 


2 M 

6 8 


2 67 

63,800 | 

7-8 

0-23 Normal Na,HP0 4 + KH,P0 4 + KC1. 



M, = grammes of dry protein (dried at 103® C.) per gramme mol. The 
molecular weight in terms of undenatured protein is probably 82,000, about 
22 per cent, greater than M ( . The first three values have been obtained by 
extrapolation Method I, the last by Method Ia. 

The measurements on serum proteins show that in general the determination 
of the size of protein particles in the presence of salts is a difficult problem, but 
in the case of hemoglobin it seems justifiable to accept the provisional value 
obtained by Methods I and Ia. 

A brief summary of the experimental evidence bearing on this question has 
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been given below. In a previous paper (Adair, 1926, 2) it has been shown 
that (1) the osmotic pressures remain constant for long periods, (2) the results 
for preparations of different degrees of purification arc in close agreement, 
(3) the results for human, horse, ox and sheep’s heemoglobins are in agreement. 
In this work it has been found that (4) the results for oxyhemoglobin, reduced 
haemoglobin, met-hmmoglobin and carbon monoxide haemoglobin are in agree¬ 
ment ; (6) the crystalline fractions give the same pressure as “ total h®mo- 
globin,” and therefore it is probable that haemoglobin is a pure substance; 
(6) the osmotic pressures at 0°, 11° and 22° C. arc proportional to the absolute 
temperature (Martin, 1896); (7) the agreement of the provisional values of M, 
at different salt concentrations makes it probablo that the corrections for the 
ion pressure difference, p it and the osmotic coefficient of the protein are at 
least approximately correct. 


Summary. 

The osmotic pressures of haemoglobin solutions in equilibrium with solutions 
of diffusible salts have been measured and correlated with determinations of the 
membrane potentials, and the distribution of diffusible ions. 

Although the relationships between the activities of diffusible ions and the 
membrane potentials are in accordance with Donnan’s theory, his assumptions 
concerning osmotic pressures are not appbcable to the protein solutions of 
finite concentration which have been studied in this work. 

Within certain ranges of hydrion, salt and protein concentrations, a modified 
form of Dalton’s Law of Partial Pressures appears to be applicable for the 
purpose of analysing the observed osmotic pressures m terms of p t , the 
diffusible ion pressure difference, and p„, the partial osmotic pressure of the 
protein ions. 

Systematic experimental investigations of the partial pressures indicated 
that certain variations formerly attributed to changes m aggregation are due 
to the existence of great deviations from the law of van’t Hoff. 

In solutions with hydrogen ion concentrations from 10 -4 to 10 -9 , and with 
sodium chloride concentrations from 0-01 to 4 mols per litre, and in solutions 
with different specieB of ions, including K, Na, Nil*. Mg, Cl, HC0 3 , SO*, 
H|?0 4 , HP0 4i the degree of aggregation of haemoglobin appears to be constant. 

Methods for determining the molecular weight of proteins in non-idcal 
solutions containing salts have been developed. 

The value 67,000 obtained for haemoglobin in physiological salt solutions 
agrees with that previously determined for haemoglobin in distilled water. 
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In conclusion, I wish to thank Sir William Hardy, F.R.S., for the support 
that he has given to this work. 
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Photographic Study of Detonation in Solid Explosives. Part I.—The 
Development of a Photographic Method for measuring Rates of 
Detonation. 

By Elwyn Junks. 


(Communicated by J. F. Thorpe, 

[Plat *s 24-#J 


gay 15, 1928) 


Introductto^^fS^. 


On detonation, a solid explosive undergoes extremely rapid chemical change 
with the liberation of a large amount of energy. The rate at which this 
energy is liberated is governed chiefly by the rate at which the explosive 
detonates. It is known, however, that the rate of detonation varies with the 
conditions under which the explosive is fired and is, therefore, presumably 
dependent on the rate at which the energy liberated on detonation is used 
up in doing work. It appears, therefore, that the behaviour of, and the 
results to be obtained from, a detonating explosive under given conditions 
are intimately connected with its rate of detonation under those conditions, 
and that an exact knowledge of the latter is of considerable importance in 
the study of detonating explosives and their power. 
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The rate of detonation of a solid explosive is usually measured either by 
the* * * § method devised by Mettegang,* or by that due to Dautriche.t The 
former is generally used for lengths of about a metre of explosive. The latter 
is capable of being used for shorter lengths, but is not an absolute method, 
as it is dependent on a preliminary determination of the rate of detonation 
of T.N.T. fuse by the Mettegang method. 

Detonation rarely starts uniformly, so that the above methods give no 
indication of the rate of detonation over the first few inches of the explosive 
cartridge, a portion of the cartridge which is of considerable interest, since 
only small quantities are normally used in other explosive tests. 

The authorj has previously described an absolute method for measuring 
rates of detonation wherein use is made of the partial discharge of a condenser 
during the time taken by the detonation pulse to break two electnoal circuits. 
Although this method can bo used to measure still shorter time intervals, it is 
evidently limited in its application owing to the fact that it gives only the 
average rate of detonation between two points in a cartridge. It was con¬ 
sequently decided to attempt to develop a photographic method which would 
be absolute, and m which a continuous and permanent record would be 
obtained in each experiment. 

A photographic method has been used on many occasions to determine 
rates of combustion and detonation in gaseous mixtures, but its application 
to the study of detonation in solid explosives has not been extensive. 
Laffitte§ used a rotating camera to measure the velocities of detonation of 
certain explosives tubes and also to observe the disturbance 

travelling out under given conditions. More recently, 

Ferrott and C! awth^^^^^^^Hlished an account of rather similar work, 
the explosive in confined in paper. 

In a photographic method, where a luminous phenomenon travelling along 
a cartridge is recorded on a moving film, the sharpness of the resulting photo¬ 
graph will depend on the extent to which the stationary image of the cartridge 
approximates to a straight line. The image of the cartridge must therefore 
be reduced in thickness as much as possible, and this can be brought about 
in a number of ways. The method adopted in the present work has many 

• ' V. Internationaler Kongreea f(lr angewandte Chemie,’ Berlin, vol 2, p 322 (1203) 

t‘C. R., vol. 143, p. 641 (1006). 

t ‘ Safety in Mino* Research Board Paper,’ No. 22. 

§ ‘ Ann. de Chim. et de Phya.,’ vol. 4, p. 687 (Phya.) (1925). 

|| ' J. Franklin Inst.’ (1) January, 1027; (2) March, 1927. 
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advantages, and, in view of the particular nature of the work, is considered 
the most suitable. The explosive is fired behind a narrow slit m a steel 
screen, so that the cartridge is obscured with the exception of a narrow central 
strip, the width of which is adjusted so as to give an image about 0-007 cm. 
thick. By this means the thickness of the image can be made as small as 
desired without limiting any dimension of the cartridge and, as it permits 
the explosive to be fired very much closer to the lens and camera, there is 
a corresponding increase in the intensity of an imago of similar magnification, 
thus making it possible to obtain photographs where otherwise the light 
might have been insufficient to affect the sensitised film. 

All evidence goes to show that, in a cylindrical cartridge of uniform com¬ 
position, detonated axially, the detonation front is symmetrical about the 
axis of the cartridge so that the progress of detonation along any narrow 
longitudinal strip of the cartridge correctly reproduces the progress of detona¬ 
tion along the whole surface of that cartridge. This has been verified on 
several occasions by firing the cartridge with its axis vertical and at right 
angles to the slit, and thus observing the arrival of detonation at points on 
the surface of the cartridge in a plane perpendicular to the axis. 

Description of the Apparatus 

The camera (A, fig. 1) used in the present work is of a special design, capable 
of giving very high speeds of rotation. In order to attain these speeds, it 
was necessary to curtail the width of the film, thus restricting the length of 
the image obtainable. In view of this fact, it was decided to limit the length 
of cartridge under observation to about 15 cm., but in consequence of the 
high speeds attainable and the nearness of the explosive, it has nevertheless 
been possible to use a higher magnification of the image than has been obtain¬ 
able hitherto. This magnification factor is directly determined with the film 
in motion by exposing an illuminated scale in the position usually occupied by 
the explosive cartridge. The actual speed of the film ip determined in each 
experiment by measuring on the film itself the distances between successive 
markings made by allowing light from a bright source to fall on the film at 
definite short-time intervals, the exposure of the film to these time-markings 
being made to coincide with the detonation of the explosive. 

The lens (B, fig. 1) used to focus the image of the explosive cartridge on 
the film is a Cooke lens of 25-4 cm. focal length and aperture / 2-5, and is 
fitted with an iris diaphragm with which to vary the amount of light allowed 
through, according as the intensity of the illumination given out by the 
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explosive demands. It is placed in snch a position that its axis is horizontal 
and is at right angles to and level with the axis of the camera. The lens is 



A B C D E 



Fig. 1. 


protected from projected solid particles by a plate-glass screen (C, fig. 1) placed 
immediately in front of it. 

The explosive is fired behind a vertical steel screen (D, fig 1) which is 2 - 5 cm. 
thick. This screen is placed parallel to the axis of the camera and at a distance 
of about 210 cm. from the lens. A horizontal slit, 1*3 cm. wide and 17*8 cm. 
long, is cut in this screen, such that its centre is in line with the axis of the 
lens. Over this slit a steel plate 0-64 cm. thick is bolted, and m this there is 
a similarly placed but much narrower slit. In most of the earlier experiments 
the width of this slit was 0-16 cm., but it has since been reduced to 0;08 cm., 
with improved definition in the photographs. The advantage of having the 
narrow slit in a separate steel place is that it can readily be taken down for 
repair. 

Prooedure, 

In the early stages of the work, the explosive cartridge was usually unwrapped 
before firing. It was then suspended in a horizontal position at a definite 
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distance from the Blit, such that the axis of the cartridge was parallel to the 
slit and at the same level. The reasons for firing the explosive a short distance 
away from the slit will appear later. 

When the explosive is mounted in this position, the image formed on the 
film is that of a very narrow central strip on the surface of the cartridge, and 
is exactly at right angles to the direction of motion of the film and parallel 
to the direction of motion of detonation in the cartridge. On firing the 
explosive, it thus follows that a photograph is obtained which gives the 
position of detonation on the surface of the cartridge at any instant after 
initiation. A typical photograph obtained with the above procedure is that 
reproduced in Plate 24. 


General Remarks. 

It will be observed that Plate 24, fig. 1, in common with all the other photo¬ 
graphs given later, shows the presence of two separate luminous phenomena 
That appearing first is due to the passage of detonation along tho cartridge, 
this giving rise to a narrow bright band on tho photograph. As the explosive 
cartridge is detonated on the remote side of a slit, this trace always has definite 
boundaries governed by the length of this slit. Shortly after this, another 
luminous effect becomes evident. In this case, however, the bright portion 
projects beyond the boundaries of the slit, showing that this phenomenon 
occurs between the slit and the camera. It was found experimentally that the 
time interval elapsing between the appearances of these two luminous pheno¬ 
mena increases with tho distance between tho explosive and the slit. This shows 
that the secondary illumination is due to the presence of the screen or slit, 
or both. In general, the photographic record of this 
secondary illumination shows three successive bright 
bands, and, as a section of the slit used shows three •£ ^ 

reflecting surfaces at A, B, and C (fig. 2), it is likely " ” 

that the phenomenon is connected with reflection at » | 

these surfaces of the disturbance sent out from the ]| £ 

detonated explosive * Such reflection gives rise to 
an increase in temperature which may cause greater 
luminosity in the products of detonation either ^ 2 

directly or, indirectly, as a result of increased 
chemical action amongst those products. On the other hand, it has been 

* A later ohange in the ahape of the slit modified the photographio record of the secondary 
illumination in accordance with this supposition. 



Fig. 2. 
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shown by Liveing and Dewar*, Dixon,f and LaffitteJ that the spectrum 
of such a reflected disturbance exhibits, in a marked degree, lines corre¬ 
sponding to the elements found in the reflecting surface, so thatlit is also 
possible that the increased luminosity may l>e due to minute incandescent 
solid particles tom from the sides of the slit. The present paper, however, 
is not directly concerned with this secondary illumination, and, by firing 
the explosive at a short distance from the slit, its appearance has been 
delayed slightly so as to ensure the separation of the photographic record of 
the detonation phenomenon from that of this secondary illumination. 

It should be borne in mind that detonation is photographed as it appears on 
the surface of the opaque explosive cartridge and, exoept in the case of 
mtro-glycerinc, it has not been possible to determine directly the manner 
of propagation inside the cartridge 

From the practical point of view this surface rate of detonation ib of impor¬ 
tance, as the initial shock experienced by a body when placed near an explosive 
cartridge is due to impulses received from the effective surface of the cartridge. 

In general the explosive is initiated by means of a detonator placed axially 
and entirely buried at one end of the cartridge. When the detonator is inserted 
in this way, the explosive is initiated in the region of the end of the detonator, 
and detonation spreads out from this point. Assuming the surface of the 
detonation zone to be spherical, it will be seen that, when detonation first 
appears at the surface of the cartridge at B (fig 3), it will have travelled along 



the axis to C, a distance equal to the radius of the cartridge. From the point B 
detonation will travel in both directions along the surface of the cartridge. 
A short time later the detonation front will occupy such a position as B'C', 
and, since BB' is greater than CC', the rate of detonation measured along the 
surface of the cartridge will be greater than that along the axis. Under these 
* ‘ Roy. 800. Proc.,’ vol. 36, p. 471 (1833). 
t ‘ Phil. Trans.,* A, vol. 200, p. 319 (1902). 

J Log. «1. 
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conditions detonation as observed on the surface of the cartridge will start 
from B in both directions with a very high initial rate, but this will fall oft \uitil 
eventually it has much the same value as that along the axis of the cartridge. 
Thus the photographic record has a hooked shape at the end corresponding 
to the detonator-end of the cartridge. 

It has been assumed above that the cartridge is initiated at a point, but 
actually it is initiated by a detonator which has a definite shape and volume. 
Thus the detonation front in the explosive will start with an initial shape 
depending on the detonator used, and this will influence the initial form of the 
photographic record obtained. In the early stages the surface rate of detona¬ 
tion is also influenced by the manner in which detonation m the particular 
explosive vanes in speed from the initiation value to the steady final velocity. 
Thus the photographic record generally consists of an initial curved portion, 
governed partly by the detonator used and partly by the properties of the 
explosive, and a straight portion which corresponds to the stable velocity of 
detonation of the explosive in a cartridge of the diameter used 

Effect of the Surrounding Medium. 

Most of the earlier work with the photographic method was carried out with 
gelatinous explosives on account of their rigidity and the consequent ease with 
which the bare cartridges could be mounted in position. The photographs 
obtained with a number of theBe explosives were characteristic, typical examples 
being reproduced in Plate 24, figs. 1,2. The former w as obtained with a cartridge 
of 58 per cent. N.S. gelignite and shows that the rate of detonation becomes 
uniform at a distance of 7 cm. from the end of the detonator, this uniform rate 
of detonation being 2290 metres per sec The latter was obtained with a 
cartridge of "Arctic ” gelignite No. 2 and shows that the rate of detonation 
is increasing during the first 15 cm. of the cartridge. 

The application of the method to the determination of the velocities of 
detonation of powder explosives presented some difficulty. In dealing with 
these explosives it was necessary to enclose the cartridge in a rigid transparent 
container, and it was decided to use thin-walled glass tubes for this purpose. 
The photographs obtained under these conditions appeared distorted and the 
changed appearance aroused suspicion. In consequence, a cartridge of a powder 
explosive was mounted in position without removing the ordinary wrapper. 
A narrow strip was cut out of the paper wrapper in such a way that the bare 
explosive was exposed to the camera through the slit in the steel screen. With 
this arrangement a photograph (Plate 24, fig. 3) was obtained which had the same 
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characteristics u those obtained with the bare gelatinous exjjlotivee. The effect 
observed os using a glass container is shown in Plate 24, fig. 4, which reproduces 
one of two identical photographs obtained on firing liquid nitroglycerine in a 
thin-walled glass tube by means of a No, 6 service detonator. This photograph, 
obtained with a transparent explosive, shows the primary flash due to the 
detonator and the later arrival of detonation at the surface where it encounters 
the glass walls of the container. A pressure pulse is thus initiated in the glass 
and this travels out with the velocity of sound, namely, about 5300 metres per 
sec. These extremely high pressures cause deformation of the medium in 
which they are travelling, so .that the passage of the pulse along the tube is 
accompanied by shattering of the glass. Thus, if the rate of detonation of the 
explosive is less than the velocity of sound in glass, it appears that the shatter¬ 
ing of the glass may proceed ahead of the detonation of the explosive The 
whole tube, however, is not shattered by the passage of the initial pulse, 
because the shattering of the glass causes degradation of this pulse and the 
pressure soon falls to a value which is transmitted without deformation. The 
pulse, however, is continuously maintained by the advancing detonation, so 
that the boundary of the shattered section of the tube advances correspondingly. 
The pulverised glass remains relatively stationary until it is dispersed later by 
the expanding products of detonation. Thus the powdered glass, illuminated 
by the very intense light from the detonation reaction in the transparent 
explosive, appears in the photograph as a bright band with parallel sides, the 
slope of which giving the rate of detonation of the explosive. Within this 
bright band appears a still brighter line, probably indicating where the detona¬ 
tion front is in contact with the pulverised glass, an effect similar to that 
observed on photographing a cartridge wrapped in white paper. With the 
above assumptions the low velocity of detonation of nitroglycerine appears 
to bo about 1590 metres per sec., a value which agrees closely with those 
obtained by other methods.* 

If the foregoing explanation were correct, it should be possible to obtain 
a clear photograph of the detonation front provided its velocity were greater 

* Another interacting feature of the photograph ii the evidenoo therein of a disturbance 
whioh leave# the point at whioh detonation first reaches the glace and travels forwards at 
a speed approximating to that of sound in glass. This, on reflection at the far end, 
appears to become the origin of a number of bright lines running approximately parallel 
to the direction of motion of the film. Whether or not these lines correspond to 
illuminated oraoks caused by the reflection of the pra eeore as a tension, this parallelism 
to the direction of motion of the film indicates that relatively little movement of the 
glass takes pises during this stage. 
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than that of the pressure pulse through glass which is about 5300 metres per 
Mo* The high velocity of detonation of nitroglycerine is considerably 
in excess of tins figure and by the use of a suitable initiator it was hoped to 
set up this high velocity A No 8 Bruka detonator was used and the resulting 
photograph is reproduced m Plate 25 fig 5 Thu photograph obtained with 
a transparent explosive shows the progress of detonation along the axis of the 
Cartridge where it u most advanoad Detonation travels laterally from the 
detonator and reaches the surface of the explosive where it encounters the 
glass and initiates the pressure pulse in it In this case detonation travels 
along the surface of the explosive faster than a pressure pulse travels in glass 
SO that the initial shattering of the glass accompanies the surfac letonation 
pulse and does not precede it as m the previous oast Meanwhile the ktonation 
front inside the cartridge is in advance of that on the surface so that the former 
u photographe 1 through glass which has experienced n > shock ind is therefore 
transparent ihe front edge of the narrow bright band on the photograph thus 
gives the rate of detonation along the axu of the cartridge and shows that in 
this particular instance the high velocity was estabbshe 1 immediately The 
other edge of the narrow bright band corresponds to the surface letonation 
and in consequence takes the hooked form characteristic of all surface detona 
turn records In this case however the hook at the locus of initiation is very 
obtuse on aooount of the extremely high velocity of detonation Flie high 
velocity of detonation of nitroglycerine determined from this photograph is 
7820 metres per sec and agrees with a later value 7810 metres per sec 
obtained with the nitroglycerine contained in a thin transparent shell of cello 
phase in which the velocity of a pressure wave is much lower than m glass 
The foregoing results indicate that when the explosive is in contact with a 
transparent medium in which the disturbance set up by the explosion travels 
faster than the detonation sone in the explosive the photograph of the detona 
turn may be distorted The author in common with Comey f LaffltteJ 
Perrott { and Holmes || finds that, under dertain conditions and m certain 
directions the disturbance outside a cartridge of solid explore detonated in 

* This oonotanon wu later vented with a number of otter expletives, and it was found 
that la all oases wlure the velocity of detonation was above 8480 metros per aeo the 
photographic rec or d was quite dear whereat with velooHfco of 4700 metre* per eoo 
or Under the photographe were distorted 
f Seventh Int Gang Appl Chem London, 1009 
j Loo eh. 

J TreatiseInst March, 19*7 
V* ThmUm took. Aped, M*7 
yotaope**** 
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a gaseous medium can have a considerably higher spoed than that of the 
detonation phenomenon m the cartridge itself. It thus appears possible that, 
even in the case of a naked explosive cartridge 
freely suspended in air, there may be special 
circumstances under which this disturbance may 
obscure the detonation of tho cartridge. Such a 
possible case is illustrated in fig. 4, which represents 
a section through the cartridge m a horizontal 
plane passing through the slit m the steel soreen. 
At a particular instant the surface detonation 
zone, which it is desired to photograph, occupies 
the position AB, but if the front of an opaque 
disturbance takes some such form as BCD, no 
light from AB can reach the lens., If this disturb¬ 
ance is luminous, a photographic record will be 
obtained which simply gives the rate of progress 
in the direction of the cartridge of the most 
advanced - point C of this disturbance. Since it is 
the luminosity of the disturbance that is being 
photographed, the resulting record will correspond 
to the visible portion CD of its surface between C 
and the steel screen. Thus the photograph will not exhibit the characteristic 
narrow bright band associated with detonation, and will be easily recognisable. 

Under normal conditions the disturbance outside a cartridge does not often 
take up tho form assumed above, but it has been possible to produce this result 
in two ways. In one case it was produced by using an unwrapped cartridge 
made up of two explosives of the same type, but with different rates of detona¬ 
tion The first half-cartridge had a rate of detonation of 2600 metres per seo., 
while that of the second half was 1710 metros per sec. The photograph 
obtained is reproduced in Plate 25, fig. G. On passing from one explosive to the 
other there is a comparatively sudden change in the rate of detonation, but the 
disturbance caused by the first half-cartridge proceeds unabated and is thus 
able to gam on the retarded detonation. In this case the products of detona¬ 
tion are much less luminous than the detonation zone, so that the two can 
easily be distinguished. The front of the advancing disturbance is plainly 
recorded by its own luminosity, and, as it gets farther ahead of the detonation 
zone, the latter appears to diminish gradually in intensity, being obliterated 
by the increasing amount of opaque material between the cartridge and the 
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steel screen. A similar result was obtained by initiating a bare cartridge of a 
gelatinous explosive by means of a very strong detonator. Under the influence 
of the detonator the front portion of the cartridge detonated at a much faster 
rate than the normal, but the initial rate of detonation set up is not sustained 
and rapidly falls to the stable value for the explosive. It will be seen, therefore, 
that the conditions are essentially the same as m the previous case. 

It has been stated that this abnormal shape of thu disturbance due to a 
detonating cartridge is very seldom encountered, but a somewhat similar effect 
is observed in the case of explosives detonating with a high velocity. In 
general, it has been observed that as the velocity of detonation increases, the 
luminosity of the resulting prodnets also increases It thus occurs that 
with the very high velocity explosives the products of detonation are sufficiently 
luminous to make it difficult to distinguish between the photographic records 
left by the two causes This effect is illustrated in the photograph reproduced 
in Plate 26, fig. 7. This was obtained with a bare cartridge of' Arctic ” gelignite, 
and shows that over the first 8 cm. of the cartridge the rate of detonation is 
comparatively low, with the result that a normal photograph of the detonation 
zone is obtained About half-way along the cartridge there is a sudden increase 
in the rate of detonation, the high velocity set up being accompanied by a very 
luminous disturbance outside the cartridge Beyond the point at which 
the change in velocity takes place, it is almost impossible to judge from the 
photograph itself whether the front of the photographic record corresponds 
to the front of the detonation zone or to the most advanced point of this distur¬ 
bance, which may or may not coincide with the front of the detonation zone 
Owing to the high velocity of detonation, it is unlikely that the disturbance 
can proceed faster in this direction, but. it was considered advisable to test this 
conclusion in the case of an explosive cartridge which would favour the formation 
of an extremely rapid disturbance. For this purpose, a rough determination 
was made of the actual contour of the disturbance sent out from an unconfined 
cartridge of this high velocity explosive The explosive chosen was high- 
grade TNT pressed into cartridge form under a pressure of 10 tons per square 
inch, the cartridges being 6-1 cm. long and 3-2 cm. diameter. The behaviour 
of these cartridges under different tests led to the conclusion that it could 
be assumed that each cartridge detonated in a very similar way. The average 
rate of detonation over the latter part of this cartridge was found to be 6200 
metres per sec., but the disturbance leaving the end of the unconfined cartridge 
was found to have an initial speed of about 7000 metres per sec. Cartridges 
were detonated in various known positions with reference to the slit, the axis 

2 v 2 
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of eaoh cartridge being kept in a vertical plane parallel to and at a fixed distance 
from the steel screen. Assuming that the disturbance sent out from the 
explosive cartridge is symmetrical about the axis of the cartridge, the photo* 
graph obtained in any one experiment shows the progress of the front of this 
disturbance along the line of intersection of the horizontal plane through 
the slit and the vertical plane through the axis of the cartridge. Thus, if fig. 5 



represents the position of the cartridge in one experiment, the resulting photo¬ 
graph gives the position of the front of the disturbance at different times on a 
line making an angle 0 with the axis of the cartridge and meeting the surface 
of the cartridge at a point A distant x from the end. The times were all 
measured from the instant at which detonation first appeared on the surface 
of the cartridge, allowance being made in each case for the time required for 
detonation to reach the point A at which the disturbance is observed to leave 
the cartridge. 

From these readings the position of the disturbance was determined at 
intervals of 10 -9 sec., and plotted on a graph, a smooth curve being drawn 
through corresponding points to give tho approximate contour at certain 
definite intervals. The results of these experiments are contained in fig. 6, 
which shows tho instantaneous contour of the disturbed region surrounding 
this cartridge at intervals of 10 -9 sec. from the mstant at which the disturbance 
was initiated. The results tended to show that whereas the front and rides 
of the disturbed region were well defined, the portion in between appeared 
to have an irregular surface. The dotted portions of the curves shown in 
fig. 6 indicate means positions derived from a series of observations. 

As far os the present work is concerned it is sufficient to point out that, 
even with this high velocity and high density explosive, the disturbed zone is 
not of the abnormal form to which reference has previously been made. 
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In spite of the confirmation afforded by these experiments it was decided 
to attempt to separate the luminosity due to other causes from that due to 



detonation, and thus arrive at a characteristic record of the detonation 
phenomenon even with high velocity explosives. Tf the explosive is in contact 
with a solid medium, the pressure pulse must travel through this first before 
the products of detonation can expand appreciably. Thus, by enclosing the 
explosives in a container of a suitable material, the expansion of the explosion 
products may be delayed, and by the use of a suitable thieknpss of this material 
it is possible to delay this for a sufficient length of time to separate the record 
of the detonation phenomenon from the luminosity due to the reaction products. 
The experiments carried out have shown that the material chosen must be 
transparent and remain so under very high pressures. In addition, a pressure- 
wave once set up in the material should die away rapidly, and its velocity of 
propagation should be as low as possible. Cellophane, a gelatinised and trans¬ 
parent form of cellulose, has been found to be quite suitable for this purpose, 
and in general the powder explosives are cartridge in sheet cellophane, 
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0-06 mm. thick, the usual waxed paper wrapping being dispensed with. 
Plates 26, fig. 8, and 26, fig. 9 show typical photographs obtained'on using the 
same powder explosive with and without cellophane respectively. In the case 
of the high velocity explosives rather thicker material ib used, the thickness of 
the shell surrounding the cartridge being about 0 • 2 mm. An illustration of the 
photographs obtainable is given m Plate 26, fig. 10, which was obtained with the 
same explosive as was used for fig. 7, the only difference being that in fig. 10 
the cartridge was wrapped in cellophane It will be seen that the character¬ 
istic form of the photographic record of the detonation zone reappears on 
using a cellophane container. This is also shown in Plate 26, fig. 11, which was 
obtained with three short cartridges of compressed TNT, placed end to end 
and wrapped in the usual thickness of cellophane. A constant velocity of 
detonation of 6360 metres per sec is quickly established in this explosive. 

Results. 

The two methods generally used to determine the velocity of detonation of 
an explosive are those devised by Mettegang and Dautriche By means of 
the latter method, the average velocity of detonation can be determined over 
a length of 16 cm. of explosive, and, as this is the length of cartridge under 
observation in the photographic method, it is evident that the Dautnche 
method is suitable for comparison with the photographic method. A series 
of tests was therefore carried out to compare directly the results obtained by 
the photographic method with those obtained by the Dautriche method. In 
these tests determinations were made on the same 15-cm length of the same 
cartridge by the two methods, three explosives of a similar type being chosen 
to give a wide range of velocities. The results are given in Table I, and show 
that velocities of detonation given by the two methods arc in substantial 
agreement. 

The values given by the Dautriche method are based on a preliminary 
determination of the velocity of detonation of TNT fuse obtained by the 
Mettegang method, so that all three methods are involved in this comparison. 


Table I.—Comparison of the Photographic with the Dautriche Method. 


Explosive. 

Velocity of detonation in metres per seoond 

Photographic method. 

Dautriche method. 

Glasgow dynamite, IS percent. N/G 

1710 

1660 

„ 28-8 „ N/G 

8240 

8240 

.. 60 „ N/G 

8120 ! 

6180 



Photographic Study of Detonation in Solid Explosives. G17 

The velooitiea of detonatiou of several other explosives have been determined 
by the photographic method, some determinations of general interest appearing 
in Table II. These results illustrate the two velocities at which detonation is 
oapable of propagation m the gelatinous explosives and tho change m velocity 
on storage. The results also show the effect of the nitroglycerine content of 
a particular type of powder explosive on its velocity of detonation. 

The cartridges of explosive were cylindrical in shape and 3-2 cm diameter* 
that being tho diameter of cartridge most generally UBed in practice. 


Table II. 


Nature. 

Explosive 

Nitro¬ 

glycerine 

Condition. 

Velocity of 
detonation in 
motres/aeo. 



Per cent. 






N 8 gelignite, BO per 

411 0 

Fresh 

Low 

3010 



cont N7Q 



High 

6800 




Old 

Low 

2200 



N.8 gelignite, 58 per 
cent. N/G 

57 a 

Fresh 

Low 

305 0 

Gelatines 



Old 

Low 

2290 



Arctic goligmto No. 2 

38 o 

Fresh 

High 

5720 




Old 

Low 

2540 



Blasting gelatine 

DO 3 

Old 

Low 

2010 





High 

7590 

Liquid 

Nitroglycerine 

_ 

— 

Low 

1590 



High 

7820 



Glasgow dynamite 

no 

- 


1000 




120 



1710 

Powder* 



18 5 

28-5 



2120 

3240 




40-0 



3790 



L s E 

600 



6120 


Duration of Detonation Phenomenon. 

It has been shown that the portion of the photographic record directly 
associated with the detonation of the explosive is characteristic and, unless 
distorted, always appears as a narrow well-defined band. If it is assumed 
that this band is due to luminous radiation emitted during the extremely 
violent reactions taking place in die detonation zone, then it is possible to 
determine the time of duration of these reactions from measurements of the 
photographs. 

If d ~ thickness of the slit 

and x — thickness of the detonation zone in the cartridge 
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(ithe length of cartridge undergoing reaction at a given instant), then the 
instantaneous image of the detonation zone is a rectangle having sides mx 
and md, where m = magnification factor (see fig 7). Both detonation zone 
and film are moving, however, and the resulting negative will be a dark band 
bounded by the lines AA' and BB'. If at any point the thickness of this 
band in the direction of motion of the fdm be y, we see that.— 
tan 6 = mx/(y — md), x — thickness of the detonation zone on the surface 
of the cartridge, 

x — (y — md) tan 0/m -=• (y - ml) V/n, 
where 0 - - angle made by the tangent to the curve at the chosen point, 

V = velocity of detonation at. that point, 
v — velocity of film. 

The duration of the phenomenon is given by 
< = (»/- md)lo. 



On measuring the photographs, it appears that the detonation zone passes 
a point on the surface of the cartridge in approximately 10~ 8 sec , the length 
of cartridge undergoing reaction at any instant being about 0-3 cm. It is 
uncertain whether or not halation has been completely eliminated, so that 
these figures may be slightly high. 

The duration of detonation over a plane section perpendicular to the axis 
of a cartridge is influenced loth by the thickness of tho detonation zone and 
by its curvature Owing to the fact that detonation is most advanced on the 
axis of a cylindrical cartridge, it first arrives at the centre of a transverse 
section and appears to travel outwards from this point. By firing a cartridge 
of explosive with its axis horizontal and at right angles to the slit, so that 
an image is obtained on the film of a very narrow strip of explosive along a 
diameter of the end section of the cartridge, a photograph was obtained whioh 
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gave the outward movement of detonation from the centre of this end section. 
The explosive used was a modified Glasgow dynamite detonating at 1760 metres 
per sec., and the cartridge was long enough to ensure that the steady con¬ 
dition had been reached. This photograph, Plate 26, fig 12, gives the relative 
times at which detonation arrives at points at different distances from the 
centre of a transverse section of the cartridge In the steady state the detona¬ 
tion front assumes a definite shape which travels uniformly along the cartridge, 
and as this uniform velocity was known, the actual form of the detonation 
front inside the cartridge could be derived from measurements of the 
photograph. 

The stable form of the detonation front in a 7-6 cm. diameter cartridge of 
this explosive is shown in fig 8, which 
represents a longitudinal section of the 
cartridge in a plane passing through the 
axis In this ca.se the detonation front 
on the axis of the cartridge is 0 66 cm in 
advance of that on the surface. Tt thus 
appears that lit this particular case the 
duration of the detonation phenomenon 
over a transverse section of this cartridge 
is AB divided by the velocity of detona¬ 
tion of the explosive, or 6 x JO"® see pj 0 8 

In the case of a cartridge of 3 2 cm 

diameter the difference in position is usually about 0-3 to 0-4 cm. and the 
time of duration of detonation over a transverse Ruction is about 3 X IP”® see 
This figure varies slightly from one explosive to another 

Summary 

A photographic method for studying detonation in solid explosives has 
been developed and applied to the measurement of rates of detonation. 

Photographic records give the rate of movement of the detonation zone 
along the surface of an explosive cartridge and differences existing between the 
“ surface ” and “ axial ” rates of detonation are considered. 

It has been shown that, under certam conditions, the disturbance set up 
in the surrounding medium may cause distortion of the photographic records 
of the detonation phenomenon and a method of overcoming this is described. 

It is confirmed that under certain circumstances the disturbance set up 
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outside an explosive cartridge placed in a gaseous medium travels faster than 
the detonation phenomenon in the cartridge. 

The contour of the disturbed region surrounding a particular cartridge of 
explosive has been approximately determined at definite intervals from the 
instant at which the disturbance is first initiated. 

Photographic determinations of velocities of detonation are found to agree 
with those obtained by the Dautriehe method. 

Some results are tabulated to illustrate the two stable velocities of detonation 
peculiar to the gelatinous explosives and the effect of the nitroglycerine content 
of a powder explosive on its velocity of detonation. 

A method is given for determining the approximate duration of the detonation 
phenomenon over a transverse section of a cartridge. 

The stable form assumed by the detonation front inside a 7 ■6-cm. diameter 
cartridge of a certain explosive has been determined. , 

This work was undertaken on behalf of the Explosives in Mines Research 
Committee at the Research Laboratories of Nobel’s Explosives Co., Ltd. 
The author wishes to thank the Committee, in particular Mr. W. Rmtoul, 
Research Manager, Nobel Industries, Ltd, under whose direction the work 
was carried out, for permission to publish the results. 
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On the Magnetic Moment of the Electron. 

By Prof. C. Q. Darwin, P R 8. 

(Received July 21, 1928.) 

1. In a recent paperj the presont writer discussed Dirac’s new formulation^ 
of the quantum mechanics of the electron from the point of view of the wave 
theory. In tho course of that work formulae were obtained for the electric 
density and current associated with any type of electron wave. Those formula) 
link tho electron with the rothcr, so that to a first approximation (that is, 
excluding such questions as the reaction of its own emitted radiation on the 
electron) we have a complete expression of the state of affairs, which is suitable 
for use in the classical electromagnetic theory. But there are certain problems 
in which it is convenient to attribute part of the magnetic field of a moving 
electron to an electric convection current and part to its intrinsic magnetisa¬ 
tion ; for example, this would be so m discussing the Stmi-CJerlacli effect 
for free electrons In the earlier paper a separation of this kind was carried 
out for an electron in an atom and a short account was given of the correspond¬ 
ing case for an electron moving freely. As tho paper was intended to cover 
a much wider field, these matters were only reviewed rather briefly, and the 
purpose of the present note is to elaborate them somewhat more fully. The 
process is one of pure classical theory, for the establishment of current and 
density is the only appeal that need be made to the quantum theory. We 
shall exhibit directly the magnetic moment of the electron, working it out in 
the first instance for slow motions, as it is easy to generalise this case by 
relativity principles. It would no doubt be possible to develop the whole 
result m one step, but tho purely classical problem of the fields of a swiftly 
moving magnet is quite troublesome, even though tho principles have lieen 
fully mastered, so that it would be an unnecessary and profitless exercise to 
follow this procedure. 

It may be recalled that Dirac’s equations! | were easily shown to be invariant 

J ‘ Roy. Soo. Proo.,’ A, vol. 118, p. 654 (1928). As I shall have to refer to many formula) 
in this paper, I shall denote them by a j. Thus (2.2)f denotes the four fundamental 
equations. , 

5 ‘ Roy. Soo. Proo.,’ A, vol, 117, p. 610 (1928). 

|| With his matrix methods, Dirao never actually writes down these equations, hut they 
an extracted from his work and given in (2-2)t. 
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for any space or relativity transformation,J even though their form is quite 
unsymmetrical. The associated density-current functions§ naturally have 
the property of covariance, though also quite unsymmetrical in appearance. 
Wc shall here meet other tensors, also quadratic in the <J/s, and having the same 
unsymmetrical appearance. Their construction is by no means obvious, and 
the only process seems to be a direct application of all the transformations of 
the group to each component—a straightforward but laborious method. 
Before Dirac’s equations were found one would have said without hesitation 
that the correct procedure in such a case would be to reduce the equations 
themselves to tensor form, for then the associated tensors should become 
obvious It is not haxd|| to throw the equations into space-vector form, but 
if the relativity transformation is to be included, they obstinately refuse to 
go into any but a very clumsy form and nothing is gained , this being so, it 
seems not worth while to use the space-vector either I have tl*e hope that 
this Nuhjeet may interest some analytical geometer and may tempt him to 
investigate these curiously unsymmetrical invariant properties. As we 
shall see, they appear to be connected with the stereographic projection of a 
sphere and perhaps with the homographic transformations of a complex 
variable, subjects with which I am not very familiar. 

The purpose of the present note is illustration rather than proof, os it makes 
no new demands on the quantum theory, but is in effect pure electro-dynamics. 
It arose out of an investigation given in the immediately following paper, 
which aims at seeing whether any magnetic polarisation of electrons could 
arise when they are diffracted, say by a crystal. The results there obtained 
made it, necessary to consider somewhat more deeply the interpretation of 
the wave equations and led to the present work. 

2. There are two different ways in which magnetic moment can be observed, 
which may be called the internal and the, external, typified respectively 
by the Stern-Gerlaoh method and the magnetometer. In the internal method 
we expose the magnet to a magnetic field and find its changed energy, in the 
external we isolate it and observe the magnetio field at a distance. As long 
as the electromagnetic equations are satisfied, the two methods must be 
equivalent and wc may choose whichever is most convenient. There can be 
no question but that the external method is much simpler, for even if we avoid 

J Sw p 65«t. (1), (2) and (3). 

5 The expressions (3.3)t 

|| See (2.3)t- Dirac uses a somewhat similar prooees. by splitting his matrices into 
pain of facton one set of which is a space vector, but the work it still very unsymmetrical. 
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the troublesome non-uniform field of the Stem-Gerlach experiment, we still 
have to use something equivalent to the ponderomotive force of Lorentz m 
order to find the energy, whereas the external moment can be calculated from 
Maxwell’s equations directly. 

We therefore first consider how in the classical theory magnetic moment 
would exhibit itself externally. The general electromagnetic equations may 
be written 


+ = curlH, divE = 47tp 

c ot 0 

- = curl K, div H = 0 


( 2 . 1 ) 


where p and j are density and current. As long as no single magnetic poles 
arc allowed, these equations can describe any system. In Lorentz’s theory 
the current is attributed to the convection of electricity so that j — p r, but this 
must now be changed so as to allow for the magnetic moment. The change 
is simple mid brings the equations to the form they have m the elementary 
theory of magnetism. Let p. be the magnetisation (density of magnetic 
moment), then B the magnetic induction is given by B = II ~|- 47; u. and the 
last two equations must be replaced by 

— -^2 ss curl E, div B 0 
Eliminating H from the first equation we have 

+ 47; ( p - + curl p ) — curl B (2 2) 

c vt c 

At the distant point of observation we need not distinguish between H and 
B and so can attribute the effects to a current 

3-~ P* + <* ewl p. (2 3) 

Wc shall therefore Hhow that part of j is proportional to the electron’s 
velocity and part is the curl of a certain vertor, and from this wc Hhall deduce 
the magnetisation of the electron. 

3. The magnetisation of the electron can only be observed by supposing 
that the electron wave ih confined to a limited region of space. If it is observed 
by a Stem-Gerlach experiment, slits must be used, or if by a magnetometer, 
the electron wave must be somewhere away from the instrument. Moreover, 
if part of the magnetic field is to be attributed to the convection of electricity, 
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we must be able to assign a definite velocity to that convection. All these 
conditions ore fulfilled if wo take the electron as a “wave-packet.” The 
accurate form of such a packet can be set down by the use of Fourier integrals, 
but, unlike the case of Schrodinger’H equation, the integrals cannot be worked 
out, so that the distribution of the wave in space is not made explioit. How¬ 
ever, by taking low velocity an approximate solution can be found, and this iB 
all that is needed. 

The accurate solution of Dirac's equations in the form of plane waves is 


4, = A.S 


i|/ 4 = B . S 


j,, = r s 4, -A(p+*g) + Br 8 

mc +W/c ™ mc + W/e 


(3.1) 


where S = exp i -r- (px -\- qy -\- rz — W l) 
h 

and 

W/c = ^/{mV f-p2 H/ s + f a}. 


If the velocity is small, we have W = /no 2 + (p* + J* + »*) /2m, and the equations 
for reduce practically to Schrodinger’s. In order to construct a wave 

packet we replace A by 

A (j y/'htj exp — 11 [(/» — »»«)* -f (q — mvf -f (r — mw)*], 

and taking the now A as a constant we now integrate over all values of p, q, r. 
As was shown m an earlier paper]:, the result will be a packet initially 
round the origin, moving with velocity u, v, w and spreading somewhat as it 
goes. The initial value, which is all that we, need here', is 

+ 8 = AP, = BP, (3.2) 

where 

P = exp - ~ + y* + **) + *jm (ux -f vy + m). 

To evaluate iji,, i];, approximately we may replace W/c in the denominator by 
me and the integrations can then be done. For our purpose we only want 
the initial values, and these can be found alternatively by the use of (4.1)f. 
We have 

r (3.3) 

as; { A l. w ‘ + ^ {x + <sr >] -»[»>«+■ p J 


t * Roy- Soc. Proc.,’ A, vol. 117, p. 268 (lfi27). 
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These four quantities express the instantaneous wave form at time t = 0 for 
a packet moving with small velocity u, v, to. 

Next form the density and current by the use of (3.3)f— apart from a 
constant factor the four expressions are given below in ('1.2). Then 
approximately 

p = - e (AA* + BB*) exp — (jj 2 + a 2 )/* 2 (3 4) 

AA* (» - jf) - BB* («+}) 

= P“ + ^{< BB, - AA *>| 

- (iA*B - *AB*) |j exp - (** + y t -{- z 2 )/^. (3.5) 


In the same way we find 

P ' + 4m{ (_A ’ B_AB ’ ) I 


- (BB* - AA*) exp ~ (j* + f + r)/o». 


Jt = P „ + i i(,.A.B^.AB.)3 

- (- AB* - A*B) exp - (x 2 + i/ 2 + z 2 )/o 2 . 

These are of the form required by § 2, and so we may say that there is a 
magnetisation with components 


To describe a single electron the constants A, B must 1x> so normalised, that 
(AA* 4- BB*) ||j exp —(x* + y* + **)/o* dxdydz — 1 , (3.7) 
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and it follows that the magnetic moment is ehj^mo, as it should be. The 
expressions (3.6) arc, of course, a special case of (4.6)f according to which 

to = ~ +s*+4 ~ +8+4* 1 

(A* = »+3*+4 - »+8+4* y < 3 - 8 ) 

US = - +3+3* + +4+4* J 

If we take an infinite plane wave, the direct observation of the moment is 
not possible, but it is easy to extend the process so as to cover this case. 
Experimentally we may imagine a screen to intercept all but a small pencil 
of the wave, which thus becomes amenable to observation; theoretically we 
can adopt (3,8) as a definition of the magnetisation. In discussing such 
questions us the diffraction of a stream of electrons, we want to be able to 
describe how the magnetic moment n ill lx* affected by the diffracting system, 
and it is thus necessary to find how the direction of the magnetisation is 
correlated with A and B If the direction of magnetisation has colatitude 
X and longitude to with reference to the z-axm, it is easy to show that — B/A 
= cot <?'“ Now if we project stereogiaphicallyj from the positive pole of 
a sphere on a plane, at unit distance, the point /, to has co-ordinates cot $x cos to, 
cot ix Bin to Thus the ratio — B/A bears to the direction of magnetisation 
the same relation as that borne by a point £ in the complex plane to the direction 
in a sphere that corresponds by stcreographio projection In any diffraction 
problem the diffracted wave must bear a linear relation to the incident, that 
ib to say. A' — aA f (JB, B' — yA -(- SB, and so the new direction of magnetisa¬ 
tion, described by — B'/A', is related by a homographic transformation to 
the old. 

4. The expressions (3 8) are easily verified to be components of a vector by 
applying the transformations (2) and (3) of p 656f, but they have only been 
worked out for low velocities and need modification for high. At low velocities 
ijq, ipj are negligible, so that we arc at liberty to add terms in them to the p’s, 
and by doing so we can find six expressions forming an antisymmetric tensor 
of the second rank which obey exactly the same rules of transformation for 
(1), (2) and (3) as do the electric and magnetic forces for any relativity trans¬ 
formation. The process is quite easy though laborious, for in view of the 
unsymmetrical appearance of the components, each of the six has to be tested 

t The Htoreographio projection wan first used in this connection by Jordan, ‘Z.f. Physik,’ 
voi. 44, p.292 (1027). Though hi* purpose was ratbor different, hu work covers much of 
the matter discussed here. 
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with each transformation, making 18 operations in all. In giving the com¬ 
ponents we use subscripts xytt for the tensor, to avoid confusion with the 
numerical subscripts of the <j/’s, which have not a vector meaning. Then 

hi = - '{'a'1'4* - +4+3* +- +i+** + +2+1* 

= - »+3+4* + *+1+3* + t+l+a* - *+2+1* 
hi * - +3+8* + +4+4* + +1+1* - +2 +8* 

= *+1+4* - *+4+1* + *+2+3* “ *+3+8* 

(*» = ~ +1+4* “ +4+1* + +8+8* + +8+3* 

\L„ = 1+4+3* - »+ a +l* “ *+3+4* + *+4+3* 

These expressions arc, of course, all real, because we have not followed the 
practice of expressing relativity transformations with the use of imaginary 
time. The first three components are the magnetic moment, as we have seen, 
and the last three aro therefore the electric moment. Before applying the 
formula, we may consider, quite inconclusively, Borne more mathematical 
questions that they raise. 

In addition to the moment tensor, it is possible to construct other invariants 
which are quadratic in the +’s and their conj ugates. Thus we have the density- 
current vector of (3.3)f, which we may repeat hero with the omission of a con¬ 
stant factor, 

*P =* - +1+1* - +3+8* - +3+3* - +4+4* 
j* = +1+4* + +3+3* + +8+2* + +4+1* 
h = *+1+4* - *+2+8* + *+3+2* ~ *+4+1* 
j. = +1+8* ~ +3+4* + +3+1* ~ +4+2* 

Moreover we can Bee that in (3.1)f the coefficient of me must be (and of course 


is verified to bo) invariant 

I = — +1 + 1* ~ +2+2* + +3+8* + +4+«*. (4.3) 

and another invariant can he formed 

J = ityJt* + t+ 2 + 4 * - *+3+i* - »+4+2* (4.4) 

These are not all independent, for the following relations may be verified 

C V — 3* ~~3v = I* + J*. (4.5) 

P** + V-* + to* - Pw - Pu* — Pw* = I* — J*. (4 6) 


The relation (4.5) is a familiar one in relativitdy theory and (4.6) was used by 

2 x 
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FronkelJ in his paper on the spinning electron. I do not know if this is a 
complete list of quadratic covariants, bnt it seems probable, and indeed it is 
rather surprising, that there should even be as many as this. 

It would be a problem of some mathematical interest to make a systematic 
method of dealing with these formul®. I should certainly have expected that 
the tensor calculus would prove convenient, and it may bo so, for I can only 
say that a good many trials have been unsuccessful. Dirac himself has 
pointed out that the equations are not final and may need modification later, 
but that hardly affects the question ; for whether right or wrong they conform 
to relativity and yet seem most unwilling to obey the tensor discipline which 
lias succeeded with ease in ruling all other phenomena. 

It may bo noted in this connection that a similar set of invariants can be 
developed for light waves. If the electromagnetic equations for free space 
are combined by introducing the complex quantities , 

<!;,= -M„ = H„ — iH, 'l 

K (4-7) 

«J, 4 = E,+ »E J 

we get four equations which are identical with Dirac’s, when m and e are equated 
to zero. The only difference is that here E { is real, whereas for the electron 
ij> 3 is necessarily complex ; though at present the distinction is important, it 
will probably disappear when we understand the meaning of negative energy. 
The quantities (4.7) must oliey the same rules of transformation as Dirac’s, 
but, of course, with other axes the <|/s no longer stand for the same func¬ 
tions of the forces. The associated invariants must also exist, though 
they do not look like invariants when expressed in terms of the forces, because, 
if this is done, two different rules of transformation are being mixed together. 
Allowing for this peculiarity (4.2) represents the energy and momentum, and 
(4.1) depends on the polarisation, vanishing, for example, for circularly polariBed 
light. Tho stereograph® relation between the “ magnetic moment ” and the 
elliptic polarisation of tho wave is that given by Jordan. If we turn over to 
the language of particles, we can describe the relation of light to electricity 
by saying that a light-quantum is simply an eleotron without charge or mass. 

5. We now consider the free motion of an electron moving at any speed, 
and shall first take the motion in the 2 -direction. If the particle-velocity is 
o tanh p, the momentum is me sinh p and energy me* cosh p. We then have 
<]q = — A sinh | p . S = B sinh Jp . S 

<|», = A cosh Jp . S (Ji t = B cosh Jp . S 

t ‘ Z. f. Physik,’ vol. 37, p. 243 (1926). 
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where S = exp i~ me (z sinh (J — ct cosh (3). We can reduce the electron 
to rest by applying the transformation (1) p. 656f and the solution becomes 
= +2 = 0, 4*3 = A . S 0 , 4> 4 = B . S 0 , where S 0 = exp — i mc~t. 

Thufl m (5.1) the ratio — B/A determines the direction of the magnetisation 
for the system of co-ordinates in which the electron is at rest. In this system 
we may write 

p x H = — A*B — AB* (i, 0 = tA*B - iAB*, = - AA* + BB*. (5.2) 

These quantities, which may be called the “ null moments,” are really more 
important than the actual moments , for example, in an unpolarised beam the 
null moments would be distributed in all directions equally, whereas the actual 
moments, as we shall see, are condensed towards the equator of the motion. 
Now substitute (5.1) m (4.1) and we have 

V-* — P* u cosh 3, [Lyt = p„° cosh 3, Pa — p," 1 

/ (5.3) 

Thus at high speeds the transverse component of magnetisation increases, 
while the longitudinal is unchanged, and so the moment tends towards the 
equatorial plane The electric moment is transverse to the motion and can 
be expressed as vector product of the magnetisation and the velocity (not the 
velocity dx/dt, but that usually denoted dxjds). 

We have treated of the motion along the z-directiou first because we had 
available the transformation which would reduce the electron to rest. But 
we can show that the same result applies for any other direction of motion. 
In (3.1) take p = tnc sinh 3 • f x > 2 = mc sinh 3 • r = me sinh 3 - It, W = 
me 1 cosh 3 and substitute in (4.1). As there is no point in normalising an 
infinite wave, we divide out all the expressions by a common factor^ and have 

fcri = p*° cosh 3 - l, (ip°) (cosh 3 - 1), (5.4) 

etc., and 

|i.=-(U 0 -W)Bmh3, (5.5) 

etc. Here p x (l , etc., are defined by (5.2) and as we now have vector formula 
we can Bee by comparison with (5.3) that they are the null moments. Thus 
the method of stereographic projection gives for all plane waves just what 

J If it should be desired to normalise, the appropriate quantity is AA* + BB*, which 
is the invariant I when the same factor is taken out. 


2x2 
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is QBually required, the direction of magnetisation for the system of co-ordinates 
in which the associated particle-velocity is zero. 

The vector product relation of electric to magnetic moment waB introduced 
by Frenkel—for the particle electron; but there is a difference in the way it 
arises. In Frenkel’s work the relation was taken as a kinematical constraint, 
necessary in order that the electron should have no electno moment when at 
rest. This constraint made his system non-holonomic, whereas we have a 
purely holonomic system. To make a very elementary analogy, the motion 
of a rolling body is non-holonomic, but happens to become holonomic for a 
cylinder ; Dirac has shown that Frenkel’s rolling body really was a cylinder. 
In a moro recent paper FrenkelJ has attempted to extend his kinematical 
condition to the wave theory, but with less success, because he applies it to the 
amplitudes tj/, whereas we have seen that it iH quadratic m the tj/’s. It is, in 
fact, a dynamical, not an undulatory relation. i 

The electron wave can be specified by its electric moment just as well as 
by its magnetic, and this has the convenience that the direction is always 
transverse. At first sight it would appear that one Icbs element is needed, 
but this is not so, because the electric moment is arbitrary in magnitude, 
whereas the magnetic k fixed by the total intensity of the wave. The only 
defect m using the electric moment is that though it fixes the magnitude of 
the longitudinal magnetic component, it leaves it arbitrary whether it is 
forwards or backwards. We may liken this to the specification of elliptically 
polarised light, which can be described by means of the position of the major 
axis and the ratio of the axes, but still requires the statement of the sense in 
which the ellipse is travcrsed.§ 

In conclusion, we should consider the character of an unpolarised beam of 
electrons. When two beams of elliptically polarised light of the same fre¬ 
quency are superposed, the resultant ib again elliptically polarised light, and in 
the same way two superposed polarised electron waves compound into a third 
polarised wave. To represent an unpolansed wave we have to proceed in 
the same way as for light. There (though it is perhaps physically rather 
meaningless) it is the case that rigorously monochromatic light must have a 
definite polarisation, and unpolarised light can only arise by occasional chance 
changes of phase, which imply a departure from monochromatism. So when 
the electron wave has its wave-length given precisely, the magnetic moment 

t * Z f. Physik,’ vol.47, p. 786 (1928). This work was composed before the appearance 
of Dirao's paper. 

{ Compare Jordan, loc. at. 
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must be in a definite direction, and an unpolarised wave can only be repre¬ 
sented by supposing occasional changes of phase. It is a curious, though 
unpractical, result that if the velocity of an electron is absolutely precise, it 
must have a definite direction of magnetisation. 

Summary. 

Starting from the wave equations for an electron and the associated electric 
density and current, it is shown how the electromagnetic fields of a moving 
electron can be attributed partly to the convection of electricity and partly 
to an intrinsic magnetisation. A geometrical construction shows the relation 
between the wave constants and the magnetisation. The formula), first worked 
out for slow motion, arc easily generalised by relativity for high speedB, and 
in this case there are electric as well as magnetic moments, and various invariant 
properties arc given. A comparison is made between an electron wave and a 
light wave, and the resemblance may be loosely expressed by saying that a 
light-quantum is an electron without charge or mass. 


On the Diffraction of the Magnetic Electron. 

By Prof. C. G. Darwin, F.B.S. 

(Received July 21, J928) 

1. As soon as it was appreciated that the phenomenon of the “ spinning 
electron” was to be attributed to the existence of simultaneous wave functions ,% 
the question naturally arose as to how far there would be an analogy with the 
polarisation of light, and in particular whether in diffraction by a slit or grating 
or in reflexion from a mirror, electrons would be selected having a preferential 
direction of magnetisation. Dynamical conceptions suggest that it would 
require a magnetic force to produce a change in the polarisation, so that the 
general indication was rather strongly negative, and it seemed hardly worth 
while to verify the fact by direct solution. I believe, however, that recently 
experiments have been undertaken to search for such an effect (by means of 
successive diffractions from two crystals), and in view of this I have examined 


X • Roy. Soc. Proc.' A. vol. 116, p. 227 (1927). 
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the question more closely. The result, broadly speaking, bears out the first 
conjecture that no effect could be observed in practice, but in certain cases 
(of a rather hypothetical kind) an effect might be found and the whole problem 
is interesting as an example of the wave theory. 

The essence of the matter is sufficiently represented by taking a line grating 
instead of a crystal, and, furthermore, by limiting the electric and magnetic 
forces of the grating in such a way that there shall only be first order spectra 
on each side, two reflected and two transmitted. The grating is supposed 
mado out of a periodic distribution of electric or magnetic material. Actual 
crystals will consist of almost purely electric material, but tho magnetic case 
is as easy to treat and, though unpractical, gives rise to interesting results. 
It will appear that when a polarised electron wave falls on such a grating, the 
direction of magnetisation may be changed in the diffracted rays. It is a true 
polarisation effect in that the change in direction is independent of the strength 
of tho field in tho grating, which only determines the total intensity. In the 
case of pure electric forces and of some magnetic forces, tho change of direction 
of magnetisation can be represented by a rotation about an axis through a 
definite angle, both axis and angle depending only on tho directions of the 
incident and diffracted rays and on the speed of the electrons. It follows that 
a stream of electrons which are initially unpolariscd cannot become polarised 
by diffraction, since the grating merely rotates all tho components like a solid 
body. In cases where there are simultaneous electric and magnetic fields this 
might not be so, but the calculation becomes rather heavy, and I have only 
examined its outline sufficiently to see that some polarisation would occur. 
The matter is quite unpractical, for not only are the electric forces of atoms 
far stronger than the magnetic, but even if they were equal the electric would 
be much more effective in controlling the polarisation. I should conjecture 
oIbo that it would not be practically possible to make a stream of electrons 
get anywhere near a powerfully magnetised iron crystal; and for all these 
reasons it would seem fairly safe to say that no polarisation effect will be 
detected. 

2. The passage of electrons through a grating is a special case of a general 
problem discussed by DiracJ under the title “ The Transition to States of Equal 
Energy." His process is, of course, indisputably correct, but it calls for some 
comment. Suppose that an incident Schrodinger wave (to avoid the com¬ 
plication of having several wave functions) falls on a grating, which is repre¬ 
sented by a weak perturbing electrio field of potential V. Let the incident 
J ‘ Roy. Soc. Proc.,’ A, vol. 114, p. 234 (1927). 
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wave be represented by t^o an d one of the diffracted waves by tjq. Then he 
shows that the strength will depend on j j j V <j/ 0 tyfdxdydz. Now i|/ lf like 

<Ji 0 , is a solution of the wave equation with V omitted and so represents a wave 
extending to infinity on both sides of the grating, incident as well as emergent. 
What we want is only the half of this wave which emerges from the grating, 
and it is not clear that this is legitimately represented by tjq. A second difficulty 
will be clear to anyone who has ever tried to apply the general formula to a 
special oase. When the integral is set down it is nearly always found to be 
infinite, and to find the appropriate normalisation for such a divergent integral 
is troublesome. The difficulty can, of course, be overcome, but the sort of 
process that must be used is to limit the size of grating and of incident beam. 
But these limitations imply that we are to solve a more complicated problem 
than before, for they imply some sort of discussion (perhaps quite indirect) of 
the resolving power of the grating, a matter having really nothing to do with 
the initial problem. Yet a third difficulty arises when wo come to polarisation, 
for with the method under discussion wo take any ijq as a trial solution, and 

when | V ij; 0 <Jq* does not vanish we Bay that it represents a diffracted wave. 

Now, in fact, the diffracted wave has a perfectly definite direction of polarisa¬ 
tion, but if we make a trial solution with a i)q representing magnetisation in 
some other direction, the integral will only vanish if this direction happens to 
be perpendicular to the true magnetisation. So merely to obtain a non¬ 
vanishing integral is not enough, it is also necessary to verify that any wave 
with perpendicular magnetisation would make the integral vanish. I do not 
wish to contend that these difficulties cannot be overcome, but only that they 
all havo to bo considered if the method is to be used, whereas there is a perfectly 
simple direct attack on the problem which raises none of them. I do not know 
how far this would be true in other problems, but certainly in many the 
difficulty of fitting the correct normalisation to a general formula (which is, in 
fact, a divergent integral) is quite as great as the difficulty of direct solution _ 
from first principles. 

It will make the procedure clearer if we first solve the simpler problem of 
diffraction for Schrodingcr waves by the method afterwards to be used in the 
more complicated case. The grating is represented by a weak electric potential 

V = 2/ (z) COS 9X, 

where / (z) is supposed to vanish except for values near zero. Throughout the 
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present work we shall simplify the formula by taking the quantum h as 2n. 
Then the wave equation is 

The incident wave is 

4* = A exp i (fox + M + V - Wf), (2.2) 

and to satisfy the null equation (without V) we must have 
W = (p„* + ?o* + r 0 *)/2m. 

When V is introduced we shall evidently need new terms in the solution which 
will involve exp i [(p 0 ± a) x + q^y — W<] and so we take as trial solution 

i}» = A exp »(po* + joy + v -Vfl) + <l> (a) exp t [(p„ +*) x + qtf- Wt] 

+ X (*) exp i [(po -ct)x + fa- Wt], (2.3) 

where the functions </> and x, which are small of the order V, are to be deter¬ 
mined. Substitute in (2.1), neglecting the order V 2 , and the terms involving 
exp » [(p 0 + *) x + q$ — Wf] must vanish by themselves ; that iB, 

- ^ + «.*] *}+ «*•/« - Wf (2.4) 

There is a similar relation fpr x. but the whole argument goes in exaotly the 
same way right through and we need not discuss it at all. 

We shall write p for p 0 + « and q for q 0 and take r as the positive solution 
of r* — 2mW — p* — fl*. Then 

^ 4 . r 8 ^ = 2mekf{z) &*. (2.5) 

This is a standard type of equation and the solution is 

*= ~ j/(0 dC - ~ J7(C) ** ■*«-« dC (2.6) 

and by taking different arbitrary values for the two lower limits of integration 
this solution is general. To fix them we introduce the condition that the 
effect must be a wave emerging in both directions from the grating, without 
any part incident on it; in fact, the particular solution we need must have 
asymptotic value e tn for positive s and e~ in for negative. Since / (Q 
vanishes except near the origin, this is accomplished by taking the first lower 
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limit as — oo and the second as -j- oo. Then on the positive side the asymptotic 
value becomes 

*=.*£^"1" /(0 ^ (2.7) 

and on the negative 


In either case we have a quantity proportional to the general formula J V 


but its magnitude has been determined without trouble and without the objec¬ 
tion that the general formula does not directly imply which half of the wave 
has physical reality. 

In what follows we take the theorem that if 


!? + '■* = KM. 


(2 8 ) 


where F vanishes except near the origin, then the asymptotic value for positive 
? is to be taken as 


F(Qe-“rfC 


(2.9) 


3. We now apply the same process to the magnetic electron. The grating 
is supposed to contain both eloctno and magnetic forces, all periodic m the same 
length and of small strength. The electric forces are due to a potential 

V*/(*)d«-+/*(*)r to . (3.1) 

The vector potentials must satisfy div A = 0, so that we take them as 


K = g'(z)e Ux -f g*'{z) e+* 

A, = A (*)«*“"+ **(*) 

A, = - vxg (a) e u * + ixg * (z) e~ iv _ 


(3 1) 


where g' (*) = dgjdz. The functions f, g, h are complex, and by a suitable 
alteration in their arguments we can imagine the magnetic forces shifted along 
the direction of x relative to the electric In the case where g and h vanish 
the foroes are purely electrical, and we call this an “ eleotrio grating ” If 
/ and h vanish there are only magnetic forces along the lines of the grating and 
this we call a " longitudinal magnetio grating ’’; while if / and g vanish we have 
a "transverse magnetic grating.” In these three cases, as we shall see the 
results are specially simple. 



636 C. G. Darwin. 

As we are mainly concerned with qualitative results, we simplify Dirac’s 
equations^ by taking A = 2n and e = c, so that the operator ^ ^ A* 


restored from dimensional principles. The whole motion is periodic in the 
time, so that we can omit the factor exp — tW< throughout. Then the 
equations are 

+ V+ 1 +(A.-*A,)fc + M,~o 

.a, 


^'0 + ^^-^+%)^+%^ 

+ VtI» 1 + (A. + tA,) 

(W/c-me) — 

+ V+s + (A« — lA v) 'I'a + A *'l'i - 

+ V +4 4* (Aa, + »AJ iJ/j — A,iJij — 0 
The incident wave is given in direction and wave-length by 
S = exp i (po® + q<# + v), 

W*/c* = (- p 0 2 + ? 0 a + r o* 

The polarisation is given by taking 

iji, = A . S, i|» 4 = B . S, 


so that 


and these determine 


| = ~ Ar \~ B ^~^ o) .S = C . S 

T1 W/o + mc 

d, t = ~ A .CPq + %fll+ Br B . s = D . S 
W/e + me 


(3 2) 


(3.3) 


(3.3) 


The symbols C and D will be used in the earlier stages to save writing the rather 
clumsy expressions for which they stand. 


$ See references at beginning of preceding paper, p. 621. 
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It will suffice to study only one of the four lateral spectra, and we shall take 
that for which 

p = p 0 + *, q = q 0 1 

and L. (3.4) 

»‘ = VW + 7o* + » , o a ~f “ 2*} J 

Omitting the terms corresponding to p„ — a, we take as solution 
<J/ 8 = A . S -f <M*) exp i ( px + qy), 
fa = B . 8 + fa (z) exp t (pi -f qy), 

= C .8 + fa (s) exp i (px + qy), 
i> a = D . S + fa (z) exp i (px + qy). 

If we now substitute these in (3.2) and pick out the terms involving 
exp » (px + qy), we have 

(W jo + me) fa 4- (p — iq) <f> t — ifa' + c t, °' [fC -\-(f —»A)B —vtg A] = 0 "| 

(W/c + me) <£ s -f(p-fig) <f> 3 -(- tfa' -f- [fD -f- (g' + tA)A + ioyB]=0 I 
(W/c—me) fa+(p—*q)fa—ifa'+e iT * \jk +(y'— ih) D—iocyC] *= 0 [ ( ' 
(W/c — me) ^4 + (p + iq) fa + ifa' + [/B + (f + *A) C+**yD ]—0 J 

Next, to eliminate fa and fa, operate on the first with td/dz, multiply the second 
by — (p — iq) and the third by (W Je + me) and add. The result automatically 
eliminates fa also, and gives fa" -f r*fa equal to a function of z, which is 
rather long to write down, but easily seen from the above. By (2.9) the 
asymptotic value of fa for positive z is A , e t,, ) where 

A' = -i- j* dz { i£e*"[fC + (g'-ih) B - tayA] 

-(p-iq) d” \JD + (</ + ih)A + tapB] 

+ (W/o + me) e ir *[fA + (g' — ih)D — iapC]}. 

This can be simplified by partial integration, and writing 

F =5 J fe-to+^dz 

G=J ge'to+^dz 

H=| he - <n+u ’«‘ dz 
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we have 

A" — ^ jF[— *0 — (p — ty) D + (W/o + me) A] 

+ t'G[(r - r„){ - rB - (p - iq) A + (W/c + me) D} 

+ «{rA - (p - iq) B - (W/c + *>w)C}] 
+ *H [rB -(p-iq) A - (W/c-+ me) D] J. 


Substituting for G and D, and using (3.4), we have 

A'-f {a(W/ C + 1m ) 

I A [tf, + (f - iq) (p„ + nJ] + B [> (y, - -r,(p —<g)] \ 
r W/c + me J 


+ f{2A (rp 0 - r 0 p) + B[(p-p 0 )' + (r - r 0 )’]} 

-f-{A[? + ?o + *(P~JPo)] -Bi(r-r 0 )}. (3.7) 


Proceeding in exactly the same way for we find 
B' = ^ |b (W/c + me) 

I A[r ft (p + tg)-r(p-w)] + B[rr n + (p + tg)(pn-Wo)] \ 
* W/c + ff*c J 

+A [(p - p 0 )» + (r- f 0 )»] + 2 B (rp 0 - r oP )} 


- f {- A* (r-r Q ) + B[q + q a ~i(p- p 0 )]}. (3.7) 


These formulas can be expressed more geometrically. If the particle-speed 
is c tanh {3, we have W = me 3 cosh (3, and if the direction of the incident wave 
is l 0 : tn 0 : n 0 , and of the diffracted l : m : w (the two meanings of m will not 
cause confusion), we have p 0 = f 0 me sinh (3, etc. If the angle of deviation is e, 
we have pp 0 + qq Q -f rr 0 = m*c* sinh* (3 00 s c, and if : m 1 : is the direction 
perpendicular to both rays, yr 0 — q Q r — m*c* sinh 1 (3. l t sin e, etc. Then 

A ' = g- *^ h p - (A (cosh (3 + 1) + (cosh p - 1) [A (cos e + in t sin *) 

+ B sin c (ro x + 1 ^)]} 

+ GmcmhJ { A 2wh 8 ia « + B 2 (1 - cos «)} 


- ~ (A [(m + nio) + * (l -1 0 )] - Bi (n - n 0 )}, (3.8) 
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B' =» —{B (cosh P + 1) + (cosh p — 1) [A sin e (- m. + il.) 

In Sinn p 

+ B (oos c —»«! sm e)]} 

+ ^ {— A 2 (1 — cos e) -{- B 2m 1 sin e} 

~ §{- A* (» ~ »„) + B L( M + W „) -1 (I - Z 0 )]}. (3.8) 

The diffracted wave is then 

+3 = A' exp t (p* + qy + rz), = B' exp t {px + qy -f rz), 
and <|/i> 'j't could be deduced if we required them. 

4. In the preceding note it was shown how the coefficients A, B are connected 
with the magnetisation of the electron wave. The important quantity is the 
nuU moment, that is, the magnetisation in the system of co-ordinates for which 
the particle speed is zero ; the actual magnetic and electric moments follow 
from this by a simple application of relativity. The components of the null 
moment are — A*B — AB* : tA*B - iAB* : BB* — AA*. These are con¬ 
nected with A, B by the relation that if the direction of magnetisation is marked 
by a point on a unit sphere, and if this point is projected stereographies! ly on 
to a plane represented by a complex variable £ in the usual way, that variable 
is — B/A. We now quote a relation, well known in geometry. Suppose that 
an axis L : M : N is taken in the sphere, and that the sphere is rotated through 
angle II about this axis, it is required to find the relation between and the 
stereographic representations of a point of the sphere after and before the 
rotation. The result is 

Y , _ (cos JQ + tN sin £ 4* sin (— M 4* »L) u , x 

Q “ (cos J£1 - tN sin $Q) + sm ill (M + tL) K ' ' 

Thus, if wo have any homographio transformation C = (*£ 4- P)/(y£ + 8), it 
corresponds to a pure rotation if 8 = «*, y = — [3*. 

Whatever the diffractive effect of the grating, it is evident from the nature of 
the equations that A' =* oA 4- {3B, B' = yA 4- SB, so that the transformation 
of — B/A is always homographic. If it should correspond to the form (4.1), 
then the magnetisation of the diffracted ray is given by a pure rotation. If 
the inci de nt beam is unpolarised, all its incoherent components will bo rotated 
just like a rigid body and the diffracted beam must also be unpolansed. We 
can see from (3.8) that this is so for each set of terms in F, G and H separately, 
so that no polarisation is produced in any of these cases. We may examine 
the axis and angle of rotation for these special types of grating. 
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(1) Electric grating, G = H = 0. 

Forming — B'/A' in terms of — B/A, we have 

(cosh |3 + 1) + (cosh (3 — l)co 8 £ = KcosJi2 

— (cosh p — 1) Wj sin c = KN sin 

— (cosh fi — 1) w»! sint = KM sin 

— (cosh (3 — 1 ) sin c = KL sin 

where K is a constant of proportionality. The axis of rotation is evidently 
f,: : n 1 , perpendicular to both rays. The amount of rotation is given by 



tan = — 


Bin t 

coth* |(3 008 e 


(4.3) 


For low speeds this vanishes and the direction of magnetisation is unchanged. 
This is the principal practical result we set out to establish. For very high 
speeds coth $(3 ~ 1 and G ~ s, so that the direction of polarisation makes 
the same angle with the ray after diffraction as before. The actual magnetic 
moment is flattened down towards the equator by relativity, and its azimuth 
is given by the rotation about : nq : 14 . 

(2) Longitudinal magnetic grating, F = H = 0. 

A similar comparison gives L = N = 0, M = 1, so that the rotation is about 
the grating lines, as we should expect. The angle is best found by taking 

l 0 : w 0 ; n 0 — sin k sin X„: cos * : sin k cos X„ 
l : tn : n = sin k sin X : cos k : sin *c cos X 



so that ^ — X 0 is the angle made by the plane of the grating with the plane 

containing the incident ray and the gratmg lines, and similarly for X. Then 
we find that Q = X — X 0 . In projection on a plane perpendicular to the 
grating lines the moment makes the same angle with the ray for both incident 
and diffracted wave. 

( 8 ) Transverse magnetic grating, F = G = 0. 

Here M — 0, and in terms of (4.4) the axis is at angle | ( X XJ to the 
grating normal. The angle of rotation is given by 

tan JO = — tan ic sin J(X — Xq). 

For the special case (which would usually be employed) when * = 7 ^, the 
rotation is through angle it. 
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These results have been discussed generally, but they are much simplified if 
the inoidence is perpendicular to the grating, and they aro epitomised in the 
following diagrams, in which the incident beam and both the transmitted 
lateral spectra aro shown, each crossed by an arrow to show the direction of 
magnetisation. 

Eleotrio Orating. Electric Grating 

Slow Electron. Swift Electron. 


Longitudinal Tranaveiue 

Magnetic Grating. Magnetic Grating. 

In the general case, when both electric and magnetic forces are present, the 
matter becomes more complicated. It must not be forgotten that F, G and H 
may be complex constants, and it is only for special conditions of distribution 
that the diffracted rays will fit into the formula (4.1). In other oases there is 
a partial polarisation of an initially unpolarised wave. It is not hard to express 
ita amount, but the result leads to rather complicated integrals. It is probable 
that some one famibar with the theory of homographic transformations could 
treat the whole matter simply, and the dureot integrations which I have carried 
out are not of sufficient practical interest to give here. The process goes as 
follows : we assign probability sm x dxdw for initial value cot Jx^ 1 " of — B/A. 
Transforming from x> “ to £t), where £ + *'?) = £= — B/A, we have 

sin xifydu = 4ci§ cZtj/( 1 -f 5* + *)*)*• 

The diffracted beam is given by — B'/Af = = (a£ -f J3)/(v£ + $) and the 

associated moment has components 

-*y+ic* cc*-i 
cc* -1 * cr* + r 





g + r* 
CC* + l’ 
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We thus work out fix', the mean moment of the diffracted wave in the x 
direction by integrating 




idld-n y + 

d + p+^w + r 


The evaluation of the three integrals is quite practicable, and I have worked 
them out; but they are not very simple, and as they are quite unimportant 
in practice there is no need to give them. 


Summary. 

The problem is solved of the diffraction of an electron wave by a line-grating 
exerting periodic electric or magnetic forces; this represents the essential 
features of diffraction by a crystal. The incident wave is supposed to be 
magnetised m a definite direction, and it is shown that when the grating exerts 
only electric forces, the effect is to rotate the direction of magnetisation through 
a definite angle about an axis perpendicular to the incident and diffracted 
rays, and no polarisation can bo produced by the diffraction. For some 
magnetic forces a similar rotation occurs, but in general tho simultaneous 
action of electric and magnetic forces may produce a partial polarisation, though 
the case is too remote from experiment to be worth treating in detail. 
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The First Spark Spectrum of Krypton. 

By P. K. Ktculu, D.Sc , Demonstrator in Physics, Science College, Patna. 

(Communicated by M. N. Saha, F.R S.—Received June 4, 1928.) 

The earliest investigation of the spark spectra of krypton is due to E. C. C 
Baly.* Later L. Bloch, E. Bloch and Dcjardinf made the first careful arrange¬ 
ment of these lines in different groups according to the stages of excitation. 
These authors also measured several new lines, especially in the red, not 
observed before. This list has recently been supplemented by some very exact 
observations in the Schumann region by J. II. Abbmk and II. B. Dorgelo. | 
With the aid of these data I have been able to effect an analysis of the spark 
spectrum of krypton. A preliminary note was published by the present writer 
in ‘ Nature,’ October 15, 1927. 

Table I gives the electronic configurations m Kr + with corresponding 
theoretical terms, and the nomenclature of terms adopted in this paper. 
Here the 2 D and *8 terms originating from the configuration 4N*0 1 are based 
upon l D and X S states of the 4N 2 core , and, with the exception of *P terms 
from GN„ all the rest are based upon the 3 P state of the 4N S core. 


Table I. 


Eleotronio 
configuration*. - 

Terms (theoretic*!). 

Present nomenclature. 

SN, 

1 

f 4N|0, 

■P 

a’P 

«P, *P. »D, *8 

6‘P, 6*P, A»D, 6*8 

Un,n, 

4N t O, 

4 

C 4N l O, 
tiN.P, 

«F, ‘D, *T, *F, *D, *P 

‘D, *P, 4 S, *D, *P, *8~ 

eH), e‘P, c*S, e*D, e*P, c*8 

if, «D, 4 P^ «F, *D, »p 

«P, »P. »D, *8 

j- <h, . d» 


The doublet P-tenns obtained from 5N, and 4N 2 0 2 form a Rydberg sequence, 
and from this the fundamental *P 2 term is calculated to be about 214000. 
The values of all the other terms are given in Table II. 

* ‘ Phil. Trans.,’ vol. 202, p. 183 (1004). 
t ‘ Ann. de Physique,’ vol 2, p. 401 (1024). 
t • Z. t Physik,’ vol 47, p. 221 (1928). 

2 Y 


VOt. OXX.—A. 
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Table II. 


Term designation. 

J. 

Term value. 

a'P, 

2 

214000 

a»P, 

l 

208629 

b*B, 

3 

101170 

b *P, 

2 

98906 

ft«P j 

1 

96396 

ft* P, 

2 

9662ft 

ft* P, 

1 

92997 

ft*l), 

3 

93672 

6*D, 

2 

92220 

ft'S, 

1 

H6409 

c *P, 

3 

80074 3 

e* P, 

2 

79711,5 

e‘Pi 

1 

78820 7 

o*S, 

2 

78217 0 

e*B 4 

4 

T 

c *1), 

3 

77929 1 

■ e *D t 

2 

75618 5 

e *1), 

1 

74896-6 

eUJ, 

3 

73880 9 

c *B, 

2 

72277-3 

o »P, 

2 

73862 8 

c'Pi 

1 

72004 3 

o*8, 

1 

71036 4 

rf, 

3 

66920 8 t 

i t 

3 

56114 7 

d. 

3 

62714 9 

i t 

3 

52690 6 

dt 

3 

52648 1 

d. 

2 

52198 0 

d. 

2 

52122 6 

dt 

2 

51940 7 

dt 

2 

61433-7 

di# 

3 

50641-0 

d n 

2 

49660 3 

d,t 

3 

48922 4 

d,t 

3 

488581 

d it 

1 

46998 4 

d a 

2 

46480-9 

d a 

2 

46086 8 


1 

44296 0 

P' 1 

1 

37373-4 

v" 

1 

39411 0 
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It will be seen that no terms from the 4NgN s combination have been observed, 
and it is probable that the combination is either very weakly represented or 
not present at all. In the case of Ne 4 , there being no L s level, the question of 
the identification of these terms does not arise, but it will be interesting to 
know if they occur in A -1 . The assignment of the azimuthal quantum numbers 
in the case of the terms obtained from 4N,0, state is in certain cases not with¬ 
out ambiguity, and remains to be confirmed from Zeeman effect data. The 
terms designated as d v d a . .. dn evidently come from 4N t 0 3 , 4N I P 1 states, 
but beyond fixing their inner quantum numbers no progress has been made in 
their proper identifications. Here also Zeeman effect might prove helpful. 

A few typical multiplets which the terms given in Table II give rise to are 
shown below.— 


The Multiplets. 



6 *P, (2204) 

b ‘P, (2611) 

b *P, 

6*P, (2628) 

6'Pj 

<5371*) 

“‘Pi 

112830 

(10) 

116095 

(3) 

109722 

(4) 

117004 

(2) 

112233 

(6) 

118470 

(6) 

113100 

(3) 

121007 

116036 

(6) 

o*P> 

(362-8) 

f‘P, 

(884 8) 
c*P, 

21094 9 
(7) 

21467 7 

(5) 

18831 3 
(3) 

19194-0 

(8) 

20078 8 
(1) 

t 

17668 1 

(3) 

15449 

(1) 


o'P, 

(1868-6) 

e*P x 

27306 1 
(1) 

26042-6 

(8) 

20901 0 
(1) 

22631-6 

(«) 

24390 0 
(8) 

21660 3 

(3) 

23518-0 

(3) 

? 

20991-1 

(3) 

c«F, 

22961-1 

(12) 

20688 6 
(4) 

18177-7 

(1) 




Table III contains all the lines classified by the present analysis. The wave, 
length measurements by tho previous workers were given on Rowland scale. 
They are hero converted into International units. 


2 v 2 



646 P. K. Kiohlu. 


Table III. 


X. 

I. 

»(wo.). 

Combination. 

783-73 

2 

127597 

o*P, - 6^ 

818-11 

5 

122233 

a»P, - 6*8, 

831-11 

1 

121786 

o*P, -6*D t 

828-40 

3 

121007 

a'P, — 6*P, 

830-30 

4 

120430 

a*P, — ft*D, 

844-08 

ft 

118475 

n*P, — 6*P, 

850 31 

2 

117604 

a»P,-6<^ 

800 04 

4 

110409 


884-78 

5 

115638 

a *P, — b *P, 

888-85 

3 

115096 

a *P, — ft 4 P, 

884-13 

3 

113105 

a«P,-ft*P, 

888 20 

10 

112830 

o»P,-ft*P 1 

890 99 

7 

112235 

rt*P, - 6 4 P, 

011-39 

4 

109722 

o*P! 6‘P, 

2080 80 

l 

33704 8 

' 6*P,-p" 

3008 45 

0 

33230 » 

r*,-d u 

3139 58 

2 

31842-2 

e *D, — rf w 

3150 93 

5 

31727-5 

ft •Pj - p' 

3200 40 

2 

31237-1 

b’P, -p" 

3202 54 

1 

31210 2 

c‘P, 

3282 07 

1 

30459 8 

6 *D, — p" 

3315 68 

1 

30151 2 

o*P, - rf„ 

3379 04 

1 

29685 7 

e *1), — d„ 

3381 10 

2 

29607-7 

C'Pj-ii, 

3385 21 

1 

29531 8 

c *1), — 

3398-58 

3 

29432-9 

e 4 P, — d I0 

3405-14 

4 

29359-0 


3423-73 

2 

29199-0 

ft *I\ — p' 

3427-70 

3 

29165-7 

b*P,-e>P t 

3431-01 

1 

29137 6 

c *D, — df 

3448 52 

3 

29008 6 

c *J), - dj, 

3480-09 

4 

28892-7 

ft* P,-c*D, 

3470-04 

3 

28809 9 

e 4 ^j — d u 

3488-59 

7 

28056 7 

e 4 S,-<*n 

3493 01 

3 

28620-4 


3517-37 

0 

28422-2 

6*1), -p 

3535 33 

3 

28277-8 

c *P, — df 

3503-40 

2 

28133-6 

o *P, — d t 

3572 87 

1 

27982-3 

c'V,-d„ 

3580 25 

0 

27876-3 

e 4 P ,-d. 

3599-20 

5 

27776-0 


3599-90 

0 

27770-6 

e 4 P,-* 

3607-87 

4 

27709-3 


3623-59 

2 

27589-1 

e 4 P, — d, 

3031-87 

5 

27526-2 

e*P . — rf* 

3687-48 

2 

27483-7 

^P.-rf, 

3048 59 

2 

27400-1 

e*D, 

3651-1 

, 2 

27381 

(•P.-i# 
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Table III (continued). 


A. 

.. 

»(vao) j 

Combination. 

3653-06 

6 

27359 8 

e 4 P, - d. 

3661-00 

1 

27307 2 

b* P, - c*P, 

3663 43 

2 

27289-1 

b *P, - r*D, 

3666-00 

0 

27269 0 

6*P. -0*8, 

3680-37 

4 

27163 5 

e 4 P, -d, 

3686-15 

4 

27120-9 

efP ,-d« 

3710-13 

l 

26902 1 

b‘P,-e*P, 

3721-36 

3 

26864-3 

e *P t — d u 

3732-63 

3 

26783 2 

c«S ,-d, 

3735-76 

3 

26760-7 

<•'*». - du 

3744-80 

4 

26696 1 

c*D 

3764 20 

5 

20629-3 


3804-05 

2 

26276 2 

e ‘8, - 4. 

3817-08 

1 

26190 0 

c*b, — 4ii 

3836 40 

1 

26058 1 


3842-25 

1 

26010 1 

cW.-d, 

3846-84 

2 

25988 0 

e 4 D, — it 

3867-20 

1 

25017 0 

<- a P, - rf.. 

3876 41 

7 

! 25790 4 

r»D ( - 

3894-68 

2 

| 25668 8 

c^.-d. 

3001-13 

0 

j 25620 4 

c *8, - i, 

3012-54 

5 

25551 6 

b ‘P', - <• 4 1>, 

3012-86 

1 

25549-5 

c'ii-i-d,. 

3020-14 

7 

25502 l 

e ‘H, - d» 

3038 83 

1 

25381-1 

e *1>, - d. 

3045-45 

0 

25338 5 

r *D, — d 4 

3064 75 

4 

25278 9 

e *D, — d u 

3064 87 

2 

25214 4 

ti 4 D, - d. 

3075 

0 

25150 

e *S, — d„ 

3001-03 

n 

20043 6 

A 4 P,-e‘P, 

3004-83 

B 

2.1025 3 

A ‘P t - c *D, 

3097-06 

3 

25005 8 

f'P.-d,, 

4003-68 

2 

24976 9 


4005-66 

1 

24058 3 

c'D.-d,, 

4008 46 

2 

24940 3 

e*p, 

4008 74 

6 

24390-9 

6 4 P, - e*P, 

4146-13 

2 

24117 9 

A*P t -«®, 

4172-47 

2 

23959 0 

e 4 P, - d, 

4185 13 

2 

23887-4 

A'P.-e*?!, 

4332-20 

1 

23677 7 

o *D f - d» 

4286-65 

3 

23506-2 

0 4 P, — d, 

4250-60 

3 

23619 5 

6 ^F.-e'P, 

4264-82 

2 

23406 2 

e 4 D, — d» 

4268-56 

4 

23420 5 

e 4 D, - d. 

4268-81 

4 

23419 2 

o'D.-d,, 

4202-04 

6 

23287-6 

6 4 P, — e 457 

4900-61 

4 

23246-5 

b *P t — c *5* 

4901-56 

4 

| 23240-0 

1 6 4 P, - e 4 B, 
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Table III (continued). 


A. 

I. 


Combination. 

4305 21 

2 

23221-2 

CP,-*!. 

4317 82 

4 

23168-3 

c*P,-d l 

4333 34 

1 

23070-4 

C - <*, 

4354-97 

2 

22955-8 

<- 4 Di - <*» 

4365-60 

12 

22953-0 

6 4 P, - e 

4386-52 

3 

22790-7 

C«P, -<*! 

4380 70 

0 

22774 2 

r 4 D, - d, 

4400 81 

2 

22716 7 

c»D,-rf u 

4404-30 

1 

22098-7 

c*D,-d. 

4430 81 • 

5 

22532 4 

6 ‘Pj - e *P, 

4464 38 

3 

22443-5 

e*l>, - in 

4467-25 

2 

22429-1 

e »P, - d t 

4523-16 

4 

22102-3 

e *S, - d t 

4560-00 

3 

21940 0 

, c*I), ~rf c 

4682-80 

4 

21814-3 

c 4 D, - d. 

4698 40 

2 

21740-3 

e»P ,-d, 

4010-81 

3 

21682-1 

e«D, - (/, 

4614-49 

3 

21064 8 

c*P, -rf. 

4016-28 

3 

21661 1 

b' P,-c*P a 

4610-13 

5 

21643 0 

b *P, - n *T), 

4660 15 

2 

21498-7 

6 ^ - e 

4068-86 

5 

21458 r, 

6 4 P f - o *P, 

4680-39 

4 

21359 8 

6»P t ~e*§T 

4686-25 

1 

21333-1 

o»D, -<*, 

4694-41 

4 

212960 


4695-64 

4 

21290 4 

c‘I5j - d t 

4099-64 

1 

21272 3 

e»P ,-d 4 

4738-08 

7 

21095 7 

6«P,-c*P 1 

4762-42 

3 

20991-9 

6 *P, — 6 *P, 

4765-72 

6 

20977-3 

6‘P, -e 4 D, 

4796-30 

2 

20843-6 


4811-73 

3 

20776 8 

6 4 P, — c 4 B7 

4825-19 

3 

20718 8 

6 *5 - e *D7 

4832-08 

4 

20689-3 j 

ft«P,-e 4 S' 1 

4846-58 

5 

20627 4 1 

6*P, — e*D, 

4867-18 

2 

20582 3 

b *D, — e *8, 

4015-93 

1 

20336 4 

efy-dt 

4046 57 

3 

20214-5 

6*D, - c«P, 

4948 49 

0 

20202 0 


4960-26 

1 

20164-6 


4978 82 

1 

20079-6 

6 4 P, — 0 4 P, 

4982-77 

0 

20063 6 

o»p,-d; 

6013-24 

1 

19941-6 

t *D, - o *b, 

6032-39 

3 

19906 3 

b *P, — c 4 B7 

5028-30 

0 

19881-9 


6072-63 

1 

19708-5 


6077-19 

1 

19690-5 

6*0,-c*5. 

6123-17 

3 

19513-7 
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Table III (continued) 


A. 

I 

K(vao). 

Combination. 

6128-70 

3 

19504 1 

r *D, - d. 

6143-07 

1 

19138 2 

f*S, _ rf. 

6208-33 

6 

19194 7 

6 4 P, - c‘P, 

6308 66 

3 

l$H3l-9 

b 4 P, - e 4 P, 

6446 30 

2 

18356 0 

ft*D, -e*P, 

6499 62 

l 

18178 4 

6 ‘F, - r «S, 

6623-53 

2 

18099-4 

b »P, - c *I>, 

6668-62 

2 

17952 8 

b *17, - e fl). 

6632-96 

2 

17747 8 

c»P, -d, 

6681-93 

4 

17594 8 

b 'P, - r'l), 

6690-34 

2 

17568 8 

ft 4 P, - r 4 P, 

6752 07 

1 

17377 5 

ft *p, - c 

6771 38 

2 

17322 1 

6*1), - e‘1), 

6391 

1 

16643 

- e *1), 

0471 

1 

1544 8 

ft »Pj - <5 *P, 

6672 

3 

15362 

ft *17, <• tS, 

6768 

2 

14771 

6 «P, - rtS, 


Ionisation Potential of Kr h . 

The ionisation potential of Kr + , as wc have calculated above, comeB out to 
be 26-4 volts. The measurement of Dejardin* with three and four electrode 
tubes indicates a value of 28-26 volts. The discrepancy is perhaps due to the 
fact that wc have calculated the ionisation potential by taking only the first 
two members of a Rydberg sequence, and, as is well known, such a calculation 
can only give a rough estimate of the actual value. 

I wish to thank Prof. M. N. Saha, P R.8, for the kindly interest he has 
taken in this work My thanks are also due to Prof. A. T. Mukerji, M.A., for 
affording me facilities to continue this investigation. 

• * C. R.,’ vol. 178, p. 1069 (1924). 
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The Absorption Spectrum of Ccesium. 

By Irene Maud Mathews, Assistant Lecturer an Physics, The University, 
Sheffield. 

(Communicated by S. R. Milner, P.R.S.—Received June 6, 1928—Revised 
July 23, 1928.) 

[Plate 27 ] 

Measurements of the wave-lengths of the ImeB in the absorption spectrum 
of ctesium were first made by Prof. P. V. Bevan* in 1912. He produced the 
vapour of crnsium in a steel tube by heating the anhydrous chloride with 
metallic lithium, and analysed the light of a carbon arc passed through the 
vapour with a Hilgcr quartz spectrograph giving the spectrum from 
X 6000— X 2200 on a 10-inch plate The wave-length of 31 lines of the principal 
senes were given to two places of decimals. His estimated error, however, in 
most of the lines amounted to 0 ■ 2 A.U. These appear to be the only measure¬ 
ments extant of the principal senes in the absorption spectrum of this element. 

In the present research an attempt has been made to obtain more accurate 
values by photographing the spectrum, using a Rowland grating of 10 feet 
radius of curvature and 20,000 lines to the inch. The ruled surface was 
8x5 cm., but of the 8 cm. it was found that three had to be covered up to obtain 
the best definition. The spectrum used was the first order, and in the region 
of the series photographed the dispersion was about 43 A U. per centimetre, 
and the theoretical resolving power 0-08 A.U. 

The caesium vapour was prepared in situ in a steel tube 3 feet 6 inches long 
by heating pure dried caesium carbonate in the presence of powdered 
magnesium.f The heating was done electrically by a battery of 32 cells; 
8 metres of mchrome wire 0*05-inch diameter, resistance 8 ohms, were wound 
in two layers insulated with asbestos paper on a steel tube 2 feet long, the whole 
being thermally insulated by many layers of asbestos rope. The heating coil 
could be slipped into position over the first tube, into whioh a mixture of 
20 grammes of caesium carbonate and 4-5 grammes of magnesium was intro¬ 
duced. THe ends of this tube were closed with quartz plates, sealing-waxed on, 
and kept cool by continuously dripping water. A side tube, brazed on at one 
end, was in connection with a phosphorus pentoxide tube, McLeod gauge 
• ‘ Roy. Soo. Proo.,’ A, vol. 88, p. 820 (1912). 
f Graefe and Kckhardt, ‘ Z. Anorg. Chem.,’ vol. 22, p. 168 (1899). 
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and mercury pump. Light from a carbon arc, rendered parallel by a quartz 
lens, was passed down the tube, and focussed by another quartz lens on the 
slit of the grating. As the tube was heated a considerable amount of moist 
vapour had to l>o pumped off. At about a red heat the vapour of caesium 
gave a sudden increase of pressure, and showed a fluorescent green light. The 
pressure of the vapour could be regulated, to a certain extent, by the heating 
current and the pump, but it partly depended on how much caesium had 
condensed near the quartz windows. When these were removed, the mixture 
in the tube invariably exploded when in contact with air, so that it was con¬ 
sidered unsafe to attempt to dislodge the caosium near the windows before 
dismantling the apparatus. 

For the measurement of the wave-lengths the carbon arc was replaced by an 
iron arc, and a part of the plate covered by an opaque Bhutter. 

Three satisfactory plates were obtained showing as absorption lines the 
principal senes (with the exception of the first two members), but tho earlier 
lines were rather dense, and tho last six lines appeared on only one of the 
plates * They were measured on a comparator reading to 0*001 mm, Burns’f 
measures of the iron lines being used in tho reduction. It was discoverefl that 
there were strong indications of a small periodic error in the comparator screw, 
consequently each line was measured either two or three times with different 
settings, and a quadratic formula was employed for the interpolations, use being 
made of two iron lines on each side of the caesium line measured- -first two of 
longer wave-length and one of shorter, then two shorter and one longer. The 
effect of a periodic error m the comparator screw was thus minimised. It is 
believed that the wave-lengths determined are in general accurate to about 

0-02 A.U. 

In the following table the first column gives tho connotation of the line in the 


formulae.}: 


(m) = »(1) — p l (m)\. 

P, (m) = a (1) - p, (m)/ 1 


m = 1, 2, 3 . . .). 


* For this exposure the pressure of the vapour was about 47 nun. Hg, and for the other 
two the pressure was smaller, about 15 mm. 
t Bums, Meggers, Merrill, ‘ Bull. Bur. Stand.,’ voL 274, p. 245 (1916). 

{ The modern usage iu which the suffix of P represents the inner quantum number has 
been adopted in the notation nnod in the paper. This requires the shorter wave-length 
and stronger component of tho doublet to be denoted by P,. instead of by Pj. as used to be 
the oaae. To avoid confusion with tho older tables it should be observed that, e.g., the 
line denoted by P* (3) in the text is called «■, (3) in Fowler’s Report and li—4p t in the 
tables of Pasohen-GOtse, a different choice of the term number m having also been made in 
the latter case. 
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Beyond m = 8 the doublets show single lines only. For the first few lines, 
however, this is not due to lack of resolving power, but to the weakness of the 
fainter comjionent P r That this is so is shown by the easy resolution of the 
doublet Na 330.1, which appears as an impurity, and the separation of which 
is practically the same as that of Cs 9. Measures from *» = 8 to m = 16 have 
accordingly been referred in the table to the brighter component P, (m). The 
series could not be traced beyond m — 32. 

In the second column the mean wave-length in air in I.A. is given, and in 
the third the corresponding wave numlwx »w vacuo. In order to make the table 
into a complete list of the principal lines, the first two members (♦» = 1, 2), 
measured by Meggers* and Ramage.f are included, although they were not 
measured on my plates. In the fourth column is an estimate of the error in 
the wave-length made from three plates, except the last four, which were 
from two plates. Where the estimate is missing the ljpe appeared on one 
plate only. 

The wave-lengths of the lines measured by Bevan are given in the last 
column for comparison. The present measurements taken with bigger disper¬ 
sion, and extending the accuracy to another decimal place, agree closely with 
his, and indicate that he obtained a remarkable accuracy under the conditions 
of his small dispersion. 

In the column marked 0—C, the observed values of the P 2 lines are 
compared with those calculated from the Hicks’ formula, the constants of which 
were determined from the lines tn = 1,2, 3: 


P * 31406 ' 20 (m + 1 • 448955 - 0 -087840/m) 1 , 

N * 109679 • 2. 

The results for the last few lines tend to show that a more probable value of 
tho limit is S (1) = 31406-1 The 0—C values vary fairly regularly, except 
m the cases of P (21) and P (27). In these two cases there are close emission 
lines in the comparison spectrum blotting out the base of the absorption line. 
The emission lines have wave-lengths 3205-401 (Bums) and 3198-96 approxi¬ 
mately, and the effect of these would be to tend to make the observed X too big 
and v too small, as appears to be the case from the comparison with the 
formula. 


* * Bull. Bur. Stand.,' vol. 14. p. 384 (1010). 
t * Boy. Soc. Proo.,’ A, vol. 70, p.J04 (1903). 
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Comum Principal Sines. 


— \ (IJu) r (vao.) 

P t (l) 8943-40 11178 3 

P,(l) 8621-12 732 33 

P t (2) 4693-16 217664 

P*(2) 66-26 946-43 

Pi(3) 3888-622 26708-79 

P«(3) 76 184 791-28 

Pj(4) 3617-206 27637-11 

P t (4) 11-448 81-86 

Pi (6) 3480 -106 28726 66 

P,(6) 70-826 63-67 

P,(6) 3399-979 29403-54 

P,(0) 97-996 20-70 

P,(7) 3348 720 29863-01 

P,(7) 47-649 64-08 

P t (8) 3314-126 30185 22 

P t (8) 13-149 74-11 

Pi (9) - - 

P, (9) 3288 605 30399-30 

P,(10) 3270 499 30607-69 

P t (ll) 66-096 697-16 

P t (12) 46-881 799-43 

Pi(13) 37-364 880-64 

P,(14) 30-46 946-46 

P,(16) 24-838 31000-39 

P,(16) 20 066 046-34 

P (17) 10-133 084-29 

P (18) . 12-831 116-24 

P (19) 09-960 144-08 

P (20) 07-609 167-86 

P (21) 06-467 187-82 

P (22) 03-478 207-08 

P (23) 01-820 223 26 

P (24) 00-411 236-99 

P (36) 


¥ (0—C) A (Sevan). 

— 0 — 

— 0 — 

0 02 — 3888-66 

0 02 0 76-39 

0 02 — 3617-41 

0 02 -0-38 11-62 

0 04 — 3480-13 

0 03 -0 99 76-88 

0-01 — 3400-00 

0 02 -1-04 398-14 

0 04 — 3348 -72 

0 03 -M3 47 44 

— — 3314-04 

0-04 -0-78 13-16 

— 3289-13 

0-02 -0 48 88-66 

0 02 -0-68 3270-44 

0 02 -0-43 56-66 

0-02 0-27 46-91 

0 02 0-18 37 47 

0-06 0-17 30-68 

0-01 0-16 26-00 

0 02 0-60 20-23 

0 02 0 61 16-34 

0 02 0 27 I 12 91 

0-03 0-29 10-07 

0 03 0-16 07 67 

0-02 -0-66 05-63 

0-02 0-42 03-69 

0-02 0-69 02 02 

0-08 0-19 


3199-124 


240-66 


0-18 


00-60 

3199-34 
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Cmnum Pnnotpal 8me *—continued 


- 

*(IA) 

* («o) 

AX 

w (0-0) 

A(Bsvsa) 

P (86) 

96 014 

860 41 

0 08 

-0 18 

S 14 

P (87) 

97 087 

870 06 

- 

-0 60 

7 17 

P (88) 

96 046 

879 64 

- 

-0 06 

609 

P (8#) 

96 817 

887 78 

- 

-0 18 

S SI 

P (30) 

94 466 

896 84 

- 

-0 04 

4 48 

P (31) 

98 794 

901 70 

- 

-0 88 

8 88 

P (68) 

93 178 

307 80 

- 

-O 36 

- 


Sowerby and Barratt • from the observation of soma comb nation s—d 
absorption lines have suggested that the term values for cesium may require 
revision but as far as the b and p terms are concerned the constants of the 
Hicks formula obtained above are not materially different from those given by 
Hicksf and Fowler | 

A reproduction of the spectrum showing the absorption lines from X 3900 to 
3100 is given in Plate 27 A rubid um and a sodium doublet appoar on the 

negative 

A number of satellites to the earl r 1 nes of thi s< r es were shown on a plate 
made from an earlier preparation of rsea um They coul 1 not unfortunately 
be measured very accurately as there were nd cat ons of a Bhft in the 
lompanson spectrum and the series lines themsf Ives were too broad to use in 
its place The following approximate measurements i ere how ver made — 

SatrUtiee X P (4) 3610 P (5) 3484 3475 P (6) 3402 P (7) 3351 

I am very grateful to Prof S R Milner for his kind help and encouragement 
m th urse of this work 

• Roy 8oc Proc A vol 110 p 198 (1086) 
t Hi oka Analysis of Spectra, p 816 
{ A Fowler Report on Series in Line Spectra, p 106 
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The Effect of Ckone on the Temperature of the Upper 
Atmosphere. 

By Edwabd H. Gowas. 

(Communicated by F. A, Lmdemann, F R.8.—Received June 13,1928.) 

Some interesting papers have recently been published concerning the 
temperature of the atmosphere above 11 km. It is known experi¬ 
mentally from “ ballon sonde ” observations that up to 25 or 80 km. 
the temperature is nearly constant at about 220° K„ possibly rising 
slightly. There arc several sources of indirect evidence that above this 
height the temperature rises again till it is about the same as, or evon higher 
than, at ground level. Lmdemann and Dobson* have calculated the density 
of the atmosphere from observations of meteors. From the abnormally high 
values obtained they conclude that the temperature above 60 km, is of 
the order of 300° K. They further showed that if the temperature were 
220 ° K., as generally supposed, there would be insufficient heating effeot 
for meteors of less velocity than 19 km. per seoond to appear, whereas if 
the temperature wore 300° K. the critical velocity would be 12 km. per 
second. A considerable number of observations give velocities less than 
19 km. per second. The author's suggested explanation of the occurrence 
of a high temperature at such heights was the strong absorption of solar energy 
in ttie osone which has been observed. Whipplef refers to the zones of 
audibility which occur at some distance around big explosions. Assuming a 
reasonably sharp transition of temperature from 220° to 280° K. at a height 
of about 60 km., he makes a rough estimate of the minimum radius of 
the outer cone of audibility. This agrees very well with observations that have 
been made. Chapman^ has determined the height and ion concentration of the 
Heaviside layer by day and by night, and Hulburt} claims that the required 
number of ions would be supplied above 130 km. jf the density as 
calculated on the isothermal hypothesis were multiplied by a factor of 1000. 
This factor would bring the density into agreement with the results of 
Lmdemann and Dobson. 

* * Roy. Soo. Froe.,’ A, voL 102, p, ill (IMS), 
t ’ Natan,’ voL 111, p. 187 (1928). 
t • QJJL Mat. 8ocV voL 62, pw 219 (1928). 

| ' Natan,' mL 128, p. 187 (1927). 
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Continuing with the explanation suggested by Lindemann and Dobson, it 
is proposed in this paper to consider the radiative equilibrium of the upper part 
of the atmosphere, taking into account the effects, with selective absorption, 
of water-vapour and or one. It will bo shown that this also leads to a region 
of high temperature in the neighbourhood of, and above, 60 km. 

General Treatment. 

The problem of the radiative equilibrium of the atmosphere has been 
thoroughly treated from a general point of view. Humphreys* has pointed 
out that if the effective radiating power of the earth and the lower layers of 
the atmosphere were the same as that of a black body at temperature T 1( the 
effect on any radiating and absorbing matter near enough to the earth for the 
radiating surface to bo regarded as an infinite plane woutyl be to keep the 
matter at a constant temperature, such that the radiation from it would be one- 
half the radiation from it at T x . If the matter admitted the application of 
Stefan’s Law, its temperature would be T, where T 4 = £T X 4 . If one uses for 
Tj the value 256° K estimated by Abbot and Fowlcf from observations of the 
solar constant (regard being paid to that portion of the solar energy which is 
reflected and does not contribute to heating the earth or lower layers of the 
atmosphere), the resulting value of T agrees very well with the actual 
temperature of the stratosphere as far as observations go. This treatment does 
not consider the possibility of there being absorption of solar radiation in the 
upper layers. 

GoldJ developed the radiation theory more fully, and showed that the 
temperature of the stratosphere must lie between certain limits. His inter¬ 
polated value between those limits agrees fairly well with the results of the 
balloon ascensions. He, however, does not take full account of selective 
absorption, and also rejects the possibility of solar radiation being important 
in the higher regions of the stratosphere. 

In a non-convective region any layer of air is dependent for its average 
temperature on solar radiation, radiation from the solid earth, and radiation 
from the atmosphere above and beneath it. The loss or gain of heat by 
conduction is infinitesimal. On the average loss and gain horizontally may be 
neglected in this region, for the layer is assumed homogeneous in that 

* ' Astrophys. J.,’ vol 29, p. 14 (1909). 
t ' Ann. Obs. Smithson. Init.,’ vol. 2, p. 166 (1908). 
j * Roy. Soc, Proc.,’ A, vol. 82, p. 48 (1909). 
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direction, and at the same average, temperature in all parts. Hence there is a 
horizontal equilibrium which does not affect that in the vertioal direction. 

In such a region, then, let at wave-length X, R* T l>c the radiation from any 
layer at temperature T, X'* and Y'* be the absorbed portions of the atmos¬ 
pheric radiations from above and below the layer, E'* and S'* be the portions 
of the terrestrial and solar radiations absorbed in the layer. Then the equation 
of equilibrium, considering only vertical radiation, is 

|r*t dX = f(X'* + Y'* d E\ + S'*) d\ 

An analytical solution of this equation can be found when the coefficient of 
absorption does not vary with the wave-length, i.e , when the atmosphere is 
assumed grey. When selective absorption is used a graphical solution is 
possible, though laborious, and it is such a solution, by successive approxima¬ 
tion, that is obtained in this paper. 

Particular Treatment. 

Consider a disc-shaped element of the atmosphere, with faces horizontal. 
The loss or gain of heat from the edges is negligible, for the element is in 
horizontal radiative equilibrium with adjacent elements as mentioned above. 
Hence in what follows only vertical radiation is considered 

The element receives normally on its upper face radiation from the sun and 
from the higher layers of the atmosphere, and on its lower face radiation from 
the earth and lower layers of the atmosphere In the case of the solar radiation, 
supposo day and night arc averaged out by considering it to fall continuously 
on the cross-section of the earth, instead of intermittently and at various 
angles over the surface of a sphere. Then the actual solar energy at the distance 
of the earth must be divided by 4. 

A certain portion of the solar radiation is known to bo reflected from the 
earth’s atmosphere, and to take no part in the heating of the earth. Tho 
reflection is probably a gradual process, taking place at no definite height, 
but the energy reflected is certainly available for heating the layers through 
which it has to pass on its way out, provided parts of it can be absorbed by the 
material in the layers. For the purposes of this calculation, 30 per cent, of 
what reaches the tropopauso is assumed reflected vertically for all wave¬ 
lengths. 

It is assumed that water-vapour and ozone are the principal gases in the 
upper atmosphere which absorb solar and terrestrial energy. The contribution 
of the air itself is very small at any height. Carbon dioxide has an appreciable 
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absorption in the infra-red, but in the stratosphere, being a heavy gas, it 
rapidly becomes unimportant, and has here been neglected. 

Let K*, and be the fractions absorbed by ozone and water-vapour 
respectively from energy passing normally through the clement, at wave¬ 
length X. Then the total energy absorbed is given by 

(8 a + * A + E A + X A i Y a ) dX + (S a + s A + E a + X A + Y a ) d X, 

where 

S A is that portion of the sun’s radiation which reaches the element. 

. s A is that portion of the reflected solar radiation which reaches the element. 

E a is that part of the earth radiation which reaches the element. 

X A and Y a are the atmospheric radiations from above and below which reach 
the element. 

It is obvious that the element absorbs partly from above and partly from 
below, but radiates equally in both directions. Thus the surface of radiation 
is effectively double the surface of absorption, and the condition of equilibrium 
is 

K ATo dX = i j*K* (S A + » A + E a + X A + Y a ) dX 

+ t f K Aw (8 a + » A 4- E a + X A -f- Y a ) dX, 

Jo 

where R ATo is the energy of a black body at temperature T 0 multiplied by the 
sum of and K Ak . 

The use of an absorption coefficient for parallel radiation traversing a layer 
normally is supposing a very much idealised case. Actually the radiation is 
diffuse in the atmosphere and travels through layers in which the absorbing 
material and the temperature are continuously variable. This ease » 
considered mathematically by Gold, by Milne, and by Emden,* and it appears 
that aB a first approximation the absorption coefficient for parallel rays must be 
doubled. Actually the factor is unity when the absorption is practically com¬ 
plete, and approaches 2 when the absorption is small. For the coefficients used 
in the various layers of the stratosphere the factor, including the difference in 
what gets through each layer, may be taken as 1*6. 

A curve showing the actual spectral distribution of the energy in Em, the 
outgoing radiation at 11 km. has been obtained, using the amounts of 

* Gold, he. at. ; Milne, ' PhiL Mag./ vol. 44, p. 872 (1022) ; Emden, 1 Sitab. bayer. 
Akad. mm.,' vol. 100, p. 100 (1918). 
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water-vapour given by Simpson* and the appropriate absorption coefficients 
tabulated by Gold On the average over the absorbing regions a black body 
curve at 260° K. is slightly more than 50 per cent, too high. Over the 
transparent regions it is too low, as the energy emerging is practically that from 
the surface of the earth. The total energy is, of course, the same in both 
cases. 

The terrestrial energy absorbed by any layer is E 0 p _ ‘ (1 — e~ u ) where 
E 0 = JEoa^X, t represents the absorbing material between 11 km. and the 

layer, and represents the absorbing material in the layer itself. It is more 
convenient to use the absorption coefficient for parallel rays, as then the 
same coefficient can be applied to both terrestrial and solar radiation It is 
evident from the foregoing paragraphs that the assumption of E 0 as black at 
260° K. brings m a factor which practically compensates for the absorption 
coefficient m the case of this radiation Such simplifying assumptions were 
felt to be justified in this preliminary investigation of the possibilities of the 
problem. 

Material. 

(a) The distribution of energy in the solar spectrum has been investigated 
by Abbot,t and the curve used in this work is substantially that obtained by 
him. In the region of short waves, however, up to 0*4 p, Abbot’s curve is 
unsatisfactory. It cuts off at 0-3 p, and thiB ultra-violet limit of the solar 
spectrum has been shown to bo due to ozone $ The very strong absorption of 
this gas in that region makes the observations rather uncertain. Fabry and 
Buisson. in a later paper,§ have measured by a photographic method the 
energy m the solar spectrum down to 2920 Angstrom units They conclude 
that one quarter of the energy is of wave-length less than 4000 Angstroms, and 
show that in this region the solar energy curve may be taken as block at 
6000° K. From 0 • 4 to 1 • 2 p the values were taken direct from Abbot’s curve, 
and from 1 • 2 to 6 p there is a negligible difference between the observed curve 
and that of a black body at 6200° K. All values were divided by 4 to get the 
average over the earth. 

(b) The average radiation from the earth and the moisture-laden atmosphere 
below 11 km. has been taken as black at 260° K/ This is practically the 

• ' Mem. R. Met. Soc.,’ vol. 2, p. 88 (1928). 

t ‘ Ann. Obe. Smithson. Inst.,’ vol. 3, p. 200 (1913). 

} Fabry and Buisson, ‘ J. de Physique,’ vol. 21, p. 197 (1921). 

{ * O.R.,’ vol. 176, p. 166 (1922). 

VOL. OXX.—A. 2 Z 
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temperature found by Abbot’s and Fowle’s work on tbe solar oonstant, and by 
Humphreys’ approximate) theory. 

(c) The total amount of ozone present in the atmosphere vanes from place 
to place and from day to day, but has been taken as constant at 0*300 cm. of 
the pure gas at N.T.P. This is, of course, the equivalent thickness measured 
vertically through the layer.* The distribution of this ozone is unknown, 
but the height of its centre of gravity has been determined by several 
investigators. Cabannes and Dufayf and Lambert, Dcjardin and ChalongeJ 
agree in the determination of this height as between 40 and 60 km. 

(d) The alworbing fraction for ozone, K*,, is given by 

*0 

where I 0 and I are the intensities before and after the radiation has passed 
through x cm of pure ozone at N.T.P. or its equivalent. 1 The coefficient a 
is defined by the relation 



Fabry and Buisson§ have determined the value of a in the ultra-violet for 
the ozone band whose centre is at 2660 Angstroms In the visible Colange|| 
has determined a, and his values were used as a basis. It was not thought - 
worth while to consider the fine structure that he gives, and a smooth average 
curve was therefore drawn. 

Ladenburg and Lehmann^ give values of the per cent, absorption for the most 
important infra-red bands in ozone. Humphreys, in bis “ Physics of the Air,” 
has already noted the fact that they do not give the exact pressures at which 
the measurements were taken. It appears, from correspondence with Dr. 
Ijehmann. that pressures of 60,100 and 200 mm. of mercury were used. The 
ozone was practically pure, being obtained from the boiling liquid. Using 
this information the values of K A , at the maxima and minima of the bands 
m this region were found. 

(e) A Tcport containing the absorbing fractions of water-vapour js published 

* Cabannes and Dufay, ‘ J. de Physique,' vol. 7, p. 267 (1926); Dobson and Harrison, 

‘ Roy. 8oc. Proc A, vol. 110, p. 660 (1926); and vol. 114, p. 621 (1927). 

t ‘ C R.,’ vol. 181, p. 312 (1925). 

t ‘ C.R.,’ vol. 183, p. 800 (1926). 

fj.de Physique,’ vol. 5, p 196 (1913). 

|| ‘ J. de Physique,’ vol. 8, p, 264 (1927). 

^ ‘ Ann. d. Physik,’ vol. 21, p. 306 (1906). 
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by Fowl© * He gives a graph of percentage transmissions from 1 to 9 p (p. 23), 
and a table of collected results from 3 to 60 p (p. 51). Both contain bands 
due to impurities, carbon dioxide and probably ozone. The values of a to be 
used in this computation were chosen by consideration of both the table and 
the graph, and as far as possible the effects of the impurities were eliminated f 

(/) As a starting point from which to calculate the amount of water-vapour 
in the various absorbing layers of the stratosphere, saturation at 11 km. at a 
temperature of 219° K. was assumed. 

As mentioned above, the actual distribution of the ozone is unknown. It 
is believed that one of the factors responsible for the ozone layer is the ultra¬ 
violet light from the sun. There are probably other agencies, but whatever 
they may be the ozone cannot well be less than proportional to the oxygen 
from 45 km., the centre of gravity of the layer, upwards. Below 
45 km. the amount probably decreases rather rapidly to the very small 
proportions found near the surface. Such a distribution has, then, been 
assumed as a basis. It gives the smallest possible amounts of ozone in the top 
layers, and hence a minimum temperature there. 

As a starting point for the computation of the amount of oxygen present 
at different heights, the value of 35-3 mm of mercury has been taken as the 
partial pressure at 11 km.} 

Method 

In radiative equilibrium the temperature of the air is determined by equating 
the amount of energy emitted to the amount absorbed. These amounts depend, 
of course, primarily upon the amounts of water-vapour and ozone present; 
but the amount of water vapour depends upon the temperature. The only 
method of attack, therefore, is to assume a distribution of temperature, deter¬ 
mine the proportion of water-vapour at various heights, and on this basis 
calculate what the temperature would be. If one has assumed the right 
temperature curve, the final temperatures calculated will agree with the 
original assumptions. If the original assumptions were faulty, the calculated 
temperatures will differ from those assumed, and one must assume a fresh 
distribution and start the process over again. In this way, by a scries of 

* • Smithson. Miso. Coll.,’ vol. 68, pp. 23 .61 (1917). 

f Hettner (' Ann, d. Phye.,' vol. 66, p. 476 (1918)) has measured the absorption ooeflfi- 
eienta of water-vapour, and his results differ somewhat from Fowle's. The latter were 
chosen, however, because Fowls took such particular oare to eliminate stray light, which is 
the greatest source of error in extreme Infra-red measurements where the energy ia small. 

} Humphreys, ‘ Physios of the Air,' p. 69. 
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approximations, it is possible to arrive at a curve in which the temperatures 
initially assumed agree with those calculated. 

In principle, of course, one should divide up the atmosphere into a large 
number of layers in order to carry out this process. Since, however, these 
calculations are excessively laborious, tho non-convective part of the atmos¬ 
phere was divided into nine layers as follows: 11-30, 30-40, 40-60, 60-60, 
60-70, 70-80, 80 -100, 100-130, 130-160 km. 

An average temperature, T„, for each layer was assumed, and the water- 
vapour pressure at the boundaries calculated This is given by the following 
equation:— 

, dh 
-dp = p ~. 


H is the height of the homogeneous atmosphere, or the height it would have 
if everywhere at the same temperature and pressure. It «is by Boyle’s Law 
independent of the actual value of thp pressure. 

Integrating between limits p and p 0 , h and A 0 gives 


where p and p 0 are the pressures at h and h 0 metres respectively and 0-434 
converts from hyperbolic to common logarithms. 


H = 6 for normal gravity where 




8, = density of air at 273° K., and pressure represented by barometer 
reading b . 

For any other gas whose density is 8, at temperature T 0 


H — 7991 x 




-la. 

273 


the factor 7991 being the value of H for air under standard conditions of the 
atmosphere. 

The difference of pressure between the boundaries gives the pressure due to 
the water-vapour in the layer. The amount of absorbing vapour is stated 
as so much preoipitable water, meaning the depth of liquid water which, if 
evaporated into a column of the same cross-section, would produce the 
absorbing layer of vapour. This gives x in the equation for K Aw and, knowing 
at, values over the desired part of the spectrum, from 1 to 60 pt, can be calculated. 
For parallel radiation passing normally through the loyer— 

K A „ = 1 -10“-. 
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The partial pressures of oxygen at the boundaries were calculated as for the 
water-vapour, 8 in this case being the density of oxygen. The differences, as 
before, give the pressure due to the oxygen in the layer. From 40 km. upwards 
the ozone was distributed proportionally to the oxygen. In the 30-40 layer 
the same amount as in the 50-60 layer was assumed, and below that none. 
The total, of course, made up the average thickness of 0-300 cm. at N.T.P. 

a and x being known, the values of K*, were found in the ultra-violet from 
0-23 to 0*34 in the visible from 0-45 to 0-65 n, and in the infra-red from 1 
to 12 (i. 

The radiation from the layer occurs altogether in the infra-rod. For 
simplicity in calculating it the absorbing fractions of ozone and water-vapour 
in this region were added together. This sum, represented by K xtl ^ 
multiplied by the black body curve for the assumed temperature, T 0 , gives the 
energy radiated from the layer. The area under the curve of this energy plotted 
against X is 

f 

>'0 

All the integrations were carried out from 0 to 50 ji, where radiation becomes 
negligible. 

In computing the total energy absorbed by each of the layers, the energy of 
any particular radiation is decreased successively as it passes through the 
layers, the decrement in each case being the incident energy multiplied by K A 
for whatever absorbing agent is being considered The Bum of the decrements 
in each layer gives, of course, the total of the energy absorbed in the layer. 
In both cases, water-vapour and ozone, this procedure was followed for the 
direct solar radiation inwards, and for the reflected solar, and the terrestrial 
radiations outwards. These three items were totalled and plotted as one 
curve for each absorbing agent for each layer In treating the water-vapour 
and ozone as separate absorbing agents there is little danger of appreciable 
overlapping of energies. For either when the ozone absorption is large that 
of the water-vapour is small, and woe versa, or else they are both small over 
the same region In either case the error introduced is negligible. 

The areas under these curves of energy against wave-length give respectively 
the values, for ozone 

j*K Al (Sa -Ma + E a ) dX, 
and fox water-vapour * 

j Ka» (Sa + *a + E a ) dX. 
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Now the correction for the radiation from the atmosphere itself most be 
considered. Each layer absorbs something from the radiation of every other 
layer, either from above or below. Using Ka U +-) and the radiations 
calculated above, an analogous system of decrements gives the required items 
for each layer. The totalling, plotting and measuring of thiB curve gives the 
value of 

("Kah +„) (X* + Ya) dX. 

Jo 

The areas under all the curves were measured by means of a planimeter, 
and reduced to gramme calories per square centimetre per minute. One half 
the total of the absorbed energies thus found should be equal to the energy 
radiated. If it is not a different assumption of the average temperatures 
of the layers must be made, and the whole computation recommenced from the 
beginning. 

As an interpolation formula, and to give a certain amount of guidance in the 
choice of new values for the temperatures, Stefan’s law may be used in the 
following form •— 

T = T 0 (E/E 0 )», 

where E is one half the energy absorbed by any layer and E 0 is the energy 
radiated by the layer at the assumed temperature T 0 . 

This formula was tested and found to give consistent values when applied 
to the radiation of one layer at a number of different temperatures. It was 
accurate within 2 per cent, over ranges up to 40°, and was therefore most 
useful in estimating the corrections to be applied to the temperatures initially 
assumed in each step of the successive approximation. 


Results. 


Km, 

11-50. 30-40. 40-50. | 80-00. 80-70. 

70-80. 80-100. 

100-120. 

130-180. 

ii 

|s20 (224) 210 (S13)|s07 (200)]s08 (204)|>06 (204) 

208 (204)[s06 (203) 

H 

(201)— 

m 

230 (224)220 (223)280 (288) 370 (288)308 (304) 308 (308)200 (290) 

240(237) 

220(317) 

IV 

220 (228)|220 (220)jl80 (288)js70 (271)Js00 (292)|s00 (300)300 (310) 

«—800 

(313)— 


The table and figure give the results of three sets of approximations. In 
the table the temperatures assumed are given first. Following them, in 
brackets, are the values obtained by calculation. Ideally, of ooune, these 
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figures should coincide, but the calculations are bo laborious that the above 
approximation was considered sufficiently close. 



In practice the production of one of these curves entailed the calculation of 
about four approximations, but the temperatures assumed for the first of the 
four were the result of several preliminary estimates. Leaving aside the ground 
work of collecting the material and arranging it in convenient form for use, 
one approximation required about fifty hours’ work for completion. Thus it 
is clear that one had to be content with the above accuracy. It is greater 
than the 5 per cent, which, from the data, can be allowed to the method in 
general. 

Curve I shows an average of the balloon observations given by Sir Napier 
Shaw in Part II of his “ Manual of Meteorology." 

Curve II was obtained by considering the absorption and radiation of 
water-vapour alone. This curve was intended for use as a basis of comparison. 
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Curve III is the result when the observed amount of ozone is distributed 
so as to be proportional to the oxygen down to 40 km. From 30 to 40 there is 
the same amount as in the layer from 50 to GO, and below that no appreciable 
amount is assumed. 

In computing Curve IV an attempt was made to Bee how much ozone would 
be necessary in the upper layers to keep the temperature m the neighbourhood 
of 300° K. up to 150 km. at least One arrives at this curve if one assumes that 
the amount of ozone in the top four layers is greater than it would lie if it were 
proportional to the oxygen by the following factors • 100 to 150 km , 10-3; 
80 to 100 km , 2 • 16 ; 70 to 80 km., 1*10; and GO to 70 kin., 1 -05. The excess 
in the uppermost layers is balanced by reducing the amount m the layer from 
40 to 50 km. to 0-985 of what it would be if proportional to the oxygen The 
other layers are left as they would have been. 

Exaiuinahon of Assumptions and Remits. 

The actual amount of water-vapour present in the part of the atmosphere 
considered in this paper has an important bearing on the temperatures 
obtained. The assumption of saturation at 11 km gives the greatest amount 
possible, but Gold* adduces strong arguments m favour of this. Suppose it 
should be less than saturated. The energy due to water-vapour will bo 
reduced m the same ratio on both sides of the equation, but for any layer in 
which there is also absorption by ozone the proportionate effect on the total 
will be greater on the radiation Hide than on the absorption side. To maintain 
equilibrium therefore, the temperature of the gas would have to be higher. 
Thus, Curves III and IV are lower limits as far as this variable is concerned. 
The upper part of Curve III has already been mentioned as a lower limit in 
connection with the ozone distribution. If the relative humidity were 30 per 
cent, at 11 km. instead of 100 per cent, as has been assumed, the calculated 
temperature at about 70 km would be over 350° K. Similar reasoning holds 
for any change in the absorption coefficient. 

The question of variation of the absorption with temperature and pressure 
next arises. In the case of ozone nothing seems to be known. Miss Eva von 
Bahrf has investigated the effects in water-vapour. She found that the 
absorption decreased with the total pressure. A comparison of results using 
steam, with those taken under atmospheric conditions, indicates that less 
absorption would be expected at the lower temperatures. Following up Curves 
• ‘ Geophy*. Mem. No. 5,* p. 129. 

t ‘ Ann. d. Phyrik,’ vol. 29, p. 780 (1909); and toI. 33, p. 583 (1910). 
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III or IV, the temperature and pressure effects would tend to balance each 
other, and so they cannot have led to any great error. 

The assumed value ol the Albedo, 0-30, is rather lower than the value 0 • 337 
obtained by Abbot,* and still lower than Aldrich’s value, 0*43. Owing, 
however, to the fixing of the height of reflection at 11 km., and the necessary 
inclusion of all wave-lengths without discrimination, it may still be effectively 
too high. If, as is probable, u great port of the reflection is from cloud bankB 
which arc below 11 km , the 30 jier cent will be reflected in the spectral regions 
for which water-vajiour is relatively transparent, but much less than 30 in the 
regions, all-iraportant in this instance, where it is highly absorbing. The 
not result is that too much energy will have been included from this source, 
and the effect will be the moro noticeable the lower the layer. This may 
partly explain the high values that have been obtained by calculation foT the 
11-30 km. layer. Neglecting the whole of the energy due to the reflection 
brings the temperature of this layer two to three degrees nearer the assumed 
value. 

It was mentioned above that the assumption of E„ as black at 200° K., and 
the use of the parallel ray absorption coefficient for the low temperature radia¬ 
tion introduced practically compensating errors. Strictly, the absorption of 
the re-radiation from the layers of the stratosphere itself is also of sufficient 
importance to correct. In the several approximations the energy from this 
source was from 10 to 30 per cent, of the total absorption in any layer. The 
use of the absorption coefficient for diffuse radiation would have increased 
this proportion and have raised the temperature slightly. 

Dr. Dobson has recently been making Botne measurements on the height 
of the ozone layer The average of some fifty valucB (as yet unpublished) 
is nearly 10 km. lower than the average obtained in France. Tentative 
results indicate that the layer is higher in spring than in autumn—that is, the 
height increases with increase in the amount of ozone From this it appears 
probable that the lower boundary remains nearly stationary, the change in 
effective height taking place by increased concentration in the upper parts 
of the ozone layer. This would suggest that between, say, 30 and 60 km. 
the temperature will change very little with variation in the ozone, but that 
important changes might take place above 60 km. The general effect on the 
calculations of making the change to 35 km. on the average would be to 
decrease the temperatures and lower the height at whioh the increase of 
temperature occurs. The difference in both cases would probably be small, 
• Lot. cit„ p. 146. 
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but it is impossible to make any reliable estimate without going into the 
matter fully, and completing another set of approximations. 

It was mentioned early in the paper that the air itself and carbon dioxide 
were being neglected, but that the caTbon dioxide might have a small effect in' 
the lower layers up to about 40 km. It is here mentioned ogam only to point 
out that any effect would be such as to raise slightly the temperature of those 
layers 

Apart from the possible corrections mentioned, the curves bear out very 
well the explanation of the results from sound ranging. It was pointed out 
that near 60 km. a temperature of about 280° K. was to bo expected, and, if 
found, would explain satisfactorily the refraction of the sound waves. The 
agreement is fairly good. 

The temperature is also in good agreement with that obtained from the 
meteor observations The height at which the maximuni is reached is 
important in this connection It has been observed that very few meteors 
disappear at heights round about 60 km The explanation put forward by 
Lindemann and Dobson is that a drop occurs in the rate of heating due to the 
passing of the meteor from a warm layer into a colder one below, delaying the 
time of final evaporation of the material If Curves III or IV represent a fair 
approximation to the true gradient, it is easy to see that this would happen. 

It must be remembered that these curves are all averages over the surface 
of the earth. One can make a rough estimate, however, of the difference 
between night and day temperatures from the figures of the computations. 

A total pressure at 40 km. of 1-94 mm. of mercury gives the mass of gas 
above this height on each square centimetre as 2-64 gm. The heat lost per 
degree by this mass of gas is 0 24 x 2-64 = 0-63 calories, assuming the 
speoific heat does not change much with whatever alteration in composition 
there may be. 

The total energy radiated by all the layers above 40 km. is 0*0216 
cal./cm.*/min Therefore if all sources of radiation were cut off from this 

region, it would fall m temperature at the rate of 1° C. in = 29 painutes, 

say half an hour. Thus during a 12-hour night the temperature would fall 24°. 

To get an estimate of the day temperature in temperate latitudes, the valae 
of the solar energy used in these computations must be multiplied by about 2*6. 
Roughly, this would have the effect of shifting Curve IV over to 320° K. 

These estimates of the night and day temperatures have been made from the 
mean, and though they are very rough, it would appear that the total variation 



Effect of Ozone on Temperature of Upper Atmosphere. 669 

in temperature is nearly 40°. Actually the change will be rather less than this. 
In the above estimates of the departures from the moan during the night and 
day, the value 0-0215 was used for the radiation |r xx# d\. As tliis is, of 

course, not a constant the deviation on either side of the mean tends to be 
smaller than the estimates show. Prof. Lindemann has suggested another 
agency tending to reduce the change. As the temperature begins to drop 
when the solar radiation is cut off, the gas contracts and falls m the gravitational 
field. The potential energy thus lost can only appear as heat, and will be 
greatest in the upper layers which fall the farthest. Hence the compensation 
is greatest in the layers which tend to cool the most. The converse would be true 
when the gas is heating up during the day The effect of both them- agencies 
will be, therefore, always to reduce the amplitude of the daily variation. 

The factors materially affecting the general average of the temperature 
obtained are now summarised A decrease in the relative humidity at 11 km. 
raises the temperature. More ozone m the upper layers than is proportional 
to the oxygen raises the temperature, above 80 km., but below that lowers 
it slightly The additional correction for diffuse re-radiation from the strato¬ 
sphere would raise the temperature. If the centre of gravity of the ozone 
layer should be 35 instead of 45 km., the temperature would lie lowered. The 
application of the changes suggested in all these factors would probably raise 
the temperature, but not greatly, as is suggested by the near coincidence of 
calculated and observed values below 30 km., and no one of them alone can 
cause Curves III or IV to approach Curve II. Thus, given the ozone in the 
upper atmosphere, a theoretical consideration of the radiative equilibrium 
leads to a warm region agreeing very well as regards both temperature and 
height with the results of indirect observations. 

It is realised that this paper covers Jjut the first step in a possible senes of 
interesting computations by the same or a slightly modified method. The 
variation of the average temperature with the amount of ozone, the determina¬ 
tion of the day and night temperatures at different latitudes with constant 
ozone, and the effect of changing the relative humidity are all worth investigat¬ 
ing carefully. It is hoped that some, if not all, of these may be attempted at a 
later date. 

In conclusion, I wish to thank Prof. F. A. Lindemann for suggesting the 
problem, and for many valuable criticisms during the course of the work. 
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The Steady Motion and Stability of a Helical Vortex. 

By Prof H. Levy, M.A, D.Sc., and A. G. Fossdyke, A.R.C.S., B.So., Beit 
Scientific Research Fellow. 

(Communicated by 8 Chapman, F.R S.—Received June 21, 1928.) 

§1. Introductory .— 1 This is the third of a series of papers dealing with the 
stability or instability of certain forms of vortex motion associated with the 
wake of a body moving in a fluid. In the earlier papers* we examined the 
case of a system of equal vortex rings iu parallel planes, as they might form in 
the rear of a sphere in steady motion. Nisi and Porter} have shown that the 
lowest speed at which the vortex ring forms is 8 ■ 14 v/rf where v is the kinematic 
viscosity of the fluid and d is tho diameter of the sphere. ,8uch a system of 
vortices has been proved* to be only partially stable, and it is therefore to be 
inferred that their production occurs at a transition stage to a more stable 
type of flow. 

Now it is well known that in the* case of two dimensional flow past a cylinder 
of any cross-sectional shape, eddies arc formed in symmetrical pairs at low 
values of Reynolds’ number, whereas at higher values asymmetry sets in and 
the eddying is formed alternately at one side of the cylinder and then at the 
other with regular periodicity. This latter stage occurs over a range of values 
of Reynolds’ number extending from about} 70 to 10®. Detaded explorations 
of the field for some distance behind the cylinder have established that the 
centres of eddying approximately assume tho stable formation which has come 
to be known as the “ KArmAn vortex street.”} 

A corresponding systematic study of the flow in the case of three dimensional 
motion at high values of Reynolds’ number has unfortunately not yet been 
conducted, although it has now been commenced. Some photographs of the 
state of flow in the wake of a flat platef indicate, however, that in certain 
circumstances a vortex filament Bpirally unwinds itself from the body and 
travels down stream. A measurement of the pitch of this helix gives roughly 
a value of 0-3. In R and M, No. 332, Adv. Cmtee. for Aeronautics, Naylor 

• ’Roy. Soc. Proo.,’ A, vol. 114, p. 394 (1927), and vol. 116, p. 362 (1927). 

t ‘ Phil. Mag.,’ vol. 46, p. 764 (1923); ‘ Rep. Advia. Comm. Aeronaut.,’ No. Stt (1917) i 
Levy, ’Phil. Mag.,’ vol. 2, p. 844 (1926): Rolf and Simmonds, 'Phil. Msg.,’ vol.49, 
p. 609 (1926); Prandtl, ‘ Aeronaut. J.,’ Aug., 1927. 

} Page and Johansen, ‘ Roy. Soc. Proe.,’ A, vol. 116, p. 170 (1927). 

| Eden,' Rep. Advia. Conun. Aeronaut.,’ No. 31 (1911). 
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and Fraser in studying the formation of eddy centres in the wake of a circular 
cylinder in a water channel draw particular attention to the occurrence of 
some form of screw motion, and note that the axes of the eddies appear to be 
skewed out of the vertical. 

On this as a basis it is possible to construct a tentative rational picture 
of the probable nature of the flow in the more general case. The circular 
vortices produced in the rear of a body such as a sphere, for example, at low 
values of Reynolds’ number, appear to be analogous to the symmetrical pro¬ 
duction of eddy pairs in the case of two dimensional motion If, varying the 
latter case slightly, the body be a plate or cylinder, finite in length but long 
in proportion to its breadth, then at large enough values of Reynolds’ number 
the vortex filament formed at ono long edgo (AB, say) and moving down 
stream may bo expected to continue over a short end (AA', say) to the parallel 
vortex filament in process of formation at the opposite edge, A'B', and as this 
reaches maturity and is discharged the filament would continue over the 
remaining short edge (BB') to a new vortex forming at the first long edge: 
and so on. Thus wc are naturally led to a picture of a spiral-shaped vortex 
(in this case elongated m the direction of the length of the plate or cylinder) 
continuously unwinding itself from the edge of the body and passing down 
stream into the wake. This picture is consistent not only with the direct 
evidence of Naylor and Frazer but with that from Eden’s photographs and, 
in the limiting case of two dimensional flow, with the very conclusive evidence 
of the “ KArmAn vortex street.”* 

It the foregoing discussion is, in its broad outline, correct, the next stage 
of our investigation must concern itself with a discussion of the steady motion 
of a right helical vortex of uniform strength, and an examination of the con¬ 
ditions m which such a motion will he stable. It will be seen that such a 
vortex will move forward m the direction of its axis with steady speed, and 
in general rotate about that axis with uniform angular velocity. 

The conception of stability that will be here adopted will be similar to that 
of the previous papers: the helical vortex will be presumed stable in form if 
it can maintain certain steady fundamental modes of vibration of its filament 
of small amplitude. 

§2. Nature of Disturbances to Filament .—The vortex filament in question 
has, for its central curve, the right circular helix whose equations with respect 
to axes fixed relatively to it are 

x = a coA iji, y = a sin <Ji, 

* K&nnin and Bttbsoh, * Phys. Z.,’ 


z = a tan a, 


(1) 
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the azimuthal angle <{/ being measured from the point at whioh the helix crosses 
the axis of x. Due to its own vorticity, the hehcal vortex possesses a uniform 
velocity of spin about its axis, and a uniform velocity of translation V along 
the direction of its axis. Considering a right-handed system of axes, and sup¬ 
posing that the spin is positive, of magnitude u>, we shall have, with respect to 
stationary axes, coincident qpth our moving system at time ( = 0, 

x — a cos (<{i + wt), y — a sin (<Ji + tot), z — \t 4- at]/ tan a. (2) 

It will be found convenient in the subsequent analysis of the motion to wnte 
<j> = (J/ + wt. Then 

x = a cos <f>, y — a sin tf>, z — Yf -f a| tan a, (3) 

give the position at time t of the point <|i on the central curve of the helix. 

Denoting the component velocities of the fluid element Bituated at the 
point by x, y, z, we have, in the undisturbed state of the system, 

x = — aw sin tf>, y = aw cos <f>, z = V. (4) 

We now proceed to find the corresponding expressions for these component 
velocities when the central line of the vortex filament is distorted out of its 
normal form. Let the fluid element at the point undergo small displace¬ 
ments p cos r<}> along the rudius drawn from the axis of the helix to the point 
ij;, a cos parallel to the axis, and = ay cos r \{/ “ circumferentially," 
i.e., in a direction perpendicular to the radius to the point 4; and perpendicular 
to the axis 

Consequently in (2) we must write (a 4 p cos r«|/) for a, and (<}i -f- Y 008 f< W 
for i|>. Putting these values in (3) we have 

x = (« 4- p cos nji) cos -f y cos r ^) 

= (a -(- p cos r<ji) (cos <f> cos . y cos rij» — sin ^ sin . y cos riji) 

— (o -f p cos nJ0|(cos ^ — y cos • sin $, 

on expanding as far as first order terms in y. Therefore, to the first order, 

x — a cos <f> -f p cos riji cos ^ — ay . cos riji sin <j>. 


Similarly 

and 


y *= a sin <f> + p cos n|». sin <f> 4- ay . cos rtj;. cos <{> 
* = a<]/ tan a -)- V< 4- o cos riji. 


(8) 

(8) 

(7) 
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These equations give 

i = — aw sm ^ p cos r cos <f> — pw cos t t[>. sin 

— a f cos r iji am ^ — awy cos rt|/ . cos <f>, (8) 

y *= aw cos (f> + p cos riji sin <f> -j pto cos rtji cos <f> 

H ay cos nj; cob <f> — awy cob ri|> . sin <f>, (9) 

% ss v -f a cos r (Jt. (10) 

These equations give, with respect to fixed axes, the components of velocity 
of the fluid element at the point i|/, We resolve this velocity radially, circum¬ 
ferentially and axially. Denoting these components by i) and t wo have 

5 — * cos (<f> -f y cos riji) -f- y sin (tf> -f y cos rij/), 

which becomes, on substitution of the values of x and y from (8) and (9), and 
expansion of cos i y cos nji) and sin (<f> + y cos r<(i) as far as terms of the 
first order m y, 

i = P cos nji. 

Similarly 

vj = -j pte cos riji + ay cos rij/, £ =- V f a cos nji (11) 

The analysis of the motion of the helical vortex under the postulated form of 
disturbance shows that an exactly similar disturbance proportional to sin ri|» 
is induced on the vortex. Tn order, therefore, that our disturbance may be 
a normal mode, we must consider, in addition, .» disturbance whose radial 
component is p'sin/^, with corresponding circumferential and axial com¬ 
ponents. But this disturbance haR the sume wave form as the first, the only 
difference being in the phase ; for putting rr = rip — Jn, the disturbance 
proportional to sin nj/ is also proportional to cos / t Hence as a result of the 
complete disturbance 

p cos n|i -f p , B *n ri[»..., 
p cos r<|» -f p' cos ri(i..., 

we obtain, instead of equations (11), 

£ = p cos ri|i + p' sin riji | 

yj = aw -f- pu> cos rty + p'ic.sin rt|> -f ay cos rtj< |- ay' sin riji >• (12) 

fc = V -f <r oos nj/ 4- o' sin rty J 

§ 3. We proceed in the first place to an analysis of the motion of the particle 
at the point iji on the helix, under a wave disturbance of the form p cos r«ji, ay 
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coe f(j/, a cos r 4 . Denote by 0 a variable point on the helix and by R the dis¬ 
tance between this point and 4 (x, y, z), taking (x\ y\ z') as the co-ordinates 
of 6. If k is the strength of the vortex the component velocities u, v, u> of 
the fluid element situated at (as, y, z) are given by 



with corresponding formula) for v and w, the integration extending over the 
.complete length of the vortex. The value of R is given by the usual formula 
R*~(*-*7 f (y-*? + (»-*?. 

In connection with this formula and its subsequent use in this paper, a note 
of explanation is necessary and may conveniently be inserted here. We are 
supposing the cross section of the vortex filament to be circular in form, of 
radius c which is small compared with a. Then without appreciable error 
we may take both the points (x, y, z) and (x 1 , y\ z‘) to lie on the central line of 
the vortex, unless the two points closely approach one another. In the latter 
case the radius of cross section e is no longer negligible in comparison with R, 
and formula (13) has therefore to bo modified; for if we consider (x, y, z) 
and (a?', y', Z?) to lie on the central line of the vortex, R - * will become infinite 
for 0=4’, an< l the expressions for w, v, w will become indeterminate. 

The difficulty arises because we have wrongly assumed that (13) holds for 
all points 4 . and in particular, for points inside the vortex filament for which 
4 is nearly equal to 0. In this case wc have to 
consider a point 4» not on the central line of 
the vortex, but lying just outside it. 

Fig. 1 illustrates a portion of the vortex 
filament, where A corresponds to the point 4 
and D to 0, both on the central line. The 
circle BC is a normal cross section through A; 
B a point on this circle whose polar angle, 
measured from the principal normal AE, is v. 

If AD is large compared with c, and ( x , y, z), (x', y“, z') are thp co-ordinates 
of A and D respectively, 

R,« = (._ *0F + to-jT+ (■-*?• 

When D approaches A, we consider not A but B, and obtain for R a 

(* - *')* + (y “ y? + (* -*? + +/{ v, (x - x'), (y - y'), (* - xf)} . «,t 

* Lamb, ‘ Hydrodynamics, 1 5th ed., {149. 
f See Nicholson, ‘ Phil. Msg.,' toL 19, p. 77 (1910). 
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where v is involved in / in the form of circular functions multiplied by terms 
linear in the small quantities (* — x'), (y — y'), (z — s'), so that /. c is small 
compared with t*. Clearly the part of R® involving v arises from local dis¬ 
turbances which vary round the vortex filament, and are not to be taken 
account of in a consideration of the motion of the vortex as a whole. All 
points B lying on the circle AC share this motion; m addition they possess a 
local motion depending on the polar angle v. We shall therefore obtain the 
motion of A by neglecting this latter part of the motion of B; that is, in the 
expression for R® we shall include the term e* which is independent of v, but 
neglect the terms linear in s. Moreover, when A and D are remote from each 
other, i* will be negligible m comparison with R 1 , and its inclusion m the 
formula for R“* over the whole of the range of integration will be immaterial. 


involving v. These again depend on the local motion and will be neglected 
in the investigation. 

It can, indeed, be shown, by a complete analysis of the motion, that the terms 
neglected do arise solely through local disturbance, %.e , a change of shape of 
the cross section of the vortex filament. It has, however, been shown by 
Thomson and others* that so long as the radius of cross section of a vortex 
filament is small compared with the radius of curvature of its central line 
the cross section will remain approximately circular under the self-influence 
of the whole vortex. It is, then, impossible that the local disturbances should 
bring about any appreciable changes in the motion of the vortex under the 
type of disturbance we propose to consider ; they may therefore be neglected. 

To justify this procedure in detail it would be necessary to give the laborious 
complete analysis of the motion, a great part of which has little bearing on 
the present problem and would finally be rejected. We shall obtain results 
sufficient for the solution required by neglecting, at the outset, the terms which 
arise only through local or “ cross-sectional ” disturbances. 

Writing x = 0 + wt we obtain for the co-ordinates of the point 0, after 
disturbance, 

*' = a cob / + p cos -/ cos rO — ay sin x cos r0 *j 

y’ = a sin x + P f. cob rO + ay cos % cos r0 l. (14) 

«' = ad tan x + Vt + o cos r0 j 


* J. J. Thomson, 1 Motion of Vortex Rings *; Bassett, * Hydrodynamics,' vol. 2, 
p. 88; Lamb, ‘Hydrodynamics,’ 5th ed., p. 213: 

VOL. CJX.—k. 3 A 
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There forme are analogous to (5), (6) and (7), consequently 
(x — x 1 ) — a (oos tf> — cos x) + p (cos <f> cos r4* — cos x cos r 0) 

4- ay (sin x cos r0 — sin ^ coe rtji) 

(y — y') = a (sin <f> — sin x) + p (sin <f> cos r<J» — sm x cos r0) 

+ ay (cos <f> cos rtjj — cos x cos r 0) 


. ( 15 ) 


(* — z') = — a (x — $ ton a -f o (cos — cos rO) J 

Writing X = (0 — iji) = (x — <f») wo therefore have 
R* = 2a* (1 - oos X) + «*X 8 tan*a + e* 

+ 2op {(1 — cos X) (1 + cos rX) oos rp — sm rX sin rip (1 — cos X)} 

-j- 2a*y (sin X (cos rX — 1) cos rp — sm X sin rX sm r«p} 

-f 2ao tan a {X (cos rX — 1) cos rtj; — X sm rX sin r<|>}. (16) 

The reason for the introduction of the term t* has already 1)6611 explained. 

It is found convenient to write 


a*.T = 2a 2 (1 — cos X) -f a* X s tan* a. + e* 

Mi = (1—cos X)(l-f cosrX), M 2 = — sin X sin rX, M s = — XsinrX 
Nt'=—sinrX(l—cosX). N 2 = smX(cosrX—1), N-, = X(oosrX—1) 
so that R* may now be written in the form 

R* = o*J + 2ap . cos . Mj + 2ap sin . Ni 
+ 2a*y cosri|>. N 2 + 2a z ysinrp ,M 2 
+ 2ao tana . cos . Ng + 2aa tana sin nj;. M*. (18) 

It has-been mentioned that our presupposed disturbance proportional to 
oos rip initially induces a second disturbance proportional to sin rip, *•«•> to 
cos r-r where r r «* r<Ji — ir/2. Since, further, sin rr = — cos rip we may 
aooount for the effect of this second disturbance by adding to (18) terms 
p' sm rip, — p* coe rip for every term that occurs of the form p cos rip or 
p sin rip. Extending this to include the circumferential and axialjdisttirbanoes 
we have 

R* = a*J + 2ap cos rip . M x -f 2ap' sin nji M x 
+ 2ap sin rip . N x — 2ap' cos rip . N t 
+ 2a*y oos rip . N, + 2o*y' sin rip . N, 

+ 2a*y sin rip . M t — 2o*y' cos nji M s 

+ 2aa tan « cos rip . N, + 2oo' tan « . sin rip . N, 

+ 2oo tan « sin rip, M, — W tan a. cos rip . M,. (19) 
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This is conveniently written as 

o*J 4- K, 

Where K includes all,the first order terms in (19). Then 

R~» = (a»J + £)-*/» = 1/a 3 J" 8 ^ - 3/a 6 . K . J"* 2 , (19a) 

on expansion as far as the firBt order terms. This is the form m which R _ * 
is required in formula (13). In the integration the variable is changed from 
0 to X, since the velocity components can be more simply expressed in terms 
of the latter. Since X = 0 — 4*, d0 = dX, and, the limits of 0 in the integra¬ 
tion being ^ oo, so also arc the limits in the integration with respect to X. 
Let 

v, = M — ** — de^ ~ 

(*-•'» - (20) 


Taking account only of the cosine wave disturbance, we have, from (14), 


- a y cos ■/ cos r0 + r . a . y • X • 8111 


j = a cos x + p cos x co3 r0 — rp sin x sin 1 0 


— ay . sin x cos r8 — ray cos */ sin r0 


- = a tan a — ra sin r0 


Ws then find, using (16), (20), and (21), that 
V, -» a* tan a (— sin <f> + sin x — X cos x) 

4 - ap tan a (Bin x cos r0 — sin <f> cos rtj; 

4- Xr sin x sin r0 — X cos x cos r0), 

-f a 3 y tan * (cos x cos r6 — cos <f> cos r<J# 

-j- X . r . cos x sin r8 -(- X sin x cos r0) 

-f aa (oos x cos nj; — cos x cos r0 

4 - r . sin r0 sin ^ — r sin r0 . sin x), (22) 
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V, = o* tan a (cos ^ — cos y — X sin x) 

-f op tan a (cos ^ cos n}» — cos x cos r0 

— X sin x cos r 0 — X . r . cos x sin f 6) 

+ a*Y tan * (sin x cos rO — sin <j> oos r<|» 

- X cos x cos r6 + X . r . sin / sin r0) 

4 - aa (sm x cos rtj> — sin x cos r0 

— r sin r0 . cos <f> + r sin r0 . cos x)- (23) 

The component velocities u and t* of the fluid at the point iji will then be given by 

V..R-».dX; t»= -if V r R-»dX. 

4tcJ_» 4rcJ_« 

The radial and circumferential components of this velocity, \ and vj, are 
given by 

5 = « cos (^ 4“ Y cos r 'J / ) 4" v 8,n (^ + Y 008 r ty) 

^ = v cos (tf» 4- y cos r^) — u sin ($ + y con rij/) 

If then we put 

V, ass V, cos ((ft 4- Y COB ,< 1') + V, sin (<f> 4- Y 008 *’+) 

\. (2«) 

* V# = V, cos (^ 4* Y cos f 'lO — V. sin (<f> 4- y cos nji) j 
we shall have 

V f .R-».dX, 7) = £j* V..H-* dX. (26) 

In the integration the first order terms m V r and V# have to be multiplied 
by 1/a* J“* ,t which is an even function of X. Hence all terms of odd degree 
in X in the first order parts of V, and V# will vanish on integration. We may 
neglect such terms at the outset, and denote the remaining parts of V r and 
V* by V/ and V/ respectively. It is then found that 

V/ = a* tan « (sin X — X cos X) 

4- ap tan a (— sin X . sin rX . Bin r<]/ 4- X . r . sin X cos rX sin rip 

4- X sin rX . cos X sin rtji) 
4- a*Y tan « (— oos r<Ji 4- oos X cos r X oos r»ji 

4- X. f . cos X . sin r% cos r<J» 4- X sin X cos rX oos r<|») 
4- ao (— r sin X sin rX cos + cos X cos 

— cos X . oos rX cos n|i). 
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Write 

R« = sin X — X cos X, 

R 2 = | cos (*■ 41) X—J cos(r —1) X 

4 iX (r -f 1) sin (r 4 1) X — |X (r — 1) sin (r — 1) X, 
R, = — cos X — X sin X + \ cos (r + 1) X 4 £ cos (r — 1) X 

4 JX (r + 1) sin (r + 1) X + *X (r - 1) sin (r - 1) X, 
R # = cos X + i(r-l)cos(r + l) X-J (r+1) cos(r- 1) X. (27) 


Inserting the terms in V/ due to the sine wave disturbance, we finally obtain 

V/ = R a . a* tan a + op tan a . sin r\ . R x — op' tan a cos . R, 

-f «*y tan a . cos r<Ji. R, + o*y' tan « sin rt]>. R, 

4 aa . cos nj<. R a + aa' sin riji. R s . (28) 


Proceeding in a similar way we find 


y; =b 0, . o* tan a 4 fl P tan * . cos ri}/ . 0, -f- op' tan a . Bin ri(j. 0, 

4 o*y . tan a sin rty . 0, — o*y' tan a cos r <]>. 9, 

4 <w sin i (Jj . 0 3 — aa' cos . 0 S , (29) 


where 


e,= 

Further, 


1 — cos X — X sin X, = 0, — R g , 0 a — R„ 

— r cos rX 4 J O' f 1) cos (r — 1) X 4 i ( f — 1) 008 (r 4 1) * 


}. (30) 


where 


V/ = o* Z a 4 op eos r<Ji. Z, 4 *?' »»» \ 

4 flSy sm rif ,1 % — o\' cos r<(/ . Z 2 , 


(51) 


Z, = (1 — cos X), I 

Zj = 2 cos rX — cos X—i (r41) cos (r41) X4|(r—1) oos (r—1) X, >■ (32) 
Z, = — r cos rX 4 J (r 4 1) cos (r 41 )X 4 } (r — 1) cos (r — 1)X J 


14. To find the radial and circumferential velocities at the point <j/, we 
make use of the relations (26) and (19 a). Then 


1 = ^ V r ' (J- w - 3/o«J“ w . K) d X. 



680 H. Levy and A. G. Foredyke. 

Now K is given by equation (19). Observing that J, M 1( M„ M, are even 
functions of X while N t , N 2 , N s are odd functions, we obtain 

i = l/o*. p sin rif. tan a {R 1 J"* /S - 3R g . 

+ 1 la*. p' cos tan # {— R, J -2/ * -f 3R g N 1 J _c/2 } 

+ 1/a 2 . ay cos rtj/ tan «{RaJ" 3 ' 2 - 3R^aJ}' tt /* 

+ l/o 2 . ay' sin r<{i. tan a {R a . J -2/2 — 3R a N2J -5/2 } 

+ l/o *.a cos 4 {RjJ" 3 '* - 3 tan 2 aR^J-*/ 2 } 

+ l/o*. o' sin rt|; {R s J- 9/2 - 3 tan 2 a . R g N g J _i/2 } 

= 1 /o 2 . tan a {RjJ -2 ^ — 3R a N 1 J _5/2 } (p sm r<J/ — p' cos r^) 

1 /a 2 . tan «{R 2 J“ S ' 1 — 3R a N*J _S/2 } (ay cos r<J/ -f ay' sm rt{<) 

+ 1 /a 2 . {R s . J" 8/2 - 3 tan* a. K a N„}J~ S/2 } (c # cos r<J, 

— o' sm rt|<) 

Similarly 

r\ — l/o . 0 g tanaJ -2/2 

•f 1/a 2 . tan a {(0 a — R 2 ) J -3/s — 3© a M,J _8/2 } (p cos rtj* -f p' sin rtj/) 

+ l/o 2 . tan a {RjJ -3 / 2 — (ay sin rtp — ay' cos r<J>) 

+ 1/a* . {©jJ -2 ' 8 — 3 tan 2 a ©gMjJ -5 / 2 } (o sin — o' cos r^), (34) 

and 



t-l/a.ZJ-* 

+ l/o 2 . {Z 1 J - * /l — 3Z.MiJ" s/2 } (p cos r<J/ -f p' sin nj/) 

+ l/o 2 . {Z t J _V2 — 3Z a MjJ -6/2 } (ay sin r<}/ — ay' cos rtj/) 

-f l/o*. {— 3 tan a . Z g M 8 J -8/2 } (o sin rt}> — o' cos r<|i). (36) 

In these formulae the factor /c/4ot and the sign of integration have been 
omitted for convenience in writing. Their presence should, however, be 
remembered, wherever they are omitted in the remainder of this paper. 

§6. The Vibrational Equations .—^Comparing the coefficients of sinri)», 
cos in (33), (34) and (36) with the three equations (12) we obtain the equa¬ 
tions of motion of the system. The angular velocity to and the velocity of 
advanoe V along the axis of the helical vortex are also determined, and we 
have 

to = I tan a . @ g J -2/s . dX 
4rta 2 


-JJ—tana f_1-cosX-XsinX_ g 

27ta* J# {2 (1 — cos X) + X 2 tan 2 a + c 2 /a 2 } 2 ' 2 


(86) 
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2vm jo 


{2 (1 — cob X) -f- X s tan* a -f e 2 /tt 2 } s/ * 


(37) 


Substitute the value of co given by (36) m the second of equations (12). Then 
equating coefficients in the respective equations we obtain the set of six linear 
differential equations, the equations of motion of the system. These are of 
the form 


P — Ap' -}- Bo*,- -f- Co, p' — Ap Bay' + Co' 

«Y — Ep -f Fay' |- Go', ay' — Ep' — Fay - Go 

d — Hp -j~ J«v' -J- Xa', o' ~ Ifp 1 - Jay — Ko 

where 

A = j- £r, J-*»iX + 3 £ B - N 1 J -s ^*dx| 

B = K,J-»MX - 3 J" RoNgJ-W dx| 

C = ^|£h,J-* (lX - 3 £r b N 3 tan 1 a J -5 ' 1 * dxj 

E - -{£ + 3 j” 0 a M, J- 6 /* dxj 

F - ^3 |_ £ R, J-»/*dX + 3 £ ©gMjJ - Wixj • 

g = 2to*{~" r 03 ' t ~ 3/ * ** +3 r un * a0,Ma * 1-6/8 ax j 

K = 2^3 |s £ Z a M, J _B/2 dxj 


(38) 


(39) 


The six equations of motion (38) can be reduced to three equations if we 
put 

X «= p tp', Y = ary + ♦ay', Z *= a + to'. (40) 



682 H. Levy and A. G. Foredyke. 

The three resultant equations are 

X=—iAX + BY + CZ ] 

Y = EX - tPY - tGZ k (40) 

X = HX - iJY - t'KZ J 

where the coefficients A ... K are ull real and defined by (39). If D represents 
the operator djdt, and <j> any one of the variables X, Y, Z, the solution of 
(40) is determined from 

D + * A - B - C 

- E D + tF »G 4> = 0, 

- II t J G + t'K 

which reduces to 

{Da + iT.DJ + QD + tftl^o', (41) 

where 

P = A + F + K, Q = JG - FA - KA - KF - EB - HC 
R = JGA — FAR - EBK + ECJ + BHG - HCF 

Regarding (41) as an algebraic equation m D, with roots ft, ft, ft, the solu¬ 
tion IB 

4- V“'+ A^+A,^, (42) 

where Aj, A„ A a are constants, in general complex. 

We can now determine the condition for stability or instability of the vortex 
system. Put x for D in (41) and wc have 

+ iPz* -I Qz + t’R = 0 (43) 

or 

z 8 -f Pz ! — Qz — R — 0, where x = it. (44) 

Equation (44) is a cubic in z, with real coefficients. Its roots may there¬ 
fore be 

(a) all real; 

(b) one real, and two of the form (a ± ib). 

The corresponding forms of the roots of (43) are 

(a) all purely imaginary; 

(b) one purely imaginary, and two of the form ± b -f to. 

In the former case, ft, ft, ft are purely imaginary; in the latter case, the 
real part of one of the roots muBt be positive, in which event the system will be 
unstable. ‘ 
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The necessary and sufficient condition for stability in the general case is, 
therefore, that the roots of the cubic equation 

z» + Pz* - Qz — R = 0 (45) 

shall be all real. 

§ 6. The Condition* for Stability. —To investigate the stability or instability 
of the helical vortex under the general type of disturbance is a matter involving 
considerable labour, owing to the complicated set of equations of motions 
and the nature of the definite integrals which occur as coefficients in these 
equations. A method has been used which will allow of the investigation 
being made for any particular pitch of helix. The details of the method 
and the results obtained in five different cases are given later in this paper. 

The special case of the rectilinear vortex, which iB the limiting form of the 
helix as tan a increases indefinitely, can be solved immediately. It has been 
shown by Sir. W. Thomson* that the rectilinear vortex whoso cross section iB 
a circle is stable to “ columnar disturbances,” disturbances affecting the 
shape of the cross section. The present investigation relates to a rectilinear 
vortex column, when the disturbance consists of a displacement of its central 
line. 

In the equations of motion, J is of the order tnu* * If we neglect all terms 
of a higher order than 1/tan**, and put 

p = — 1 "tan « . dh, q ~ ["tan « V** rfX, 

1 2tmi*Jo 2rto*J 0 

the equations of motion reduce to 

X - »pX + qX, Y = - qX + tjiX, (46) 

where 

X - p -(- tp', Y — ay + m Y 

The terms involving a do not appear in these equations. Clearly since this 
disturbance is parallel to the axis, it would have no significance in the case 
of a rectilinear vortex. 

The determinant of (46) is 

( T) — tp -q I , 

! ^ — o. 

I q D-ip I 

Therefore 

(D* - 2tpD + t* - p*) <f> = 0. (47) 

The auxiliary equation clearly has both its roots imaginary and we conclude 
* ‘ Phil. Mag.,’ vol, 10, p. 156 (1880). 
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that the rectilinear vortex is stable to disturbances involving a displacement 
of its central line. 

§ 7. Evaluation of the Functions.— We have seen that for any form of dis¬ 
turbance the character of the subsequent motion depends upon the nature 
of the roots of the cubic equation (44). These roots are themselves dependent 
upon the coefficients F, Q, R, which quantities are derived from the definite 
integral expressions given in (39). Our problem, then, u to evaluate these 
integrals in any particular case, and from them to form the cubio equation 
(44), which provides the criterion for stability or instability. It is evident 
that the definite integrals in (39) cannot be evaluated by ordinary methods, 
neither are any tables of these functions known to be in existence. The 
method adopted in the present investigation was one of mechanical quadrature, 
by means of a planimeter. The hitherto exact character of the work is now 
lost, but it may be assumed that the error of the final results is no greater 
than about 2 per cent. This error does not affect the final conclusions to be 
drawn regarding the stability of the vortex system. 

The fundamental mode of oscillation is that characterised by r == 1. The 
method now adopted is, however, perfectly general in its application, and may 
bo used taking any value of r. 

With r = 1, the functions Rj, R g , 0 lt etc., given in(27)-{32) take specially 
simple values. They may be expressed in terms of ten of their number, which 
we have denoted by Qj. . . Q ]0 , thus 

= R 2 = Q„ R 3 ~-Q s , 0,--Q„ e a = Q 2 , 0 8 = Q», 

%i ~ Qio> Z 2 = — Q 10 . R„ — Q 8 , 9 a = 0 4 , X„ = Qb, 

and from (17) 

M, = Q* = — Q«, M 3 =- Q 7 , N, = Qs, N s = —Q* N s = Q„ (48> 

where 

Qj = X sm 2X — sm* X, Q g = Q 4 -f Q,, Q, = sin X — X cos X, 1 
Q 4 = Qs + Q:. Qs =-1 ~ cos X, Q, = sin* X, Q 7 = - X sin X l. (49> 
Q g = _sinX(J — cosX), Qo —— X(1 — cos X), Q10 = cos X — cos2X J 

Our aim is to obtain the values of the quantities A, B, ... K in (39). Each 
of these quantities consists of two parts, one involving 3~ Sf> and the other 
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involving J -6 ' 1 *. Let ns indicate these parts by suffixes 1, 2 respectively, e g. y 
A = A, + A,. Further, let us write 


P 1= =QiJ-</* P i = Q,Q a J-*/«, P s = Q 2 J-^, P 4 = QaJ-^ 

P« = Q a Q»J -5/8 . P« = W 5 *. P: = Q4Q7J- 52 . 

p» = Q#Q«J _5/ *, P B = QsQ 7 J- r/2 , p,„ = QioJ 6/i 

Putting also 

S, 

S 3 = tan a 
S s = — 3 tan* 

S 7 = 3 tan 2 


— tana j* P, dX, 




-r 


•r 


P 7 dX, 


S« = 3 tan a j* P 0 dX, 


S 2 
S 4 

S„ = — 3 tan a I P 8 dX. 
S* 

'-C 


P 4 dX, 


3j*P 8 dX, 


Pm dX, 


(50) 


(51) 


we have 

Aj = S„ B, S 3 , (', = 84 , Ej = — S 3 F, = S„ 6 , = S 4 , 

H, = 8 10 , J, = S 10 , K, = 0. A 2 = 8 g , B 4 = 8* C 2 = S 5> 

E. = 8 *, F 2 = S«, G, = 87 . H, = S 8 , J 2 = Sg, K 8 = S#. 

Then clearly 

A = S, -f- S 2 , B — S 3 -f- Sj, 0 — S 4 -f- 85 , 

E — So — S 3 , F = S, + So, G = S« + S 7 , 

H = 8, 0 + S 8 , J-Sjo + So, K = S*. 

The process ol evaluating A, B, ... K, now consists essentially in evaluating 
the definite integrals in (51) where P,... P, 0 are given by (50) and (49). The 
integrations in (51) are conveniently divided into two parts. The first con¬ 
sists of approximating to the value of the integral over the range 0^ X n/6; 
the second gives the value of the integral from n/6 upwards. Denote the two 
^arts by 8/ and S f " (r = 1... 10). Then 


(52a) 
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*nd N r = (8/ + 8 r ") f T , whew / f is the factor multiplying the integral in 
question in ( 51 ). 

Consider first the evaluation of S r ". This is carried out by plotting the 
function P r against X, and integrating by means of a planimeter. Clearly 
P r is a convergent function * the process of quadrature is therefore terminated 
at any convenient value of X for which P r has become of smaller magnitude 
than the error we aw allowing. 

For the purpose of approximating to the intogral 8/ wo must take a definite 
value of c/o. This is conveniently taken to be 1/10 as in a former paper.* 
The upper limit for X is 7 t/6 , so that we may expand the cosine in 

J = 2 (1 — cos X) + X* tan* a + «*/a* 

and obtain 

J = sec* a (X* + m 1 ), ( 63 ) 


whew m — e/a sec a = -jV cos a. The maximum error involved is given by 
, which is within our bmits of accuracy. 

The Q-functions can also be expanded in ]towers of X; these we expand 
as far as X 8 . 

It is found that the functions 8/, ... S 10 ' depend upon the five integrals 
given below: 


Ii 


r ' 8 x* 

Jo sec* a (X* + m*) Vl 


dX, 


J8 X 4 dX . 
sec* a (X* + »»*)*'* 


Is 


_ r x 8 dx 

Jo sec*at(X* + m*r 


. ( 54 ) 


Is 


_ r /a x*. dx 
Jo sec 5 a (X* + m*) w ’ 


Is 


p /9 X 8 . dX , 
Jo sec 5 a (X* + m*) w 


The process is best illustrated by an example ; we consider the evaluation of 

8/: 

8/ = | dX = p (X sin 2 X — sin* X) J"^*dX, 

which becomes, on expansion, 

+ « x# ) ( x * + »*)-*/*dX = I, - I, + *1,. (56) 

* Lory and Forsdyke, ‘ Roy. Soo. Proo.,’ A, vol. 110, p. 352 ( 1027 ). 
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The integrals I, ... I 6 arc easily evaluable, giving 

I, = cos* a {z — tanh 2 } 

I, = »i a cos 3 # {J sinh 2z — $z -|- tanh s}, 

I 3 — m 4 cos 3 a sinh 4s — J sinh 2x + l 6 s z — tanh z} •, (B 6 > 

I B - cos 5 a {z — tanh z — \ tanh* z) 

I* - = m* cos 6 a sinh 2 z — Jz + 2 tanh z -f \ tanh 3 s} 

where z — sinh -1 . and m = . 

6 w 10 

Proceeding as in (65) we obtain 
8/ = Ii — I* + Hj, s;=il fc S 3 ' = iI. — ii 2 + >Y*I„, 
s/ = iI, - .‘*1,4 rial,, s 6 ' = — i I«, ~ - 11> = I* 

Sr' — i I# ~ »* I«, V = fV = -*Is+iI* 

S| 0 ' = f I, - Hi - 1 - » r o I 3 - 

For any given value of tan «, it has been shown how to obtain numerical values 
of 8 /, 8 ," and therefore of S r — f, ( 8 / -f 8 r ") These lead at once to A, 
B, . . . K by (52) and (52 a), and the cubic equation (41) can then be found 
by using equations (41 a). The solution of our problem for the particular 
disturbance characterised by r = 1 is then complete. 

Apart from the case of the rectilinear filament the process detailed above 
has been carried through for four different values of tan a, viz., 

tana = 1-25, 1*188, 1-00, 0-25. 

The second of these was chosen because at this value of a the intersection of a 
plane through the axis of the helix with the latter gave a series of points having 
the precise spacing that K4rmin had found corresponded to stability in the 
two dimensional case, and it was thought possible that the change from 
stability to instability would occur somewhere m this region. Hence also 
values of tan a were taken at tan a = 1 • 25 and tan a = 1 in this neighbour* 
hood. The fourth case (tan a = 0 - 25) was chosen as a result of measurement 
of the photograph obtained by Eden,* which gave the approximate value 
tana = 0-3. 
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The calculated values of A, B, ... K in these four cases are shown in the 
following table:— 

Tana. 

A 
i) 

C 
E 
F 
G 
H 
J 
K 

The cubic equations, upon the nature of whose roots depends the stability or 
instability, are, in the respective cases, ( 

2 ®-1-166 z*-0-0246 2 + 0-1207 0 (tan a = 1-26) 

2 ®- 1-261 2 * — 0*0631 z + 0-1692 — 0 (tana =1-132) 

j 8 - 1-327 2 ® — 0-1666 2 + 0*2168 — 0 (tana = 1-00) 

2 ® - 0-6601 z* - 0-3660 2 - 0-0773 ^ 0 (tan a = 0-26) 

The first three of these equations have each three real roots, while the last has 
only one real root, so that in the former cases the vortex is stable and in the 
latter case unstable. 

Our results may be given a wider interpretation if we consider the 
discriminants of the cubio equations (59). If all the roots of any cubic equa¬ 
tion 

2 ® + 36 X 2* + 3V + b a = 0 (60) 

arc real, then its discriminant 

A = 3W + GWg - 6 3 * - 46,* - 4V&, 




-0-684 -0 627 -0-662 -0-322 

O-0675 0 067 0 030 -0-080 

-0-667 -0-776 -0-936 - 2-780 

0-226 0-284 0-361 0-118 

-O-120 -0 080 -0-006 0-278 

0 0970 1-0 066 -0 001 -1-111 

0 677 0 612 0-668 0-166 

0 677 0 612 0 668 0-166 

-O 462 -0 544 -0-669 -0-606 


is positive, while if the equation has two complex roots, then A is negative. 
The following table gives the value of A in each case :— 


Tan a. 

b t . 

6.. 

by 

4 

1-26 

-0-3887 

-0-0082 

0-1207 

1-61.10-* 

1-132 

-0-417 

-0-021 

0-169 

2-96.10-* 

1-00 

-0-442 

-0-066 

0-217 

6*20.10* 4 

0-26 

-0-217 

-0119 

-0-077 

-1-23.10-* 


Fig. 2 (2) shows the discriminant A plotted against tan a. 
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The value of tan a corresponding to the transition from stability to instability 
is given approximately by the point A at which the curve crosses the axis. 

The forward velocity and the angular spin are given by (37) and (36). These 
integrals have been evaluated in the manner already indicated, and the results 
axe given in the following table:—- . 


Tan a. 

O0 

1-25. 

1-132. 

1-00 

0-25. 

SmV/k 

0 

0-437 

0 522 

0 030 1 

2-307 


0 

-0-331 

- 0 369 

-0 308 

0 104 


In fig. 2 curves are Bhown drawn through the calculated values of 10 A, 
27caV/« and 2ia**<o//r, which must represent with fair accuracy the variation 
of these non-dimensional numbers with tan a, although, on account of the 
heaviness of the computation only four cases, in addition to the limiting case 
of a straight filament have been worked out m detail. While the curves for 
10 A and 27 K**m/* have been drawn to pass almost through the same point 
A on the axis, this has not been directly verified by computation. 



An examination of these curves suggests the following conclusions 

1 . The helical vortex is capable of maintaining the three fundamental modes 
of oscillation considered, provided tan a > 0 • 3. Accordingly for tan * greater 
than 0 • 3 the helioal vortex is stable in form while for tan « < 0 • 3 it is unstablo. 

2 . The rotational speed of the syBtem about its central axis undergoes a 
reversal of sign at tan * = 0 -3 approximately. This suggests that the helical 
vortex of mini mum pitch which, if created, would just maintain its form 
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unimpaired would also move through the fluid steadily without rotation. It 
is significant to note that the rough measurement of tan a derived from the 
photograph* already referred to had tbis value. 

§ 9. It is apparent from the calculation that there are two principal factors 
which determine the forward motion and the rotation of the system at any 
point on the filament. These ore adjacent elements of the same coil, and the 
elements of neighbouring coils of the helix. 

The torsion reaches a maximum of 0*5/o at tan « = 1 and has fallen to 
0*38 la at tan # = 0*3, at which point the effect of the neighbouring coils 
towards instability is more potent. Above tan a = 1, the toreion diminishes 
again, but so also does the effect of the neighbouring coils, and the system 
remains stable until the straight filament is attained. 

At first Bight it appears anomalous that whereas K&rm&n in his investiga¬ 
tion of two infinite rows of rectilinear vortices found a particular arrangement 
stable and all others unstable, in the present investigation helices of pitch 
above a certain value are stable : but in thiB connection it has to be remarked 
that in the K&rm&n case the effect of torsion is completely absent and he is 
concerned merely with the interplay of neighbouring filaments. The effect 
of a filament on itself is, in fact, assumed zero. 

In a future paper it is proposed to show how the results of this and the 
preceding two papers may be utilised to provide information regarding the 
forces and motion in the wake of a body symmetrical about an axis in uniform 
motion along that axiB through a fluid. 


* Eden, loe. cti. 
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Flow in a Pipe of Rectangular Cross-Section,. 

By R. J. Cornish, M.Sc., Assistant Lecturer in Engineering in the University 
of Manchester. 

(Communicated by E. A. Milne, F.U.8.—Received June 22, 1928.) 

Lid of Symbols. 

a — half width of pipe in centimetres. 
b =» half depth of pipe in centimetres. 

Oh 

m — hydraulic mean depth ■=* . 

p = pressure. 

Q = quantity of water in oubio oentimotres per second. 

R mm resistance per unit area in dynes per square centimetre. 

S «= average velocity in centimetres per second, 
t = temperature. 

to = velocity of a particle parallel to the axis of the pipe. 
x = distance parallel to the axis of the pipe. 
p — density. 

M = absolute viscosity. 
x — kinematic viscosity. 

Note .—R X (area of walls) = (difference of pressure) X (area of oross-seotion). Henoe 
R.4(a + b)dx =-dp.tab; orR--»J. 

Object of Research. 

The object of the research was to investigate the flow of water in a pipe of 
rectangular cross-section. Much work has been done on similar problems with 
pipes of circular section,* and pipes of rectangular section have been investi¬ 
gated by Frommf and Davies and White. J Fromm worked with pipes in 
whioh the ratio of the sides was never less than 6 to 1; his report deals only 
with turbulent flow. In the case of Davies and White’s research, the minimum 
ratio of the sides was 40 to 1, so that the laminar flow could be calculated from 
the formula for flow between infinitely wide parallel plates. 

The present writer uBed a pipe of section 1'178 cms. by 0*404 cms. (ratio 
of sides = 2*92); this presents a fresh problem where stream line flow is 
concerned, and shows interesting results in the region of the critical velocity. 

* See especially Stanton and Pannell, ' Phil. Traqi.,’ A, vol. 214, p. 199 (1914). 
t' Z. f. ang. Math. Mech.,’ vol. 3, p. 3S9 (1923). 
t ' Roy. Boo. Proo.,’ A, vol. 119, p. 92 (1918). 
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Apparatus. 

Fig. 1 shows a cross-section through the pipe. The two main components 
were two brass castings about 120 cms. long. In the lower casting a channel 
was cut and finished smooth with emery paper. 
The upper casting was a plate, planed flat and 
smoothed with emery paper. Three gauge-holes, #, 
(1 , y> each 1/16 inch in diameter, were drilled in it. 
The distance from the entrance to a was 30-2 cms., 
from ol to p 30-60 cms, from p to y 30*43 cmB., and 
from y to the exit 22*8 cms. 

The two plates were kept together by 28 ^-inch 
bolts, the surfaces m contact being covered with a thin film of vaseline to 
prevent leakage. 

The width of the channel (2a) was 1-178 cms., and the depth (26) was 
0-404 cm, The maximum variation from these average figures was less 
than 0 • 6 per cent, in both cases. 

The pressure differences were measured in three ways, according to 
magnitude—- 

(1) Very small differences, up to about 12 cms. water, were found by observing 

a differential water gauge with a cathetometer, which could be read 
to 0*001 cm. by a vernier. 

(2) Up to about 30 inches water a differential water gauge, read directly, 
was used. 

(3) For all higher pressures two mercury gauges were used. 

A calibrated pwreury thermometer was used for temperature, and the 
quantity of water was found by measuring with a stop watch (calibrated every 
day) the time to fill vessels whose volume was known within 0-1 per cent. 

MatJiematical Formula for Stream Line Flow. 

The general steps of the theory are given in Appendix II., 

The formula for the flow is 

+•••)}• » 

For the section under consideration, this formula gives 

Qm - 5-08 — 

f t ds 



(2) 
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Now m = 0*150 cm., and A = 0*476 sq. cm.; using the relations Q = AS 
and R = — m . dpjdz, we easily find from (2) that 


R_ 

pS* 


(») 


The results have been divided into two series, and arc detailed in Appendix 
I. Series 1 includes readings taken at gauge holes a and y and the readings 
of senes 2 were taken at (3 and y. In fig. 2 log (R/pS 4 ) has been plotted against 
log (wS/v). 

The observed equation for the stream line portion in 



The coefficient was found by averaging separately the first 10 readings of 
series 1 and the first five of scries 2. In both cases the average was 2*10. 
The difference between this value and the theoretical value 2*12 (see equation 
(3)) is easily accounted for by slight errors in measuring so small a channel. 

In calculating the values of R/pS* and wS/v, p was assumed to bo 1 and p 
was found from the formula 

p 0*017928/(1 + 0*03445/ + 0-000235/ 2 ),* 
where l is measured in degrees Centigrade. 

Condimous. 

1. Equations (2) and (3) are confirmed by the experiments. 

2 The effect of the distance of the gauge-holes from the entrance is well- 
marked. Even with an entrance length of 400 m, as is the case with gauge- 
hole (3, the curve shows a departure from the stream line curve as the critical 
value of tnS/v is approached. The conclusions of Davies and Wlntef from 
a similar result are referred to below. 

3. The critical value of »nS/v for pipes of rectangular section is in the same 
region as that for pipes of circular section. In fig. 2, additional laminar flow 
ourves have been drawn for a square section and for a section of infinite width. 
Rom the position of these curves one would expect the critical value of mS/'j 
to increase as the ratio a to b increases. This is borne out by a comparison of 
the author’s results with those of Davies and White. • 

* Hocking, ‘ Phil. Hag.,’ voL 18, p. 262 (1009). 
t * Roy. Soc. Proo.,’ A, voL 119, p. 96 (1928). 
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-0 Series 1. + Series 2. Dotted lines sho* Stanton and Pennell’a Curves for Drawn Brass Pipes. 

show Davies and White’s Curves for Pipes of Rectangular Section. 
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4. When turbulent flow is fully established, the curve connecting R/pS* 
and mS/v approximately coincides with that for drawn brass pipeB ;* this is 
in agreement with the work of many investigators on smooth channels and 
pipes of various sections. 

Note .—The conclusions of Davies and White referred to above appear to 
the writer to call for some discussion. They deduce a third critical value of 
mS/v, below which '* eddies cannot be transmitted to, or exist in, the channeL”f 
There is mathematical evidence for believing that there exists a critical velocity 
below which “every disturbance must automatically decrease,and above 
which" it is possible to prescribe a disturbance which will increase for a time.”f 
This, of course, is a very different critical velocity from that found by Davies 
and White, and it could not be detected by their method, the essence of which 
is that below a certain value of mS/v a gauge point just inside the entrance 
would register steady flow under all conditions. 

The experimental evidence which leads them to their conclusion is shown 
in figs. 3 and 4 of their paper. The present writer has been led from his own 
work on flow through narrow passages to consider that the dotted curves of 
their fig. 3 are tangential, or perhaps asymptotic, to the curve for F/(jiv/d), 
and the points of their fig. 3 would fit in quite well with this view. If this 
opinion is correct, it would seem to be difficult to find definite values from 
which to draw their fig. 4. 


* Stanton and Panneli, loo. at. 

t * Roy. Soo. Proo.,’ A, vol. 119, p. 99 (1928), 

t Orr, ‘ Proe. Roy. Irish Acad.,’ A. vol. 27, p. 77 (1907). 
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Appendix I. 
Scries 1. 
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Appendix II. 

Theoretical Formula for Stream Line Flow. 

Take the origin of co-ordinates at tho centre of the 
croea-Beotion, 0* parallel to the longer side, Oy parallel 
to the shorter side, and 0z parallel to the axis of the 
pipe. (See fig. 3.) 

The general equations of motion reduce to 




(4) 
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The first two equations show that the pressure is constant over the section. 

Let t = - i- . and to = X + * (6* + .V*). 

Substituting in ( 6 ), we have 

(6) 

The object of introducing x is to simplify the boundary conditions 


Along the boundary 


*/ + T (ft* - f) = W = 0 . 

( 6 ) 

Hence, along AB, CD, 


X = »> 

(7) 

and along AD, BC 


x = _ T(& *_y.). 

( 8 ) 


From (7) all the terms in x must vanish when y = ± 6 . This condition iB 
satisfied by terms such os 



where Y] is a function of x only and n is an integer. 

Substitute x = Y) cos my in (5). 

Then 

— mhi — 0, (9) 

whence 

Y) — A, cosh mx -f B„ Binh mx. (10) 

By symmetry about Oy, B„ = 0; hence 

Yj = A, cosh mx, ( 11 ) 

and x consists of terms like A, cosh mx cos my, where m = (2n + 1) re/26. 

These terms must now be made to satisfy the other boundary condition 
(equation ( 8 )). For convenience, let 

y = 260/tt. ( 12 ) 

Then 

X = cosh (2n cob (2» + 1)6. (13) 

Substituting from (12) in ( 8 ), we have 

X=t.46« (6*-***)/**. (U) 
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This must agree with (17) when x = ± a, i.e., with 

X = Ta, cosh ( 2w + *> ™ C08 ( 2 „ + l) e. (15) 

i»-o 26 

Expanding (14) in a Fourier’s Series, we have 

X = - I 008 0 - p • 008 36 + p • cos B 6 ...}. (16) 

Comparing coefficients in (15) and (16), we obtain A 0 , A x , etc., whence we find 
32x6* (cosh (rer/26) m/ 1 cosh (3rca;/26) 3nv . 

X ~ ~ — \3M26) • 008 26 * * <^h (3 ko/26) * 008 26 + '‘7 (17) 

Hence 

32x6* f cosh (nx/2b) Tty 1 cosh (3 tct/ 26) COf , 3rcy , ) 

n» Icosh (tm/ 26) * 26 3*' cosh (3no/26) 26 "7 


The total flow is given by 


+ T (&*-«,*). (18) 




The integration of the terms in (18) is a straightforward matter, and gives 
finally 

+ + < 20 > 

This formula is substantially equivalent to that for the torsion of a rod of 
rectangular section; see, for example, Prescott’s “Applied Elasticity,” 
p. 148 (1924), where approximate methods of summing the series for 
particular cases are given. 

Two Special Cases. 

(i) o = 6 . 

It can easily be shown by differentiation of equation (24) that, for a given 
area, the square is the form of rectangular section giving the maximum flow 
for a given pressure difference. To find the flow in this case, put a = 6 in 
( 20 ). 

Then 

Q = -0-562-.^ (21) 

p at 

Since Q = 4o*S, a «** ro, and R =* — m . dpl<k, we get 


(22) 
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(ii) “ a ” infinite; “ 6 ” finite. 
When a is large, (24) becomes approximately 




S = (24) 

4a0 (i tfz 

But m sa ab/(a + 6) -*■& as a a>. 

We therefore arrive at the standard formula for flow between two infinite 
parallel plates, viz., 

S = (25) 


JL-iJ. 

pS* mS' 


Flow tu Open Channels. 

In the case of laminar flow in an open rectangular channel of width la and 
depth b, the velocity gradient perpendicular to the surface is zero, if the air 
resistance be neglected. The flow is therefore one-half that m a pipe of 
rectangular section, 2 a by 2b, and the formula is 




(27) 


The author acknowledges with thanks the valuable assistance he has obtained 
from Dr. Prescott’s “ Applied Elasticity,” and from Prof. E. A. Milne, F.R.S., 
of Manchester University, in working out the above proofs. 
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The Velocity Distribution of p -particles after passing through 
Thin Foils. 

By P. White, B.A., Clare College, Cambridge, and G. Millington, B.A., 
Clare College, Cambridge. 

(Communicated by Sir Ernest Rutherford, P.R.S.—Received July 18, 1928.) 

[Plate 28.] 

§ 1. Introduction. 

When a parallel beam of [3-particles, homogeneous in velocity, falls upon a 
sheet of matter not thick enough to obstruct it completely, the Btream which 
emerges consists of particles which in general have suffered both a loss of 
velocity and a change in direction of motion. 

The investigation of this action accordingly falls into two parts, one directed 
to examining the changes in direction of motion of the particles, or scattering 
of the beam, the other to measuring their loss of velocity. This paper is 
devoted to the second of these problems. 

The retardation of the particles will clearly depend upon their initial velocity 
and upon the thickness and composition of the sheet of matter interposed. 

For initial velocities less than one half of the velocity of light ((3 <0-5) 
Whiddington* and, more recently, Terrillf have investigated the effect by using 
cathode rays and an electrical means of detection, and Becker^ has made use 
of direct deviation photographs of cathode rays. Similar observations on 
natural fi-rays of velocities between (1 = 0-5 and {3 = 0*96 were made by 
Danyss, Rawlinson, Thibaud, and d’Espine,§ using the photographic method 
with semicircular focussing. 

It is well known that when (3-rays from a radioactive substanoe such as 
BaB + C are analysed by a magnetic field, the velocity spectrum formed 

* ‘ Roy. Soe. Proo.,’ A, vol. 8ti, p. 360 (1912). 

t * Phys. Rev.,’ vol. 22, P . 101 (1923). 

t 4 Ann. d. Phyiik,’ vol. 78, p. 209 (1925). 

j Danya, ‘C.R.,’ vol. 154, p. 1502 (1912) and ‘ J. Physique,’ vol. 3, p. 949 (1913); 
Rawlinaon, ‘ Phil. Mag.,’ vdl. 30, p. 627 (1915); Thibaud, ‘ J. Physique,’ vol. 6, p. 334 
(1925), and vol. 7, p. 277 (1927); d’Kspine, ‘C.R.,’ vol. 182, p. 458 (1926), and 
‘ J. Physique,’ vol. 8, p. 502 (1927). 
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consists usually of a continuous background upon which are superimposed 
numerous lines each corresponding to a set of rays of one velooity; when the 
spectrograph used is of the semioiroular-focussing type, the lines are sharply 
defined. If a foil is placed over the source, the rays lose velocity in passing 
through it and are focussed at a point corresponding to a lower velocity than 
in the case of an uncovered Bouroe. Following Rawlinson, the later workers 
used sources which were partly covered by foil and thus obtained a spectrum 
comprising two sets of lines due respectively to retarded and unretarded par¬ 
ticles. Each line of the normal spectrum appeared duplicated and by measuring 
the distance between each corresponding pair of traces the velocity lost by 
each group of particles could be found. 

The results obtained were in fairly good agreement with one another and 
with Bohr’s theory of the effect (vide infra). No great accuracy, however, 
could be claimed for the observations because it was found necessary to measure 
the small distances involved (about 1 mm.) with the naked eye, the lines being 
too indefinite to admit magnification. 

In addition, each worker remarked that the trace formed by particles which 
had passed through retarding foil was notably broadened, that is, that the 
emergent beam was no longer homogeneous in velooity, but had undergone a 
process of straggling analogous to the straggling of a-rays. In the case of 
a-rays the straggling is small and is only detected by refined measurements. 
It was therefore possible to carry the study of a-rays a long way without taking 
it into account. With (1-rays, however, the situation is entirely different. 
The early cloud photographs taken by Wilson showed the great variations 
which occur in the history of [1-particles as they pass through matter, and the 
study of fl-rays has been held up by our ignoranoe of the true form of this 
large straggling so fundamental to the whole problem of their behaviour. 
The present paper is directed towards the solution of this question, and 
incidentally it confirms and supplements the work that has already been done 
on the most probable loss of velocity. 

Very little attention has been paid hitherto to this dispersion of the retarda¬ 
tions of (l-partioles. The photographic method of investigation outlined above 
illustrates the effect very clearly but seemed originally not suitable for quantita¬ 
tive work. Accordingly Madgwick* had recourse to an ionisation method. 
We have, however, been able to employ the photographic method by the 
application of the microphotometer. 

The previous objections to the use of this method were that the characteristics 
• ‘ Proo. Camb. PhiL Soo.,’vol. 28, p. 970 (1827). 
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of the plates for fl-rays were imperfectly understood, and that no technique 
had been worked out for compensating the readings of the width of the trace 
formed by straggled particles (which we may call the straggled trace) for the 
finite width of the unstraggled trace. The work of Ellis and Wooster 4 ' on the 
photographic action of (3-rays has overcome the former difficulty, while the 
latter is met by our method of calculation outlined below. 

§ 2. Experimental Method . 

Following Rawlmson, Thibaud and d’Espinc we U9ed a radioactive Bource 
whioh was partly covered by a straggling foil. These workers covered half the 
source and d’Espine further divided his camera by a medial partition of 
aluminium, thus obtaining the two spectra side by side. For our purpose it 
was necessary to be able to control the fractions of source covered and exposed 
and as far as possible to distribute them evenly, and we therefore used a screen 
pierced at approximately equal intervals by two or three holes adjusted to give 
nearly equal maximum photographic densities to each of a corresponding pair 
of traces. 

Mica was used throughout as the straggling material, and the screens were 
shaped as shown in fig. 1(b) and rested in slots as in 1(a) so that they touched the 



Fig. 1a. 



Fig. 1b. 


Graphite Carriage and Mica Screen. 


wire sources and made an angle of about 20° with the plane of the photographic 
plate, fn this position they were traversed normally by all particles due to 
pass through the middle of the slit and reach the middle of the plate, and over 
the useful range of the plate the effective length in the screen of the path of 
the particles only varied by 2 per cent. As this is within the limits of error 
involved in other parts of the experiment it was neglected. The screens were 


• Roy. Soo. Proc.,* A, vol. 114, p. 286 (1927). 
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prepared in the usual way by splitting up a small sheet of mica and cutting out 
with a rajjor blade sections which showed unbroken fringes in reflected sodium 
light. For drilling the mica was held firmly between two brass templates 
and the drill rotated gently with the fingers. The mica at the rims of the holes 
showed only slight flaking under the microscope. The surface density of the 
screens was found to within 2 per cent, by estimating the area and weighing. 

The source was B& B and C initially in equilibrium with Ra A, and was 
deposited on a platinum wire 1 mm. in diameter by recoil from emanation. 
The wire was supported by its ends in a graphite carriage, fig 1(a), and lay 
in two grooves so cut as to ensure its being vertically beneath and parallel to 
the slit. 

Ilford X-ray plates were used and were developed for Q minutes with 1: 20 
rodinal at 18° C. 

The camera was of the usual design for semicircular fodussing and was lined 
with thin plates of graphite. It gave radii of curvature between 2-1 cm. 
and 4*2 cm., the useful part of the plate being B cm. long. The pressure of 
residual air during the exposure was about 1/60 mm. The magnetic field was 
cahbrated by using the values of lip given by Ellis and Skinner* for the lines 
of Ra B and C. It could be kept constant usually to one part in 2000. The 
uniformity of the field and the values assumed for the dimensions of the camera 
were checked by evaluating the Hp values for all the lines on one plate in terms 
of one of them, the values always agreeing to 0-5 per rent, with the accepted 
values. 

§ 3. Measurement of Plates. 

Two typioal photographs are shown in Plate 28. 

By means of a microphotometer similar to those designed by Kochf and 
Dobson,J the distribution of optical density along each plate was measured 
and these readings were plotted as in fig. 2. In order to obtain values for the 
number of line-cloctrons which have fallen on any element of the plate, it is 
necessary to allow for the background due to the continuous spectrum and to 
ohemioal fog and to correct for the characteristics of the plates uBed. 

Ellis and Wooster (loc. cit.) have shown that the optical density D is con¬ 
nected with the total exposure (It) under the conditions which we used, by the 
equation 

D = C log M (It/t + 1) 

* ‘ Roy. 8oc. Proc.,’ A, vd. 106, p. 166 (1023). 

t ‘ Ann. d. Phywk,’ vd. Sfi, p. 706 (1012). 

X * Roy. Soc. Proc.,’ A, vd. 104, p. 248 (1023). 



Velocity Distribution of ^-particles. 


705 


where C depends only on conditions of development and was taken as 1*27; 
while t depends both upon conditions of development and velocity of the 
particles. Since, however, tho differences in velocity involved are small, 
the variation in t can be neglected and relative values of the total exposure 
found without knowledge of the value of t. 

In fig. 2 the background was interpolated under each trace as at A. It was 



frequently linear for some distance and could be ruled in. Each pair of traces 
with the corresponding background was then plotted on a much larger scale, 
and the two values of the density at each point were converted into terms of 
exposure and subtracted, the differences being again plotted againBt distance 
along tho plate as in fig. 3. 

In the curves so obtained the straggled and unstraggled traces usually over¬ 
lapped slightly, and it was necessary to estimate what fraotion of the exposure 
should be attributed to each (as at B in fig. 3). In doing so we were guided 
by the general form of the lines obtained by taking photographs with a bare 
source and with an unpierced piece of mica. 

The breadth of the unstraggled trace depends principally upon the following 
factors:— 

(a) The geometry of the oamera, including the effect of finite width and 
length of both source and slit (c/. Wooster*). 

• • Roy. 8oc. Proo.,’ A, vol. 114, p. 729 (1927). 







(b) Non-uniformity and unsteadiness of the magnetic field (<sf. Hartree*). 

(c) Scattering through very email angles by the residual gas. 

The number of electrons fa l lin g upon any part of the plate will be governed 
almost entirely by these factors. The profile of the traoe as measured on the 
photometer will show a further breadth due to 

(i) Scattering of electrons in the photographic plate. 

(e) The finite width of the photometer slit; this was effectively 1/10 sun. 
measured on the plate in our experiments. 

ill these agencies affect the electrons which have passed through the 
straggling material to a first approximation to the same extent as they affect 
the unitraggled electrons. It is shown in the Appendix that they disappear 
from the final remit. 

The additional cause of the breadth of the straggled traoe is the dispersion 
of lorn of velocity in the straggling foil itself, A procedure is neoesnuy far 
computing the shape of the straggled curve which would have bees obtained 
with an ideally fine unitraggled Use. Now it can be shown (see Appendix) 
that if the curve of nnmber of electrons sgainst distance for the tutiteaggied 

♦ • Proe. Oanb, FW, Sc#*’ voL fi,f. 74S (MM). 
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ltoy. Soc. Proa., A, vol. 120, PI. 28. 



I) 



2 <15 mgms 'si| cm 

Thu three ini|Kirtnnt lines from left to right in both platin are lip 1410, 11177 nnil 1II3K, 
A being taken with 5 72 mgm persquare ientimetre mid II with 2 ll.'i mgm per square 
centimetre The slight displacement of the lines in Jl nlntive to those in A ih due to a 
small difference in the field used The sudden detreise in densiti al the right of the 
plates is eausisl hy the shielding from the direit In am of fit particles l>\ the roof of the 
camera. The lines show up more i lenrly when the original plates are viewed hy trims- 
nutted light, the line Up 1410 and its straggled line on plate A standing out from the bin k- 
ground much morn than tho reproduction suggests This strangled line could be measured 
on the photometer, but it ivas too diffuse to give useful results ls \ond ail estimate of tho 
peak-displacement 
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traee ha* tile equation y =*/(») and that for the straggled trace y «=F(*), the 
corresponding corn for the straggled traoe in the case where the unstraggled 
trace is indefinitely narrow is y (») where the function g can be found 
from the {experimentally determined) functions / and F by solution of the 
integral equation 

P ® “ 1> 9 ^~ dX °' 

In the Appendix a method for doing this numerically is elaborated. This 
procedure was applied to the experimental curves for Hp 1410, 1677, 1988, 
after correction for background and photographic effect. 

The results so obtained are plotted in fig. 4. Absciss® are losses of 
momentum (measured by Hp) of the emergent particles; ordinates frequency 
on an arbitrary scale. It must be noted that the scale of ordinates is not 
the same for different curves even of the same diagram, but has been 
conventionally adjusted so that the area under the various curves is the same; 
that is, they have been drawn as if no particles had been lost from the beam 
(see below $ 6). 

The quantities measured by Danyas, Bawlinson and others are the absciss® 
of the marim* of theee curves or, rather, the difference between these absciss® 
and the full Hp values for the lines. In figs. 9 to 11 our values for these 
quantities are compared graphically with the experimental values of Becker 
and d’Espine (loc. cit.) and with the predictions of Bohr’s theory. 

S 4. Remit*. 

The discussion of the results falls naturally into two parts, one dealing with 
the general magnitudes associated with the various curves given in fig. 4 (the 
chief being the abscissa of the maximum); the other with the detailed form 
of 4 typical curve. 

A thorough investigation was made with the three strong,lines of the RaB 
spectrum 1410, 1677 and 1938 Hp, using sheets of mica of 2 25, 2-65, 3-95 
and 0*72 mgm. per square centimetre (screens I to IV). Screens V, VI and 
VII which were of 7*92, 11*1 and 14*2 mgm. per square centimetre respec¬ 
tively, were also used in a brief examination of the higher lines 2256, 2980 
and 5904 Hp of Ba Band G. (See Plate 28.) 

' The trace* of the latter time lines were much fainter than of the form*; 
where they ware so faint that no useful results oould be obtained from them 
by meant of the photometer, the distance between the maxfaa of the traces 
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peak of approximately Gaussian form, which merges on the side of greater 
loss of momentum into a tail which increases rapidly both in height and length 
relatively to the peak, as the thickness of straggling material increases or the 
initial velocity decreases. 

§ 5. The Fundamental Straggling Curve. 

It is important to examine whether all the curves contained in the set of 
curves in fig. 4 can be summarised into a single curve. 

If the tangents at the two points of inflection of each of these curves are 
produced to cut the axis of absciss® in F and B (as in fig. 5) and if O is the 

Frequency 



abscissa corresponding to no loss of velocity, P the abscissa corresponding to 
the maximum of the curve, then the quantities OF, OP and OB which we may 
call the “ foot-,” “ peak- ” and “ back-displacements ” respectively, will be 
independent of the scale of ordinates chosen. It will therefore be convenient 
to use them as parameters defining roughly the form of the ourve. We have 

3 c 2 



710 


P. White and G. Millington. 


to examine how these parameters depend on the thickness of straggling material 
and the initial velocity of the particles 

In fig. 6 the quantities OF, OP, OB (l, m, n, Ray) are plotted for different 
velocities against mass per unit area of straggling material. It is clear 
that as the three points F, P, R move back with increasing thickness 
the ratios of their mutual distances apart, remain approximately constant 
in other words, there is not only a motion of the curve as a whole but also a 
proportional spreading. 

It is well known that the peak displacement is approximately proportional 
to the thickness of the foil traversed, and that the relative thicknesses required 
to produce equal displacements are proportional to the cube of the initial 
velocity Although our results show that this projiortionahty is not exact, 
we may consider that it is for the purposes of discussing the form of the curves. 

Since the broadening of the curves is everywhere roughly proportional to 
the peak-displacement, we have the relations 

Ip’/c — l 0 J«[i 3 /(T - m u itfPjrt = /<„ 

where l 0 , /«,„ n g are constants, [J is the ratio of the initial velocity to the 
velocity of light, and n is the thickness of the foil in centigrams per square 
centimetre * 

Corresponding to this general increase of abscissie proportionally to rr/(J 3 , 
there must 1 h* a fall of ordinates proportional to (1*/<j, if the area of the curve 
is to remain constant With these suppositions, if 

U^!li r ) 

is the equation to one of the curves jfor which (3 3 /<j is unity, x being written for 
8 (ITp), the equation for the general curve is 

»--#(*>=£»(&) 

From the curves in figs. 4 and 6, the most probable shape of the curve 
y — g (r) was found ; the values 18, 29 and 50 were obtained for l 0 , wi 0 and w 0 
respectively. The curve iii fig. 5 represents y - g (x) and in Table I are given 
the values of g {x) for a series of values of r, when the maximum at x — 29 is 
adjusted to be 100, from which the curve y = <f>(x) can be drawn for auy values 
of fi and a. The curves in fig. 7 are drawn for [} = 0-703 (Hp — 1G77) and for 

* This rather unusual unit is used to simplify the subsequent discussion. If 6 (Hp) is 
the peak displacement 8(Hp)/» is usually denoted by 1. 
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thicknesses 1 to IV. A comparison between figs. 4 and 7 shows very good 
agreement in the form and relative heights of the curves; fig 7 has the 



advantage, since in it the experimental errors arc more completely averaged 
out, although the lack of agreement due to the assumption of exact propor¬ 
tionality with thickness of the foil m appreciable. The curve y = q (r) may 
therefore be regarded as a fundamental curve expressing the form of the 
straggling of ^-particles in passing through mica. 


Table I,—Values of g (j). Maximum at x = 29 adjusted = 100, 


"■ 

a (*)• j 


»(■*). 

*. 

j 

*• 

12 

0 

40 

62 0 

68 

13 0 

96 

14 

4 5 1 

42 

.55 5 

70 

11 7 | 

98 

II) 

io o : 

44 I 

49 5 

72 

10 5 ] 

100 

18 

17 8 

46 

44 0 

74 

9 4 

102 

20 

27 5 

48 

39 9 

76 

8 4 

104 

22 

43 8 1 

50 

34 5 

78 

7 4 

106 

24 

66-3 i 

52 

30 5 i 

80 

« 5 

108 

26 

89 3 i 

54 

27 0 I 

82 

5 6 

110, 

28 

99 6 1 

56 

24 0 ' 

84 

4 8 

112 

30 

99 8 

58 

21 5 

86 

4 l 


32 

96 8 

60 

19 5 

88 

3 4 


34 

86 3 

62 

17 7 

90 j 

2 8 


36 

77 3 

64 

16 0 

92 

2 2 


38 

69 3 

66 

14-4 

94 

1 7 

! 



?<*). 


1-3 
1 0 
0-8 
0 0 
0 4 
0 3 
0 2 
III 
0 0 


If more complete data concerning the variation of the retardation with 
the thickness of the foil and the incident velocity of the particles can be obtained 
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it may b<* possible to adjust the form of tft(j) to include this effect. Smeu tho 
experimental values for the foot and back displacements are Iohh reliable 
than the corresponding peak-displacements we can allow for this effect to the 
order of accuracy of the experiment by putting m the expression for <f> (x) 
not the actual value a of the thickness, but an effective value a' adjusted to 
give the true peak displacement. From the graphs m fig. 6 it is found that 
within the limits of experimental error the effective thickness is independent 
of the initial velocity over the ranges of thickness and velocity considered. 
Table TI gives the values of o' for a series of values of a from which with fhe 

modified equation y - g\^~ the straggling curve for any velocity and 

thickness in the given range can Is* computed. 

Table II.--Effective thickness a' corresponding to a thickness of foil a in 
centigram per square centimetre. 

0 1 j i) 08 I 0 4 I 0 41 

0 2 , 0 17 I 0 9 I 0 50 

0 3 I 0-28 i 0 4 j 0 73 

It is our considered opinion that this is the best method of using our results 
to obtain the straggling curve for any given velocity and thickness, especially 
for values lying between those used to obtain the curves of fig 4. Since, 
however, it may be important to get as near the actual experimental results 
as possible, and it is impossible to read values accurately off the reproduced 
curves, the following table is given with sufficient points to enable the curves 
to be constructed as originally drawn. It should be remembered that the 
curves so obtained are really the result of previous averaging and smoothing. 
Tn the nature of the experiment it is very difficult to estimate the errors involved. 
The large amount of photometering and calculating to be done limits the 
accuracy obtainable in the time that can reasonably be devoted to any one set 
of conditions. 
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H />. 

Froquonoy 
ordinate* for 
thickncaaea 

Hp 

Frequency 
ordmatea for 
thiekncaae* 


Hp 

Frequency 
ordinates for 
thicknemea 

1410 

i 

II 

III 

1077 

' 

11 

111 

IV. 

1038 

I. 

, 

111. 

IV. 

1400 

1300 

90 

80 

80 

75 

70 

05 

00 

05 

00 

45 

40 

35 

30 

20 

20 

15 

10 

0 

1300 

1295 

00 

85 

80 

75 

70 

00 

0 2 
28 0 
30 0 
23-1 
17 0 
12 0 

0 2 

6 0 

4 8 

3 7 

2 7 

1 8 

1 2 

0 0 

0 2 

l'l 

5 0 
22 4 
24 8 
22 1 
17 1 
12 0 
10 0 

7 8 

0 3 

5 0 

4 0 

3 2 

2 5 

1 0 

1 4 

1 0 

0 0 

0 2 

0 3 
00 
1-0 

3 7 
11 9 
17-6 
10 0 
13 5 
11 3 

0 0 
81 

7 0 

0 1 

5 2 

4 0 

4 0 

3 0 
31 

2 8 

2 2 
20 
1-7 
1-4 

1 2 

1 0 
0'8 

0 0 

1070 

05 

00 

55 

50 

45 

40 

35 

30 

25 

20 

15 

10 

0 

1000 

1005 

90 

85 

80 

75 

70 

05 

00 

55 

50 

45 

40 

35 

30 

| 25 

1 20 

1 10 

i| 1° 

i 5 

1500 

4 1 
35 5 
39-8 
29 0 
10 0 

0 8 

0 3 

4 3 

3 0 

1 0 

1 0 
0-3 

12 2 
33 4 
27 0 
18 1 
11 7 
e l 

71 

0 8 

4 0 

3 8 

3 0 

2 3 

1 7 

1 2 

0 8 

0 3 

0 1 

1 0 

4 2 
15-4 
10 0 
19 2 
150 
11 3 

8 4 

0 9 

6 7 

4 9 

4 3 

3 6 

3 2 

2 8 

2 0 

2 1 

1 9 
1-6 

1 5 

1 2 

1 0 

0 0 

0 8 

0 7 

0 0 

0 0 

0 6 

0 4 

0 3 

0 2 
0'1 

01 

0 5 

1 0 
1-9 

3 4 
01 

10 2 
12 4 
12 7 
12 4 

0 0 

7 3 

6 3 

5 4 

4 8 

4 4 

3 9 
3-0 
3-2 

2 9 

2 7 

2 5 

2 3 

2 2 
1-9 

1 9 

1 7 

1 0 

1 4 

1 3 

1 3 
1-2 

1030 

25 

20 

15 

10 

5 

1900 

1890 

90 

80 

80 

75 

70 

00 

60 

55 

50 

45 

40 

35 

30 

25 

20 

15 

10 

5 

1800 

1795 

90 

80 

80 

75 

70 

65 

14 2 

38- 9 

39- 1 

15 0 
11 '2 

8 4 

0 4 

5 0 

4 0 
31 

2 0 

5 °, 

1 1 
09 

0 5 
0-1 

1 

0 3 
20 4 
20 8 
18 0 
13 8 
10 5 

8 3 

0 8 

5 5 
4-5 

3 8 

3 0 
2-3 

2 0 

1 0 

1 3 
0-8 

0 4 

1 8 

0 5 
15 0 

10 3 
17 1 
13-7 

11 1 

9 2 

7 8 

0 8 

5 8 

4 8 

4 2 

3 7 

3 1 

2 7 

2 3 
l 9 

1 5 

1 3 

1 0 

0 9 

0 7 

0 5 

0 5 

0 4 

0 2 

0 9 

2 2 

4 0 

8 2 

14 2 
162 

10 4 
131 

10 5 

8 7 

7 3 

0 1 

5 3 

4 5 
3-8 

3 3 

2 9 
2-6 

2 3 

2 0 
1-8 

1 0 

1 4 

1 3 
1-1 

0 9 

0 8 

0 7 

0 5 
0-4 

0 3 
0-2 


Should for any purpose a very accurate curve bo required for a given thick¬ 
ness and velocity, it might be necessary to make a special investigation under 
the desired conditions. Otherwise we feel that it is best to construct the 
curve from the formula we have deduced. 

We can allow for the actual decrease in area of the curves with increase of 
o/P* by writing 

V = <f> (*) = P) x ) 

where <|> (<r, p) is some function of a and (J slightly less than unity in the range 
in question. (®> P) is the ratio of the number of electrons reaching the plate 
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in the presence of the mica to the number which would have reached the 
plate from the same section of the source in the absence of the mica. That 
the value of i (a, (3) may be expected to be nearly unity and to decrease slowly 
may be seen by considering in a general way the part played by scattering in 
the foil. 

§ 6. Effect of Scattering on the Observed Straggling Curve. 

In our apparatus the slit was 1 mm. wide and 3 cm. above the Bource, and 
hence in the absence of scattering all particles which eventually passed through 
the slit and fell on the plate, must have left the source in directions making 
with one another at most 2° in a plane perpendicular to the slit and 5° in a 
plane norms 1 to this On account of scattering only a fraction of these remain 
in this solid angle, and it might at first sight be supposed that, as scattering 
became more pronounced, the number of particles actually reaching the plate 
would be considerably reduced This effect is compensated by the fact that 
corresponding to particles deflected out of the beam (Buch as X of fig 8) there 
is a number' of particles which will be deflected to pass through the slit, from 
other directions (such as u. of fig. 8). These particles have not only traversed 

To SUT 



a longer path in the foil but have in general emerged at points not normally 
above the source Hence they have not only an abnormally high retardation, 
but also fall upon the plats* at a point corresponding to a different, generally 
lower, velocity than they actually possess The latter action causes a small 
spurious increase of the tail of the straggled curve. The former genuinely 
augments the number of heavily retarded particles and is the effect referred 
to by Bohr (sec below, § 9). 

It is easy to see that for Bmall angles of scattering this compensation is 
approximately exact, but for larger angles, G say, the number of compensating 




716 P. White and G. Millington. 

particles is actually too great m the ratio of sec* 0:1; i.r., the ratio of the areas 
indicated in fig. 8. 

Thus the beam whose velocity-distribution is measured in our arrangement 
comprises all particles emerging from the screen on the forward side, a slight 
excess of weight being given to the fractions scattered through large angles. 

§ 7. Absorjition Coefficients. 

The result of the previous section suggests that it might be possible to find 
from our curves the total numlier of particles remaining m the lieam by 
estimation of the relative areas under the straggled and unstraggled traces; 
that is, to make measurements of the absorption coefficient. To do so wo 
need to know also the relative amounts of radioactive material covered and 
exposed. It will not be sufficient simply to measure the ^reas of wire-surface 
covered and exposed unless we can assert that the deposition by recoil from 
emanation is, at least macroscopically, uniform. 

We made measures of the lengths of wire visible through the holes m the 
inica using a travelling microscope, but the values of the absorption coefficient 
deduced therefrom, although tending in the right direction, were more erratic 
than could be accounted for by experimental error The total absorption m 
our experiments was quite small. Even in the extreme case of the line 1410 Hp 
with a screen of 5-72 mgm./om.* the diminution is considerably less than half 
as is borne out by Madgwick’s work on the Th B line Hp 1398. 

It is hoped to design an apparatus which will enable the amounts of source 
covered and exposed to be determined accurately. 

§ 8. Variation of the Retardation mlh Thickness of Foil and Incident Velocity 
of the Particles. 

The fact that the most probable retardation (measured as 8 (Up)) is not 
strictly proportional to the thickness of the straggling foil is predicted by Bohr’s 
theory, but attention has not previously been drawn to it from the experi¬ 
mental side. 

Becker (loo. cit.) has, however, made measurements on cathode rays of 
velocity (1 = 0-52 (Hp = 1033) which show the variation with thickness 
and which arc plotted in fig. 9 for comparison with our own measurements. 

It is a more critical teat to plot not the peak displacement itself but Ifl* 
against o (see footnote, p. 710). In fig. 10 this is dgno for our values for 
Hp 1677 (|J = 0-703), taken from Table III which gives a complete list of all 
the peak-displacements measured by us, and Becker’s values for Hp 1033 
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Fig, 10.—Results for Hp 1077 and Up (1033) plotted as Id* against thickness. Broken 
curves calculated from Bohr’s theory with c — 40*6. 
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Table III. 


SS 

Thiokness of 
screen in 

mgm /cm 1 = 10®. 

(H P ). 

8(Hp)/a. 

Average I. (5*. 1/9®. 1/Hp. 

1410 

2 20 

23 0* 

106 ! 

105-5 j 0-2615 27-6 I 0-075 


2 60 

26 0* 

94 3 




28 8 

107 1 

| 1 


3-90 

41-6* 

105 

1 1 



46 2 

117 

1 1 

1677 

2-20 | 

16-3* 

72 4 




19 4* 

73 8 

89-2 I 0 3478 30-9 0 003 

i 

2 60 j 

211 

79 4 

I 


3 96 

33 6* 

80 0 


| 

0 72 

68 5* 

99 0 


1 

7 92 

80 5 

108 


1 

11 1 

117 

105 

1 

1938 

2-20 

16 4* 

94 3 

| i 


2 65 

16 4* 

61 4 

78 0 0 4265 33 3 0 040 



17 5 

| 60-8 

' 


j 3-90 

| 23-8* 

60 3 

1 1 



40 6* 

79 9 

( 


| 6-72 

16-2 

80-8 




49 8 

87-1 



7 92 

63 8 

| 80 5 



] 111 

87 2 

78 5 




98 0 

86-1 




92 3 

83 1 


sm 

| 0-72 

! 36 3 

1 63 4 

67 5 0 5112 i 34 5 0 030 



j 40 0 

| 70 0 



| 11-1 

1 70 9 

68-4 



1 

| 70 7 

| 68 1 


mo 

1 0-72 

1 31 8 

1 55 6 

56 8 0 6566 36 6 0 0187 



32 1 

56 1 




j 37 7 

60 8 



111 

1 56-6 

01 0 




| 56-1* 

50 6 


4860 

14*2 

62 4f 

44 0 

44 0 0 8426 , 37 0 | O 0090 

0904 

14 2 

62 0* 

43 6 

43-6 0 8880 j 38 8 ! 0 0074 


* These measured on photometer. t Only one doubtful reading for this line. 


Complete table of peak-displacements 8 (Up). 
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(fi = 0-52); the broken lines are calculated on Bohr’s theory putting 
c = 40*0 (see § 9). The drop in the value of I(J 3 for small thicknesses of 
foil is more pronounced than is indicated by theory. 


Table IV. 


Lam' (H/i) 


1410 

1877 

1938 

2256 

2080 

4866 

0004 


1 -- i(Hp)a 




1/Hp 


105 5 
80 1 
78 3 
67 6 
54 4 
44 9 
43 6 


27 6 
.11 0 
.13 4 

34 7 

35 7 

37 K 

38 7 


0 0750 
0 0531 
0 0404 
0 0300 
i> 0182 
0 0092 
0 U074 


Although the values of T given in Table Til vary among themselves for 
each value of the initial velocity, the average values of I($ s when plotted against 
Hp (as in fig. 11) show the increase with Hp to be expected. The broken line 



Fig. 11.—Broken Lino calculated from Bohr’s Theory with c - 40'6. 

is calculated on Bohr’S theory for aluminium putting c — 40 ’6 (see § 9). The 
drop at the beginning of the experimental curve is very pronounced, but it 
must be remembered that the values for the lower velocity lines were obtained 
by averaging over a range of comparatively small thicknesses of foil, while the 
higher lines were used with fairly large thicknesses, whereas the theoretical 
curve is computed on the assumption that the thickness is 10 mgm. per square 
oentimetre. The variation due to thickness would therefore account for at 
least part of the initial drop. 

In Table IV are given some values of I interpolated from the graph in fig. 11 
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•with the corresponding values of I/Hp, and fig. 12 shows the graph of I/Hp 
against Hp. The values may be compared with the most probable values for 



Fia 12 

aluminium given by d’Espme (‘ Journal de Physique ’). Pt may be remarked 
that if d’Espine’s values are plotted in the form I (3 s against lip they do not lie 
on a smooth curve, probably because they were obtained from a graph of I/Hp 
against Hp which is somewhat insensitive to small changes of I. 

Comparison between the work of Kawlinson on mica and d’Espine and 
others on aluminium suggests that there is a considerable disparity in the 
respective values of I(3 J , but from a comparison of Table IV and fig. 12 with the 
table and graph given by d’Espine it will be seen that our work indicates that 
the two substances are approximately equivalent as is to lie expected on 
general grounds (cf. Kohlrausch, ‘ Phys. Z.,’ vol. 29, p. 153 (1928)). 

§9. Disaustsioti. 

We have investigated the nature of the straggling of (3-particles and have 
shown that to a first approximation it obeys simple laws. In addition we have 
made measurements on the most probable loss of energy, and have obtained 
results which agree in general with those of previous workers and give some 
definite information on some of the more detailed points. It is therefore a 
matter of great interest to compare our results with those derived from 
theoretical considerations. 

The general method of attacking the problem of the Boattermg and straggling 
of a- and (3-particles by classical dynamics is well known, and it is only necessary 
in outlining Bohr’s theory* to stress the assumptions upon which it depends. 
The most fundamental of these is the one introduced to provide an upper limit 
to the distance of approach of the (3-particle to an electron for which energy 
* ‘ Phil. Mag.,’ vol. 30, p. 681 (1016). 
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can be transferred, and this involves the concept of characteristic frequencies 
with which the electrons in the atom vibrate when they are disturbed by the 
passage of a [5-partiele. It is assumed that pnergy can only be transferred 
provided that the free period of the electron is large compared with the time 
of collision, which is defined somewhat indefinitely as the tune taken by the 
particle to travel a dmtanee equal to the distance of approach. In the case 
of p-particles there is the additional difficulty that for those particles which 
make close collisions the probability laws UBed in thp theory for a-particles 
cannot be applied The criterion adopted for deciding when the laws break 
down is more or less arbitrary, but Bohr has shown that by considering 
separately the particles which make close collisions and those to which the 
probability laws can be applied, the analysis yields not the average loss of 
energy but a value which must be very near to the most probable loss of energy. 
This is fortunate m as much as it is this quantity which is usually determined 
experimentally. Finally, there are some minor assumptions involved in the 
application of the relativity correction for the high speed of the ^-particles. 

The formula obtained by Bohr may lie written 


I ft 3 = 


ii « 


where I — A (IIp)/«r. 

A flip) being the diminution in Hp corresponding to the most probable 
loss of energy, i e., the peak displacement and a is the surface density of the 
foil m centigrams per square* centimetre, Z and A are the atomic number and 
atomic weight of the material of the foil, 




P* 

and c — \ E log, v, a summational term involving thecharacteristic frequencies 
Z i 

for the various electrons in the atom. 

It was from this expression that the theoretical curves in figs. 9 and 11 were 
computed, using the value c — 40*6 chosen to give the best agreement, and 
the value of Z/A for aluminium. In making the comparison the point which 
is most striking is that the agreement is so good, and when we realise that the 
theory gives values of the right order both for a- and ^-particles and for the 
ranges in various stopping materials, we are tempted to follow up the agreement 
in more detail. But it must be remembered that in doing so we shall be 
testing just those features of the theory which are known to be doubtful. 

It has long been recognised that IJ3 3 should vary slightly with (J on account 
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of the term/((5), and Kohlrausch* has pointed out that there should be amnall 
variation with a due to the presence of the term log, a. These variations are 
in the same direction as those found experimentally but noticeably smaller. 
Our experiments indicate quite definitely that there is a residual effect left 
unexplained by the theory. The agreement is not quite so good as we have 
made it seem, sinoe we have adjusted c to bo 40 ■ 6, whereas Bohr finds c = 39-0 
for al umini um by using the experimental evidence of Marsden and Taylor 
for the thickness of aluminium required to cut down the velocity of a-particles 
of known speed to one half, and Kohlrausch by assuming that the characteristic 
frequency of an electron is the frequency corresponding to the ionising potential 
for the level in which it is situated obtains the value c = 39*6. It is difficult 
to see any justification for the latter method, and it is not surprising in view of 
the assumptions involved that the former should not fit exactly for (5-particles. 
An alteration in the value of c merely raises or lowers tWo values of 1(5“ as a 
whole, and does not explain or produce the discrepancies found in the variations 
with (5 and <r. 

Considering now in more detail the shape of the straggling t-unes, it is found 
that although the peaks occur approximately in the predicted positions and 
the curves rise steeply on the high velocity side for small thicknesses, there 
is much more straggling than would be expected from the theory, that is to 
say, far more (5-particles lose large amounts of energy than the theory accounts 
for. In view of the difficulties involved m studying theoretically the straggling, 
partly owing to the failure of the probability laws for close collisions, and 
partly to the complications introduced by deflections of the particles by nuclei 
and electrons which make the actual path traversed greater than the thickness 
of the foil, it is only possible to desenbe the form of the straggling curve in 
very general terms. 

It is obvious therefore that a new theory, or possibly a modification of the 
old, is needed to solve the problem of the close collisions and to set the method 
of fixing the upper limit to the distance of approach on a firmer basis. Oauntf 
has worked out the problem for a-particlcs assuming the previous results for 
close collisions by means of the new quantum theory, and obtains effectively 
the same result as Bohr, but the complete problem including the effect of the 
close collisions and for (J-partieles has not yet been solved. Our experiments 
give some definite information of the order of the effects to be explained, and 
should form a test of any new theory which may be proposed. 

* * Phyg. Zeite.,’ vol. 29, p. 153 (1928). 

t' Proo. Camb. Phil. Soc,,’ vol. 23, p. 732 (1927). 
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Summary. 

1. Tho velocity distribution of (J-rays (Hp 1410 to 1938) which have passed 
through sheets of mica (2 to 6 ingm. per square centimetre) has been found by 
photometry of a magnetic spectrum and the results expressed in terms of a 
fundamental straggling curve. 

2. Tho relation between most probable loss of velocity and thickness of 
stopping material has been investigated for lip 1410 to 5904, and surface density 
2 to 14 mgm. per square centimetre, and has been found to show a small 
systematic divergence from Bohr’s theory which is beyond the limits of experi¬ 
mental error. 

3. Tho same has been found of the relation between initial velocity and most 
probable loss of velocity. 

It is a pleasure to have this opportunity of thanking Sir Ernest Rutherford 
and Dr. C. D. Ellis for suggesting this problem and for their continual advice 
and encouragement, and also Mr. G A. R Crowe for the preparation of 
numerous sources. One of us (G.M ) is indebted to tho Department of Scientific 
and Industrial Research for a maintenance grant. 

Appendix I 

Derivation of the Integral Equation on p 707. 

If there arc N particles in the unstraggled trace, a number N f(x)dx of them 
fall in the element distant between x and x -f d* from some arbitrary origin. 
Moreover if in the absence of straggling foil P particles would fall in a small 
region about the point P, then when straggling occurs, a number P g (£) 
fall in tho element distant between i; and \ + dZ, from P Those arc the 
definitions of / and g. F is defined by saying that in the Htraggled trace there 
fall between X and X \- dX from the origin of /, a fraction F (X) dX of the 
whole number of particles. 

This group comprises a fraction g (X — aq) AX of the N /(as,) dx particles 
which in tho absence of straggling would have fallen at x x plus a fraction 
g(X — x 2 ) dX of the N / (x 2 ) dx otherwise fallen at x 2 , and so on ; the whole of 
the unstraggled trace being divided mto elements about x u x t , etc. Summing 
and proceeding to the limit, we have 

N . F (X) dX — j* N f(x).g(X-x)dz.dX. 

which is equivalent to the quotation on page 707. 

VOL. cxx. —A. 3 I) 
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Actually / (a;) and g (X — x) arc zero for negative values of the argument, 
but it is convenient to leuvo the lower limit as — oo for the simplification of 
the proof in Appendix III. 

Appendix II. 

Solution of the Equation. 

A method of trial and error was used. 

A good approximation to the function g (x), say </' (a:), is formed by rcplotting 
F (X) with the scale of absciss® so reduced that the sum of the squares of the 
half-breadths of f(r) and g'(r) is equal to the square of the half-breadth of 
F (X). This procedure is suggested by the properties of the Gaussian Error 
Function. 

From g' (x) and /( x) we evaluate a number of points on the curve for 
f f(x)g’(X-x)dx, 

which we may call F'(X), and by comparing these points with the 
observed curve* for F(X) we adjust g(x) to give a good agreement. After 
a little practice we found that one correction gave* a sufficiently accurate result. 

To compute points on F' (X) we divide f(x) and g' (x) into strips by a number 
of equidistant ordinates, say, f v f, ... and g t , g>, . . and to lind F' (n) we 
form the sum of products 

A '/« h/i'/.-a + - 

The quantity so formed, however, misrepresents the* curves of / and g as 
having the form of a flight of steps, as in fig. 13a. We may improve this 
considerably by treating each curvo as a set of chords lietwccn the points used 
as in fig. 13u. This can be done by replacing either eauh/ r by i(/ r -i + 4/ r +/rs i) 



Flo. 13 a. Fig. 13b. 


and retaining the g’» or by replacing each g t by £ (g t - y + 4and 
retaining the /’s. The latter is found to lead to less laborious computation. 
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To justify this process we consider thp contribution to the integral due to the 
trapezium between f r and f r t operating on the trapezium between g p and 
g p+1 . This is clearly 

Jj/rH- •'•(/r -,1 fr)){9v II Jj (ViM I %)}<!* 

-i.'/m(/m^/r) + ^(2/r - \-fr) 

-- i/r +1 (VlM -1 + *th) + hfr (H', 1 + So)- 

Summing for all values of r and p which make / f p -)- 1 = t s we find that 
F(«) equals 

« l/.f/i +/« i (tyi 1- »/J 1- /« x(f7i + ^ + '/j) 1 

f7,. , 1 * 9 ,-\ ] 

= I-V.-1 I-/.-*) I- '/.(/■-. M/,-, f/. ,) 

f- H '/»(/*-!.! I 4-4, f/.-p i) 1 1 

And hence, except for the end contributions which are negligible, the sub¬ 
stitution proposed suffices to replace the integral corresponding to fig 13 a 
by that corresponding to hg 13 b 

Appknijix HI 

Wo are indebted to Dr I) R. TIartree and Mr E Cunningham for the 
following proof of the statement made on p. 7<K», that any agency which 
affects equally particles falling in straggled and unstraggled traces, disappears 
from the filial result. 

As above we have 

1 ? (X)-J ’ f(x) <l(X~x)dx 

for the ideal case m which there is no spurious broadening of the traces We 
write b\ for F and fa for /, retaining the symbols F and </> for obsei ved func¬ 
tions and using the subscript 1 to denote the ideal case 

(X) - j™ ^ fa (t) g (X - x)dz (l) 

Suppose that when the adventitious broadening occurs, of M particles 
which would have fallen at a given point, Mp (w) dw now fall at a distance w 
from that point. Then in place of Fj (X) we observu F a (X), which is given by 

F a (X)— | F^wJ.pfX 

= | dw j p(X — to). f(x). g (w — x). dx, (2) 

3 t> 2 



726 


Velocity Jhstnbution of ^-particles. 

and in place of fa (x), <j> 2 ( x ) which is given by 

fa (X) =|* p(x — w).f (w) dw. (3) 

We wish to prove that the function g obtained by solution of equation (2) 
is the same as that obtained from equation (1). 

The theorem is simpler to prove in the following, practically equivalent form 
If the function g is the same in equations (1) and (2) and if fa and fa are 
equal, it is required to show that the functions and F a are equal. 

If so, then the same distributions F and <f> in the straggled and unstraggled 
lines will give the same g independent of the spurious scattering; if not, then 
the analysis for q from the observed lines depends on the spurious broadening. 
Regarding g as the same in (1) and (2), and putting fa <f> 2 

Fi (X) = | j p(x- w) f (to) g(X — x) dx dw, 

Fj(X) = j | p(X — w).f(x).g(w — x)dxdw 

= j | p(X —x) .J(w) .g(x — w)dxdw 

since x arnd w are merely variables of integration and take the same limits, 
lienee F, — F 2 , if 

j | f(‘ w ) [v( x ~ w ) • 9 (X -- x) — p(X — x) .g(x — w)]dxdw — 0 (4) 

for all X And sinre the theorem is to be proved for all forms of the function 
/, i c., since/is arbitrary as far as this analysis is concerned, wo must have 

I = | [p (* — w). g (X — x) ~ g (x — w) . p (X — x)] dx — 0 (6) 

for all X and all w. 

Put x' = X + w — x, then 

I=| [p(X — x').g(x'~w) — p(x'—w).g{X-x')]dx , = — I, 

since x and x' are merely variables of integration and can be interchanged. 
Hence 1 = 0, and the sufficient condition is always satisfied. 
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The Distribution of Electrons in a Metal. 

By J E. Lkj^naud-Jones and IT. J Woods, The University, Bristol 
(Communicated by It. H Fowler, F.R 8 —Received July 9, 1928 ) 

1. The fitatishcs of a Degenerate das 

An interesting application of tlie new statistics of Fermi* and Diracf has been 
made by ThoinnsJ (and also independently by Fermi§) to the distribution of 
electrons in heavy atoms. The basic idea of these researches is that the 
“ electron gas ” surrounding a nucleus is “ degenerate,” so that every cell of 
extension A 3 of a six dimensional phase space contains two electrons, one 
electron spinning in one direction and another in <he opposite direction An 
upper limit to the poasible translational energies of the electrons is imposed by 
the condition that, electrons shall not have enough eni rgy to escape from the 
field of the nucleus, viz..— 

s<e.V, (1) 

where e and e represent, the energy and charge of the electron and V is the 
potential field The ]K>ssiblc range of momentum co-ordinates (neglecting 
relativity consider.il ions) is then limited by 

p < (2 meW) 1 ' 2 (2) 

and the total number of cells of extension It 3 in the phase space is given by 

4tc (2»icV) s/2 /.W (3) 

for every unit of ordinary (co-ordinate) space available. Tf every cell contains 
two electrons, the density is given by 

p ^ - 8ras (2 »m«V) 3/ */3A 3 . (4) 

Since, however, the potential V is determined by the nuclear charge and the 
distribution of electrons, we have 

V 2 V - - drtp 32jr*e (2»ncV)* / */3A 3 , (5) 

an equation to determine V, subject to 

V -* 0 as r-+ oo 

Vr -» E as r -* 0 
where E is the charge on the nucleus. 

* ‘ Z. f. Phynk,’ vol. 30. p. 902 (1920). 
t ‘ Roy. Soc. Proc.,’ A, vol. 112, p. 001 (1920). 
t ‘ Proc. Camb. Phil Soo vol. 23, p «42 (1920). 

$ ‘ Z. f. Physik,’ vol. 48, p. 73 (1928). 
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Thomas and Fermi have solved this differential equation by numerical 
methods, and have found an average distribution which is well confirmed by 
the recent work of Tlartree,* based on the Sehrodinger method. 

Another application of the statistics has been made by tSommerfeldf to the 
free electrons of a metal. On the assumption that these electrons obey the 
Fernu-Dirnc statistics instead of the ordinary Maxwellian statistics, Wommer- 
feld has shown that, many well-known difficulties m the electron theory of 
metals can be resolved , in particular, the electrons make a negligible contribu¬ 
tion 1o the specific heat, as is required by experiment. A defect in 
Sommerfeld’s work is the neglect of the interaction of electrons and the atomic 
cores No theory of metals can be regarded as adequate which does not 
include the assembly of electrons and atomic cores as one system to lie treated 
as a whole. Sommerfeld's method is equivalent to considering an assembly 
of electrons m a i losed box of volume V, and even their interne lion with each 
other is neglected, except in so far as the fundamental assumptions of the 
Fcrtni-Dirne statistics take this into account The object of this paper is to 
regard a metal as a whole and to find the average distribution of electrons in 
the same way that Thomas and Fermi have done for isolated atoms 
It is clear that the same differential equation is obtained as above. The 
essential difference m the problem lies in the boundary conditions. In this 
ease V> -*• E near every nucleus. Tf wc assume the nuclei to be arranged m a 
simple cubic lattice array, then, lastead of the condition V-*0nsr-* , »,\\e 
have the condition that. V is triply periodic. Y is then uniquely determined 
when it has been evaluated within an elementary cube, surrounding ono 
nucleus. The condition that V shall be triply periodic can tie replaced by a 
simpler one, viz , that the normal component of V shall vanish over the sides 
of the culie. as is easily seen from conditions of symmetry The solution of the 
differential equation (5) within a cube subject even to such simple conditions 
that Vr -*■ E at the centre and 3V/fln = 0 at the boundary proves, however, 
to lie intractable The problem has, therefore, lieen modified in the following 
way to give a kind of two-dimensional metal. The nuclei arc replaced by a 
series of parallel line-charges, arranged so as to intersect, a plane perpendicular 
to them in a square array4 A section of the system is made by two parallel 
planes at a distance d (of atomic dimensions). The charge on each line-charge 
within the distance d is taken to be Zc, and the number of electrons within 

* ‘ Proe. On mb. Phil. Soc.,’ vol. 24, p. 89 (1928) 
t ‘ Z. f. Phystk,’ vol. 47, pp, 1 and 43 (1928) 

{ It is a rough pioture of a crystal of hydrocarbons. 
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tho bounding planes (regarded os reflecting) m sufficient to make the system 
neutral as a whole. Let z be taken along the length of the lmc-charge and 
x and y at right angles us shown in the figure 
The potential is clearly independent of z, 
and the problem is to find V as a function 
of x and y. We suppose that all electrons 
have the suine velocity in the z direction, 
this being the lowest possible one consistent 
with a standing do Uroglu; wave within the 
bounding planes The lowest velocity corre¬ 
sponds to a wave-length 2d, so that 

Pl = ± hiU (7) 


In the other directions, p x and are limited by the condition that flic energy 
shall not be sufficient to take the electron out of the held, so that 


P» V Vi ^ 

(8) 

The total phase space available' is then given by 


7t (2mcV) .2. (ft[2d) 

(0) 

per unit of ordinary space, and the maximum number of electron 
every cell IP, is given by 

s, being 2 for 

4t rmeV/rfA*, 

(10) 

so that the density is given by 


p — — 4 kh(« 2 V Idh, 2 . 

(H) 

Laplace’s equation then leads to 


V*V -= lGrrWV/dA*, 

(12) 

and, since V is assumed independent of z, 


a*v . a*v .... 

(13) 

where 


F- lG~hw*/d/P. 

(14) 



Equation (13) is to be solved subject to V ~ log r at each line-chargo and 
0V/3n = 0 over the planes parallel to the axis of x and y midway between the 
line-charges. 

2. Solution of Differential Equation. 

The problem is therefore reduced to finding the solution of 
V»V = A?V 
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within a square of side 2a, subject to V’s being finite and continuous everywhere 
except at the origin, where V ~ log r, and subject to the condition that the 
normal component of V vanishes over the 
sides of the square, x — ± a, y — ± a. 
Furthermore, from considerations of sym¬ 
metry, V is symmetrical about both axes, 
and about the diagonals of the square. 

The last condition restricts possible solu¬ 
tions to the form 

/„ (r) cos 4v0, 

where r, 0 are polar co-ordinates referred to 
the centre of the square as origin, 0 being 
measured from the s-axisji If f, (r) cos 4v0 
is a solution, then 





(15) 


which is Bessel’s equation of imaginary argument. The solution is, therefore, 


of the form* 

V = 2 {A,K 4 , (*r) -1 B,I 4 , (It)} cos 4v0 (10) 

Since V ~ log r at the origin, A r = 0 except when v ~ 0, and so the solution is 
V- A 0 K 0 (Ir) i 2 BJ 4 „ (Ir) cos 4v0 (17) 

This satisfies all the conditions, except the boundary conditions These can 
best bo applied after a transformation of origin to the mid-point of a side of the 
square (a, o) If p, <j> be the new polar co-ordinates (fig. 2), we havef for p > a, 

K„ (r) cos v0 — 2° K„ +m (a) I„ (p) cos nuf>, (18) 

I, (r) cos vO — 2° (— 1) M I,+ B (a) I m (p) cos m<f> (19) 


We then have an expansion of the tyjie 

V - ^ S’^ {A 0 K m (I a) + 2 (- l) m B,I 4 , fni (to) J I B (l p) cos m<f> 

= 2* C m I m (Ip) cos tn<f>, (20) 

where C m = A^* (la) + 2 (-1)" B r I 4r+M (la). (21) 

* Watson, “ Bessel Funotlone,” p. 78 (1922); Watson and Whittaker, “ Modern 
Analysis,” 3rd Edition, f 17.7. 
t Watson, tiirf., p 301. 
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Now since dV/dn = 0 at z — a, we have 



and, therefore, 

l C»n(*p MM-O’IfrilfM-O. (23) 

p- -« 

Using the fact that 

W, (*p) = I-2P-1 (*p). ( 24 ) 

we have 

£ (-)'(2?) 4 1) {C' 2p ,, + I 2 , m (4) - ». (25) 

j»=*o 

for all values of p. We infer that 

< Vt-i h V~2p~i - (2t>) 

or 

2A u K 2b+1 (ka) - SB, {I 4 , +2j> , t (I«) + (/«)} - - ft (27) 

for all values of p. We have, therefore, an infinite series of et|uations to solve 
for the ratios A 0 • B 0 . fij. B a . , 

In this connection the following theorem on determinants is useful* - 
Theorem .—If a senes of quantities |S 0 , |J„ .. (J, . utc determined by a 
system of linear equations 

2 P,-*. ( f x = 0, 1, . .) 

»-o 

then any other linear expression of the same quantities can be expressed m the 
following way — 



* Enikog, “ Kinotisohe Theorie dor Vorgingo in massig vonlilnnton Oases," Iuaug. 
Dissertation (Anhang), Uppsala (1917). 
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If we write 

P, ■- B,/A 0) = I 4 , +M (M + I 4 ,_ m (hi), a,. = 2K, (fta). 

/„ -- I 4l , (Z,r) cos 4v0, 
y 

we find a formal expression for --K 0 (hr) Riven by equation (17), and so a 

A n 

formal solution for V. 

The constant A 0 is determined by applying Gauss’ Theorem 1o a smalt 
cylinder surrounding the nucleus This gives 



whence we deduce that 



Since the differential equation (13) is linear m V, the ]K»t.eutial can also be 
calculated by the method of images * 

The potential at any point, (x, y) is given by 

V = A 0 K {k* (ar - tpaf -b l* (y - 
= A 0 1K 0 [ka {(!■ - 2 p? b (Y) - 2 qm 

where the summation includes all integral values of p and q, positive and 
negative, and \ = x,'a, yj - yja. This expression m a solution of the differential 
equation, and satisfies all the necessary conditions of the problem. This 
method is i*s|ieeially convenient in calculating the potential in the neighbour¬ 
hood of a corner of a square (co-ordinates a, a), owing to the rapid convergence 
of the series For values of ka of the order of unity, the first four terms of the 
series (p — 0, 1, — 0, 1) give a good approximation near (a, a). It is not so 

convenient ns the other method for calculating the potential at a series of 
points within the square j; = y = ± a, for that, method gives the 
potential in terms of polar co-ordinates, which is an advantage in Borne applica¬ 
tions of the results 

Special Case. 

As an illustration, a special case has been worked out, viz , ka = 2-5 This 
corresponds to d = 2o, a = 1 -66 A 0 , or an internuclear distance of 3-32 A 0 . 
In the tables are given values of v = (V/A 0 ) — K 0 (hr) and V/A 0 for various 
points in the triangle bounded by x — y, y = 0, * = o. The first table gives 

* This suggestion aroee out of a conversation with Prof. Havelock about the above 
problem. 
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the difference (v) between the potential due to the crystal and the potential 
at the same point due to an isolated system (apart from the constant factor A„). 

Table T -Values of c -- V/A 0 K„(i()). 


\ 






0 

A" 

> 

ft" 

1" 




_ 

_ 

« 

1 (12 10* 

1 02 10 1 

1 02 10 2 

1 02 10 2 

1 02 10' 2 

0 2 

I 720 10 * 

1 725 10 2 

1 724 10 * 

1 723 10 2 

1 722 10 » 

04 

2 082 10- 1 

2 072 10 * 

2 050 10 » 

2 028 w 2 

2 010 10 * 

0 0 

2 834 10 a 

2 781 10 1 

2 000 10 1 

2 518 10 2 

2 498 )(>-* 

0 H 

4 228 10 * 

l 102 10 2 

3 078 10 ■ 

3 280 10 2 

3 132 10* 

L 

7 OIMi 10 2 

0 112 10 2 

5 220 10 2 

4 218 10 2 

3 81)2 10 * 

V'i 

- 

' 

" 


0 243 10 2 


Tabh 

II -Values of V/A„ - K 

d-r) + r 


\ 
r/a\e 
\ 1 
\ 


' 

A" 


... 1 

!" 

_ 

0 


* 


• 


0 2 

0 0417 

0 0417 

0 0417 

o ouo 

0 9410 

Jill 

0 4418 

0 4417 

0 4415 

0 4413 

0 4412 

0 0 

0 2421 

0 2410 

0 2405 

0 2304 

0 2388 

0 8 

0 1502 

0 1511) 

0 1607 

0 1408 

0 1452 

1 i 

0 1321 ; 

0 1208 

0 1140 

0 1046 | 

0 1010 

V 2 

_i 

~_ 


| 

_1 

0 0827 


The work required to remove an electron from any point in the crystal is given 

*>y 

<!>--= r V - A„e (K 0 (kr) + v) 

= 2Ze 2 {K 0 (kr) f- »}/rf ergs, 

= (28-6) Z {K 0 (kr) f v}/S volts. . 

where 8 is measured in Angstroms For example, the work required to remove 
an electron from a point on an axis midway between two nuclei is Z (1*141) 
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volts, while for iv point (a, a) it is Z (0-713) volts. We note that the fluctuation 
of potential in the plane x — a over and above its minimum value is of the order 
of fiO per rent. 

The equipotential lines are plotted in the figure, the nuclei being indicated 
by crosses Near a nucleus the equipotential lines are approximately circles. 
These* are gradually deformed until a critical curve is reached, shown by the 
continuous line in the figure This extends throughout the crystal, and encloses 



•another system of closed curves which surround the centres of the equates. 
The electrons m these regions may be regarded as “ shared,” as they cannot be 
regarded as belonging to one nucleus more than another. The “ shared ” 
electrons form a lattice array which interpenetrates that of the nuclei. This 
provides some justification for the model of a metal, proposed by Lindemann* 
and J. J Thomson,f in which the valency electrons form a rigid lattice mter- 

* Lindemann, ‘ Phil. Mag ,’ vol. 29, p. 127 (1915). 
f J. J. Thomson ‘ Phil. Mag ,’ vol. 44, p. 663 (1622). 



Distribution of Electrons in a Metal. 


735 


penetrating that of the atomic cores, though m our case the system is not a 
static one even at absolute zero. Electrons can have any energy up to but not 
exceeding that required to take them out of the metal altogether It follows 
that some electrons cross the critical potential line shown in the figure, and 
travel from one end of the crystal to the other There is, m hut, n (ontinual 
interchange of electrons between the vanoua systems It is clear that if nn 
electric field were applied to the system, an elerlric current would flow without, 
resistance, so that the system would be supra-conducting, just like the static 
model proposed by Lindemann 
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